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ONT “ONVE V
HE (,OI\V(I;,R_GENCE OF SOLUTIONS OF CERTAIN FOURTH
RDER DIFFERENTIAL EQUATIONS

DE

ANTHONY UYI AFUWAPE

- 1. Introduction. Consider the differential equation
. e b ex' R Ry =p(E, 1, 27, &7, 2"

in which a>0 3 i
a>0, 4> 0, ¢=0 and J%(x} is continuous. The function p{¢, x, '

ey e oy

a', 2" ) is assumed to have the form
P=Q(t)+r(t, X, xl, x”. P ;)'

\Vith s

will l;?e d:gil;?égétﬁnt’ 0}’“)’ and each of ¢ and » is continuous. M i

wi at #(£,0,0, 0, 0,)=0, for if not, we re - Moreover, it
#(¢,0,0,0,0,). not, we replace ¢ by ¢(t)+

Any tw ions ¥

y two solutions x;(f), (¢} of (1.1) are said to converge if

(1.2) Xo(£)—x1(£) =0, xy(f)—2,(¢) >0,

N 2 () —x7(1) =0 and 2 (§)—=x," (¢ =0

The convergence of i

. ' selutions of vario i

; u];lc}t ;triclirsbh];:\ e been studied by Eze ilisoe%gat’lzo]ni Oé o
ehaviour of solutions of fourth order diffl;rergtz,ija‘l ‘::]I:Jlli'the

ations

C B g

(1.3) ME ) —h(E)

ely (vn=0)

whe is & i
re Iy is a closed interval defined by

(1.4) h=[m,x.ﬁﬁiﬁ}
D I (Ie -
with {;-.:1 and Ay= 0 constants.
or the special case of

1-5 il *
(1 ()) A anyt by oy dx=0
>0, a cons L
nstant, (corresponding to i(x)=dx and p=0 in (1.1)), it is k
= 1)), it is known

that all the soluti
conditions ¢ solutions of (1.5) converge if the Routh-Hurwith
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ab—e> 0, (ab—c)e—a’d> 0

hold.
These conditions have been gencralised for non-linear cquations by

many authors (cf. 4 ). with the assumption that A(x) is diffcrentiable and
oven in some cases, with h(x) twice differentiable. These, we find too weak
to be too strong condition. We shall therefore assumme in addition to (1.3)
that A{y} is not differentiable.
2. Main results. The following results may be regarded as a {ourth

order analogue of (27 and 3].

Theorem 1. Suppose (hat MOy =0 and that (i) {1.3) holds for arbifrary
7, (#0), (i) there 15 a continuous fiunction o{t) such that

215 Pt ¥, 302 o)—r(t, X, T z, (_T)) |€
o €olt) (| v 1] y=¥ [ s=F I le—e )

holds for arbitrary £, X, v, 5 @ X ¥ E and . Then there e xists u constant
{

D, such that if S:p’(t)dfg Dyt for somea, V<o <2, then all soluttons of (1.1)

]
CORTErSE.
The foliowing cstimates for any two distinct solutions of (1.1) will

Le very useful in the proof of Theorem 1.

Theorem 2. -Assume that the conditions of Theorem | hold. Lel xi{1),
volf) be any fuwo distinct solutions of {1.1). Then for each fixed a, 1ge<?,
there are constants Da, D,, and D, such that

hy

(2.2)  Slta)= DaS(h) exp{—D.(ta——tl)-{—D. Sq;“(-:)dr}(tzztl) where
H .
S = { ) —aB P+ [HH—x0)+ L (O —7 (04[22 O — (0
On putting (=0 and £, =0, we immediately have

Corollary : If p=0 and the hypothesis (i) of Theorem 1 holds, then the
trivial solution of (1.1} 1s exponentially asimptotically stable 1n the large.
t

3. Preliminaries to the Proof of Theorem 2. Let Q(t):Sq(-r)d-:. Re-
0

place (1.1) by the equivalent system
x'=y, ¥y =3, 2 =w+0(), and
o' = —aa—bi—cy—h(x) 1t %, ¥, %, o-+Q)—aQ(t).
Our main tool in the proofs will be the following quadratic form
1'=1"(x, y, 2, ) defined by
2V =¢?(1—e ) 2%+ [ac(1—e) (D—1)+b2]y*+ [a*(1—e) D+
(3.2) +bs.'(ab—c_3)1z2+sz+zbc(1_-e)xy+zac(1.—e)xz+
+2¢(1—¢ ) xa+2{ab—3) Dyz+2by<o+2a(l-—e)Dzm,

