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ON THE STABILITY OF SELF p-INVARIANT SETS
BY
OLUSOLA AKINYELE

1. Introduction. It is well-known that to consider the Lyapunov
stability criteria of a sct, it is necessary to know that the set is invariant.
However, in many problems of Mathematical applications one has to dis-
cuss the stability of sets which are not invariant in the usual sense. Several
notions of invariance properties have therefore been used to describe such
situations. Thus given a differential system, it is important to check what
kind of an invariant set a particular setis. Recently, Lakshmikan-
tham and Leela [8 9, 10}, Ladde and Leela [6 7], Ka-
vande and Lakshmikantham (3], Ladde and Laksh-
mikantham [4}, Ladde, Lakshmikantham and Lecela
(5], Leela [t1, 12], Brézis (2] and Redheffer [13] among
others have done much work regarding the classification of different kinds
of invariant sets and the investigations of Lyapunov stability with respect
to these different kinds of invariant sets have provided natural frame
works for the study of weaker concepts of stability which are useful in
applications [5, 8, 9, 11, 12].

In this paper, we introduce a new concept of self p-invariance of a
set which is a different kind of an invariant set. This, naturally, gives risc
to the introduction of a new notion of g-stability of a self p-invariant set.
We then give theorems of very general nature which set out sufficient
conditions for the ¢-stability of a self p-invariant set in terms of Lyapunov
like functions and differential inequalities. Our results include as special
cases many well-known results, on stability of invariant sets with respect
to differential equations.

§2. Basic concepts and definitions. Let us consider the differential
system

(1) Laft ) stw)=re;

where feC(R* < S(M, p), R"}. Here R* is the nonnegative real line, R" the
euclidean #n-space, S(M, p}={x=R"; d(x, M)<p} with d(x, M) = inf

‘ ) Me
| #—m !, ||. || being any convenient norm, 3 a subset of R" and C(R‘*)?
% S(M, p), R") the class of continuous functions from R*xS{}/, ) into

k", Denote by S(M, ¢) the set {x=R"; d(x, M)<p}. We necd the following
definitions.
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Definition 2.1. Let M= R M is said {o be a self p-invarient scl with
yes pect to the svsten (. if for any solution x(f. te. xol of (V). xo €M i plics
that (1 Ly, wye M for =0, 1.2, .., f aid =0y, where X Lo, o) IS
the nth derizative of x(E fo, vo) with vespect to t. wmd A (L te Yo} = x{f, Ly, xa)-

femark b1 p=0, then 2 seli D-invariant sct reduces to the usual
definition of a sell invariant set. Nenee a sell p-invanant scl veneralizes
(e notion of a scel-invariant set.

Definition 2.2. Lot M e R and assunie that M is a sclf p-invariant scl.
Then M s said to be Ol g-equistable with respect to the system (1}, if given
e =0, 1, 5 aud a posilive integer there cxist 8ty 2 ) and a posttive number

k such that for auy solulion v(l, fo, vo} of the syslen (1), with xoeSA7 3,
x(t, fo, xpp=5{M, 2) and (L £y, Xy =S5, ke)

for m=1,2,..,4¢ and for t=1.

On the basis of definition Qf,, the definitions of O, to (M may be
formulated parallel to the definitions Sg to Sy of [81. These definitions are
straightforward and to conserve space we omit details.

Remark 2.1 p=0 aund g=0, then Qf, —Q1s reduce 10 the usual de-
finitions of stability of a sclf invariant set. If p= 0 but ¢=0, then 01, —0QI,
reduce to the stability definitions of a self p-invariant sct which gencralizes
known concepts of stability of celf invariant sets. If ¢= 0, p=0, then QL —0Q1:
reduce to g-stability definitions of a self invariant set, which again genera-
lize well-known concepts of stability of a self invariant set. 1f W={0} and
it is sclf-invariant, with ¢=0, and p=0, then our definitions (f; —Qls Te-
duce 1o the gM-order stability definitions of the trivial solution of the sys-
tem (1) [ef. 1] I ¢=0, p=0 and M={0} and a self-invariant set, then
01, (14 reduce 10 the definitions S;—9S« of (8]

Example : Consider the differential equation

d2y o
— = [t
-
whose solution is x=dAe 4B or ) =A"Cos ct-r B30 oL, Choosing
[ il -';% and | B = € we have

g ed” 4 e g r:F—-;-Q—) =(&.

Similarly 1| xP(@)} ) < | ¢ le and [| xM@) || < ¢ e =HKe. Let M={the sct
x=0}, then A is self p-invariant since vo &M implies x"{f}=0. Morcover
M is g-cquistable, for any positive integer ¢
§3. Main Results Definition 3.1. Denote by X, the sct faeC([0, p}, RY):
a{0}=0 and alr) is increasing in ri. Let M={b=C(RTX[0,¢), R¥): b(t, 7)
is decreasing in t for each v, increasing in v for each t and lim b{¢, r) =0}.
1

»on

i -0.1.

