(%2

() there cxists a unique u e KN such that fiy=1 for oli f = I

(b) ae ds the anique fived point of anv f < I

(e} Jor any paiv f, v € I the sequence defined as in 1heorem | CORECRIOS
stronglv to n.

Another interesting and slightly different version of Theorem 1 is
established in the following theorem.

Theorem 3. Lol N and K be defined as in Thoorem V] ot 1 be the fusiif v
of all mappings of N into K, such that for anv pair foooo= I tere exist
@ positive integer m==m(f, g} wnd n=n(f. g} and « G=d(f o)<, such that
conditions (1) and (1) of Theorem t and
gy 1= < Dlle— (ol oy — "Gl fle—g ()l = /()1

e ="M oy =" B — ()] -y~
are satisficd. Thew the conclusion of Theorem 2 fiold.

Proof. Let fi=f" and gy=g". Then f; and g satisfy the conditions
of Theorem 1 and hence there is a unique w = &, such that Sy =g (i) =—=n
and w is a unique fixed point of cach /” and g".

Since f(f(a)) =f(f™(1)) =/ (2), it follows that Jl) is a fixed point of
™ and thus it must coincide with ». Hence J(a)=2u and similarlyv g{u)=u.
The rest of the proof is obvious in view of the proof of Theorem 1. We omit
the details.

In concluding this paper we note that there is no essential difficulty
to show that theorems paralled to Theorems 3 and 4 in 41 also hold in the
present setting of mappings. We also note that, in [1, 3, 8! the authors
have established some fived point theorems in uniformly convex Banach
spaces. However, the mappings considered in this paper are different from
those considered in [ 1, 3, 81, For scveral interesting fixed point theorems
in the present setup of mappings in metric spaces we refer the interested

‘

reader to the authors recent papers {67 and L7].
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JOIN{LY-CONTRACIIVE MAPPINGS AND FINED POINT tHEOREMS
BY

3 5 KHAN

1. Introduction and preliminaries. Various ?I_.‘llc-l'allzzi.ll()-llsrilnd"lfé((i
tensions of the well-known Banach Contraction Principle m.\f‘. ¢1pth¢
L in recent vears. Edelstein extended this famous theorem for contrac-
tive mappings. . . . . _
Definition 1.1. A mapping [ of @ metric space (X, d] into itself is said
to be a contractive mapping if

), J() < d{x, 1), 1%y,

A contractive mapping on a complete metric space may notl necessarily
have a fixed point, as shown by the following simple exampie. l :
Example 1.2. The space X=1,00) of the real line is complete. Let f be

defined by f{a)= v+ L . Then for v, vEX and vav
1

{ d(f(x}, fiyN=(y—x] (l_'l\c-:fd[x. ¥l

v

’ i int of X fixed.
Thus f is contractive but / leaves no poin . )
J[r'hc next theorem does in fact hold for contractive mappings and
was proved by Edelstein [10 . .
Theorem 1.3. If [ is « conlractive mapping on a com puct metric space,

then there exists a wunique fived point of f. . o
e Recently Isékli 3] cstablished the following generalization of

Banach Contraction Principle for a pair of sclf mappings on a complete
metric space : . ‘ '

Theorem 1.4. Let (X, d) be u complete metric space and f, g two conti-
nuous mappings of X into dself. If theve are positive numbers a, b satisfving
a, b1 such that for all v, ve X,

d(flglx)), gla))<ad(x, g{a),
d(e(f(3), faN<bdx, f(3),

@

then Sfoand g lave a wdque common fixed poind. )
Taking g as the identity map it is cvident that f becomes a contraction
map and thus reducing Theorem 1.4 to that of Banach
We introduce the {ollowing definition

D Matemation Tiniversitin
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Definition 1.5, Two self mappings f and g of a wmetric space (X, d)
are said to be jointly-contractive if for all v, 3 in X

d(flg(x)), &(3) <d(x, g(). if x#g(y),
g(f(x). f(3) <d(x, f(3)), il x#f(3).

It follows that f becomes contractive when g is identity.

The purpose of this note is to show that unlike Theorem 1.3, the
Conclusion of Theorem 1.4 may not hold in general for jointly-contractive
mappings even if X is a compact metric space.

2. Main results. Theorem 2.1. Lel f and g be fwo jointly-contractive
mappings of a compact metric space (X, d) into itself. Then cither f or g has
a fixed point, provided at least one of them is continuous.

Proof. Assume f to be continuous. Consider a function

®: X—+ R defined by
O(x)=d(x, f(x)), x= X.

Then @ is a real valued lower semicontinuous function on a compact metric
space X. Therefore ® shall attain its minimum value at some point § € X,
Suppose that f(E}=Zand f{£)#gf(§). Then

D(2f(E))=d(efE)fe/E)) <d(f(&), gf(8)) <d(E, f(&))=D(E).

This contradicts the minimality of §. Hence either f(E)=E or gf(E)=f(E).
In these cases £ and £'=f(£) are respectively the fixed points of f and g.
This completes the proof.

We give the following simple example to support our result stated
in Theorem 2.1.

Ezample 2.2. Let X={1, 2} with discrete metric. Consider mappings
f and g on X defined by

Ji)=1, f2)=2, g{l)=2, g(2)=1.
Then f and g are jointly-contractive. Note that f has two fixed points while
g has none.

We also observe the following result which is similar to the case of
contractive mappings.
Theorem 2.3. 4 common fived point (if exists) of jointly-contractive
mappings is always unique.
Proof. Suppose § and ¥ are two distinct common fixed points of
jointly contractive mappings f and g. Then % #f(§) and hence

d(&, %)=4(f(E). gf(m)) <d(n, f(E}}=d(n. §)

giving a contradiction. Thus follows the unicity of common fixed points.
3. Applications. Following results are easily derivable from our main
theorem.
Proposition 3.1. Lef f be a continuous self mapping of a compact metric
space (X, d) such that

and

v

;N FPIINC s
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d(f{x), [HN)- div, (). Y= X, v#f(v)

Then f has a fived point. ‘ B o [
{’mof. ollows at once from Fhoeorem 2.1 by taking f=g :
Proposition 3.2 (i dclste in (V). Let [ hea self mapprig of d

com pact metric space (X, o) und

d(fixy, i) dlv, yh x#v, X veX.

Then f has a unique fixed point. . o .
]’r'(fof. Follows {rom Proposition 3.1 by replacing v by f(x). ._\(Jhl“l].l.l(tl

4 contraclive mapping is always continuous and admits a unwue HxXe

soint whenever theve 1s one. ) ’

] Proposition 3.3. (Har dyv-Rogers [2). Lel (X, d) be {g{o_mf)mi

melric space and fa conliitious self mapping of salisfying the comdilion

(") xmy implies d{f{x), JON- .r1:f'(.\',f(.\'))—i—f@d(y,f(y))-‘T—asd(r,f(;\-))+
Fagd( v, flx)-+agd{x, ¥).

If @y 4-ao-l ag-+atas=1, 420, then f ]1.:15 a unique fixed point.

Proof. Samc as Proposition 3.2. Uniqueness follows from the condition
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