(3.1)

o :lLi. e

k]
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where .
. D =(ab—c+ce)[(ab—c—3),
with ¢ and 3 satisfying
(ab—c)>8>0; 0<e <l ; and 2c—e®=3/ab.
The following lemmas will be needed:

Lemma 1: V defined above 1s g ‘o
constants Dy, Dy sich fthat is positive definite. Moreover, there exist

;,igz) De(x*+ y2+22 o) g Vg Do( 2+ v+ 224 w?)
Proof of Lemma [: On rcarranging (3.2) we have

{3.4) 2V =2V, +2V,

where

(3.5) 2V, =[c(1—e)x+by+ aztw)*+[(1—e) D—1] (aztw)*+
+c2% (1—e ) ¥*+ace (1—e) Dy*4e Do?,
(3.6) 2Vy==(ab—c—38) ! {ac(1—e)? (ce +3)y*+ 2¢c(abe 4+ 8(1—e)) yz+ b82%.

iilnce ZOV{E <1,dV1 is positive definite.

s0, 2V, regarded as a quadratic form ‘n y and z is iti

X - I 1 - . alwa it C
Hence V is positive definite. We can therefore findJ;l constant D,>5055I1)1cc)?11 ttlg‘ft

(3.7 Dix* 4yt 4ol < V.

Furthermore, as we alwa d 2 e

: ys have | y | | 2 |<1/2 (y*+2%), then | 2V

2 2 T ' <
< D(y?+2%) for some D=D{a, b, ¢, €)> 0. Thus, there exists D, > 0 such thzalt :

(3-8) V< Do(a*+y 420 4a?).

Combining (3.7) and (3.8) we have (3.2) as required.
Lemma 2: Let (1.3) hold for £=0 and

3.9 K=[2(ab—c¢)]" ' mi ;
Shen) "2(ab—c) )" ! min {a’ce (1—e) /b ; abe D ; a’e(1—e)D} <1,
dV

o §—U,—U,+U,+ U,
where U, is a positive definite quadratic form in x, 3, z, and ©, while
Us=h(0) {c(1—e) x+by+a(l—e)Dz+ Do} ;
Us={c(l—e)x+by+a(l—e)Di+Dalr(t, x, v, 2, o+Q) ;

and o= {[{ab—23) D—ab]y-+ (b3 [(ab—c—38) ]2—ae Dw}Q(?).
Proof of Lemiina 2:
Let Hy= h_(x):h(()) (1#0).
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Using (3.1) and the fact thag
{Q—'- =r:-0—1—. .1'-{—--1]— vk (-:—z’—: ("_—1: o
dt cx eV €z cw
we have, on rearranging,
d—l— =—“fv|-""l'12 _(.Ia ('u l"z ; UH‘(';.
di
where
U= -l-{lc(l—-e)Hoxz—%-bc g vi+abe (1—-) Dz¥tac szll ,
212 )

e l{l({l_ e} Hox* -2bIovy :»bCE_\'z} .
212

Fyam= l{—l- c(1—e )} fox®+ Zlf(l—s)l)Hg.l’Z-{"ﬂbE(1—*—2)[)22} .
212

LU= l{-l- c{1——¢ )H0.1'2+2DH0.x'm-§-aa sz} ;
212

and 75, U;, Uy as given in lemma 2. _ ) . :
Regarding Uy, U and U, as quadratic forms X, 4 DX, 5 and
x, o respectively, and provided we have

H0<K [ (ab—:C)C ] '
a

then U,.20, Up20 and Upz0. ‘
Since 0 <e < 1, Uj is positive definite and the proof of lemma 21is complete.
4. Proof of Theovem 2: Let x,(t), () be any two distinct solutions
of (1.1}.
Let . '
=y, M=% z=w;+0,
4.1 .
( ) (l).‘--'—'—ﬂ&)‘——-bZ‘—Cyg—“h(x‘)‘J(‘T(t, x{,yg, Ry (,0{+ Q)—'—LIQ (I= 1, 2).