\Ue now obtain sufficient conditions [or the various stability proper-
lies defined in the last section to hold,
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Theorem 3.1. Assume thut

{i) 1 E}(h*‘ S S(M, gy, R7), Ut x) s locally Lipschitzian in x and
for (6, )= RE VS g), Wty M) <I(, v)<alt, dx, AN where beX
a=C(Rtx0,g), R¥) and as=X Jor cach fe RY 1 ‘ '

{11)“»1 ny solution x{t, ty. xa) of (1} is max ip, g — times differentiable
Jor 1zt where p, g are non-ncgative inteeers and there exist continuous func-
tions aed, beX such that of (4 e ke S ), n=0, 1, 2,3 k

where k=max {p, ¢!, th g : /
’ : ax {p, ql, then there cxist continuous functions =¥
=R such that f =2 A

ll.n::wkb(:!(\""” My=T7{, \';‘:llslixnigk:r(f, d{xtm ).
(i} aEC{RY - R R) and gt 0)=0.
(iv) for {f, x)eR¥ < S(M, )
DEI(E, )= lim sup Plkd, ebihftt, 9)—V( )

Fe—s1) ) A ég(f, VU, .’Y))

Then the equistability of the trivial solution of the scalar differential equation

i
(2) — =g(1, H) "(to):”{}; 0

implies the g-equistabilily > S0 -invari L‘ Vot

s}'gem (i;, J-eqies ity of the self p-invariant set M iwith vespect to the
¥ . o - - Jo g
Proof: Let 0<e <, fpe Rt be given. Assume that the trivial solu-

tion of (2) is cquistable, then given b(e)>0, fpsR* _ .
is continuous in f# for each e sﬁch tha(t St » 38=3(k,¢) which

ull, ty, #gy =ble) iz,

provided <3 where u(t, to, 1) ts any solution of (2). Ch
' cre u(f, to, 1 an . Choose ug=V{ty, z(fe)),
then the hypothesis on =D implies 38, =3, (£, ¢ ) such that tﬁe int(’(;ual(itoi)f,?s

d(xo, M)< 8, and alty, d{xg, M}<3

1161d together. Suppose there exists a i
‘ . : a solution x(f, &y, xo) of (I h
xp€5(M, 8;) and £ >4, such that " lifssey i

d(x(ty), My=¢ and Jd(x(1, to, %o}, M)<e for t=[ly, 4 ],

tllen b(e ) =4 I-(fl 1(! f X ’lI‘ld v{! = S = {
= y o » ' ¢ 5 s tﬂ: i =1 & or [ S'n:r
a “'ell‘kno\vn com I;al iUSO].:]))IC Sult _-8(-'_ \0) ( 1[) ) f : t [tgl fl ) :

(¢, 228, £, X))y S7(t fo, ), STl 4],
where (¢, tg, 1y) is the maximal solution of (2). From the forcgoing

: ble )< 17{ty, x(t.}) < rlts, fo, 1) <ble),
which is a contradiction. Hence x,=S5(M, §,) implies x{, £y, xo) €5(M,¢)

9 — Matematiea UTniversithrii
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\ow choose A such that ble )<b(Ae), then xo€S5(M, §,) implies
#™(¢, to, %o) =S(M, Ae ), for m=1,2,3,.,4q Suppost not, then there
exists an integer ¢ such that 1</ <g¢ and a solution x(f, to, o) such that

% €S5(M, &) and 4 = f, with
d(xD(t,), M)=4Ae and d(xV(), M)<Ae for teltnh ]

Hence by hypothesis (i)
b{Ae )< Vity, ¥h))<€ #(ty , Lo, o) <ble)< b(Ae),

which is a contradiction. Hence the self p-invariant set M is g-equistable
with respect to the system {1).

Remark 3. We cxamine here special cases of our result which also
generalize well-known theorems on stability of <elf invariant sets. If p>0
and ¢=0, then the result yield the sufficient conditions for the equista-
bility property of a self p-invariant set which is a new result. On the other
hand if p=0 and ¢=>0 then we have the conditions for the gth-order equista-
bility of a self-invariant set [cf. 1]. If M={0} and self-invariant with ¢>0
and $=0, then we have sufficient conditions for the gh-order equistabi-
lity of the trivial solution of the system (1) rcf. 1]. Moreover if g=0 in
addition, our result reduces to the equistability property of the trivial

solution of (1).
Theorem 3.2. Assume that all conditions of Theorem 3.1 hold where tn

hypothesis (i
ypothesis (1) b(d(x, M))< V(L x)<al{d(x, M)),

and in hypothesis (11}
max bld(x™, M)V, 2)< min a{d(x™, M)},
1=m=k tem<k

where a, beX, and k=max {p, g}

Then the uniform stability of the trivial solution of the scalar differen-
tial equation (2) implies the g-uniform stability of the self p-invariant set
M with respect to the system (1).

Proof : The proof is straightforward.

Theorem 3.3. Assume that all the hypothesis of Theorem 3.1 hold. Then
the equi-asymplotic stability of the trivial solution of (2) implies the g-equi-
asymptotic stability of the self p-invariant set M with respect to the system {1).

Proof : By theorem 3 { the self p-invariant set M is g-equistable,
hence it sufficies to show the q—quasi-equi-asymptotic stability of M. Let
0<e <p and HE Ry, Given b(e }> 0 there exist two positive numbers Sp=
=38,(ty) and T =T(t,e) such that

u(t, tg, ﬂo) <b(5)
for tzt,+ T, provided #o <3. Choose o=V {to., xy), then there exists & =

=3, () such that
d(x(to), M)) <3 and a(ty, d(x0, M})<3

hold together. Let 5" =3(to, ) and define 8;=min {8,, 8} then xp€
«5(M, 3;) implies x{t, 19, %0) €S(M, ¢ ), for 24+ 7. Suppose there exists
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a sequence {4} {2441 ¢ .
, de= 0T dnd fj""‘ US> o 1C . -
tion (2, fo, ) Of (1) satisfving ! » such that there exist a solu-

d(x(ty, ta, xo). M)ze for -t‘ne'ﬁ'(.ll, Ba)

then
he ) Md(a(ty, to, xo), MYV 2 to, X)) < 7(t, Lo, vo) = 0(e )
which ‘i.s a contradiction. Hence xf{t, fy, v} €5{M, e} for {24+ !
Given b(e ) and 4y € R, then 3§n=§n(1‘n,a) and To="Ts(ly, ) bl..l(‘]] that
) uug?fn implies {t, to, wg) <b{e) tor izf+ 7T
Choose 3=min {:3(, 8o}, then there exists 8,=38{fs.c) such that

d(xlt), MY< 8y and alte, d(x{ta), M)<
:mld togf’tller. Let 3,=min {3,, 5! and M=max {7, 7} and choose rons-
ant - such that ble)<hde) ; then a(ty) €54/, 8,) implies ‘ -
XML, by, Xo) E
ol P (£, fo, xo) =5(M, e} dor wm=1,2,., q.
» Suppose not then 3 an integer /, 1</<yq, a solution A({/, #, xp) of (1)
and sequence {4}, t;zlo-+ 1", £, 0 as j— oo such that x(t) ES"(:.V,UB.} and

J{ctD(f, ; .
By hypothesis dia(i), Myz-le.
(¢, x(t)ys7{¢, 1o, 1to) for I24g,

where #(, fy, 1o} i3 the maximal solution of (2). Hence

b(Ae ) < 6(d(x (L), M))<max bld(xP(t)), M))<

o < V{1, alty, to, xo))sr(ty, to, 1o},
o b{de Y<r(ty, to, to) < b{e) < b{de )
which is a contradiction.

Th g
Th:o ::};0\; l:gAtheorem becomes obvious from the foregoing :
e m A t.ss‘umq that the conditions of Theorem 3.2. hold. Then
form asymplotic ?;tzgéi-;tftbzhtg .oj the trivial solution of (2} implies the g-uni-
e v of the self p-invariant set M with respect to the
Remark . e
rk 4. We can make comments parallel to those contained in

Remark 3 concerni
b erning T enc :
We omit details. ng the special cases of our Theorems 3.2, 3.3 and 3.4.
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ONT “ONVE V
HE (,OI\V;,RGENCE OF SOLUTIONS OF CERTAIN FOURTH
RDER DIFFERENTIAL EQUATIONS

DE

ANTHONY UYI AFUWAPE

. 1. Introduction. Consider the differential equation
1) e x4 ex' R Ry =p(, &, 27, %7, 2"

in which a=0 ; i
=0, b> 0, ¢=0 and %(x) is continuous. The function p{¢, x, x'

LA

2, 2" ) i1s assumed to have the form
p=q(f)+r{t, x, o', &, 2" "),

\Vith 147
wi at #(¢,0,0,0,0,)=0, for if not, we re el
#(¢,0,0,0,0,). not, we replace ¢ by ¢(t)+

Any tw ‘
ny two solutions x;(¢), (¢} of (1.1) are said to converge if
(1.2) Xo(8)—x,(£) =0, xy{f)—2,(¢) >0,

N % () —x7(1) >0 and 2 (§)—=x," (¢ -0
The convergence of scluti
. ' sclutions of vario i
q}:;;ﬁt ;{i(izrsbhl?\ e been studied by Eze ilisoeggatlzc}ni Oé TR
Jualitative coenszﬁf gi;t::] (}))f‘ solutions olf] fourth order diffl;rergt:”ijzil ‘;:]Izllzili'the
! . ~ by many authors t < o
have studied (1.1) with the following rest(:‘ictthignasufthors B

(1.3) MEAn)—h(E)

ely {n=0)

whe Is : i
re [y is a closed interval defined bv

(1.4) h=[m,x.ﬁkﬁﬁ}
5 I (Iz |
with {;-:1 and Ay 0 constants.
or the special case of

1-5 frry
(1 ()) A ka4 by oy’ dx=0
d>0, a cons 1
nstant, (corresponding to i(x)=dx and p=0 in (1.1)), it is k
= 1)), it is known

that all the soluti
e ¢ solutions of (1.5) converge if the Routh-Hurwith