Define W=W() by
(4.2) W =W {xg—2x1, Yo=Y 2% weg—0))

where W=V is the function given in (3.2).
Using Lemma 1, there exist constants [ and Ds such that

D,(xz—x1)2+ (yz—y1)2+ (22—31) 4+ (0)2—"91)2) <
S5 < W< Da((#2—71)" (}’2'—Jf1)2+(22—“31)2‘1‘(032——‘91)2)-

To prove (2.2), it will be enough to show that
6
(@1 WesW expl Dl -—t1>+D.§q»“(r)dr} . (B2h)

by

holds.

3 ON THE CONVERGENCE QOF SOLUTIONS (RN

f Since {xp, vy, 5y, ) and (g, ¥g, £ o) arc Awo distinct solutions
of (4.1), Ly Lemima 2, we immediately have, as 4(0)=0, that

dIv

(4,5) AL
! )
where
) | o
201, = {_6(1_5)11(.1»2—.“)24-&( e (39— 1)+
(4.6) 2
-}—crbs(l——-e)D(zz—zl)"-{—asD(mz—ml)g}
with H={h(x)—h(x))/(xa—21),
and :

:.4 . 7) [[;'_3 = {(( I ——E) (.\’g—_r]) 'I'b(;‘\'g-——_\'l) -*— (I( | —¢ ) ])(3‘2_....31) _+.
| + Dicy—o)} 0(8),
with
U([) = f’([, REN _\'2, Sa, (ng—l"Q)—f’(!, .\'I, 1], ;:lt (')1_3_0)'
Because (1.3) holds for arbitrarv Z,+(+#0),
EESY /2"(]“‘“3)30(-"2——\'1)3‘5' bee (v )k
+abe (1—e ) D{za—21)" +ae D{0z—o)%.

Al

In fact,

(4.8) W= 21)9{(-"2—-‘1)24*(_\'2—}'1)2‘*‘(32'—11)2"- (2—w)*} = Do,
for some Dy 0.
Using (2.1), we can find a Dg> 0 small enough such that

1
(4.9 W, DpSE | 0.
Combining (4.8) and (1.9) in (4.3). we have
{1 s Lo
(4.10) Lff <2054 DyoST| 0
¢

The remain'ng part of the proof [ollows direetly [rom {31 Let o be any
constant such that 1sx <2 and set w=1—1/2a, so that 0 s 12, '
Consider (4.10) in the form o

y . L
0w DWS< Do ST) U |[—DS=DpSir,

where U= (0 0—1LDs%). [t is immediate from 1177 that for some £,:> 0
small cnough, we alwayvs have i

- W g Dy, | 02w
Therefore e | ]

7 DS € Dpl)yaSt] 6 [A1-g Dy, Stot-mst-s,

Furthermore, it follows {from {4.11) and 2—« =2y that:,
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(412} ”;'-<-.—D.S+D:n '?a-s-
This, by (4.3), implies that
W' 4 {Dy—Dys 2*(0)} W <0

onstants Dy, and Dy, .
or 50]1;1‘? i;tzzgration, \1\:’(: have (';.4). A repeated use of (4.4) gives (2.2), and

this completes the proof of Theorem 2.
5. Proof of Theorem 1:
From the estimate (2.2), if

S 2*(<)d<< DD (L),
t

then the exponetial index remains negative for all £,—/;>0. As t=(ty—4)—0
we have S{f)—-0. this gives

Ng— Xy =0, ¥g—xy=0, ¥y—x) =0 and x;, —xy —0

as t—co. Thus Theorem 1 is proved. ' ' ) )
v 6c.p Ren::i:ks: (i) Condition (2.1) is a gz_:nerahsed Lipschitz conc{;
tion on r(t, x, v, z, w). In fact, if the assumption that p(t{ x0, z’{fm)tin?
separable inlo :[(t) -r(t, x, ¥, £ ) is removed, {2.1) could, without affecting

the results, be replaced by

PPt v,y ) —plt Y, B 0) IS
<olt) { | x—% I+ y—y |+ z=2 |+ ] —o |}
4 i ain vahd.
Even if o(t)=D,, {a constant), our results will still remain va
(ii‘;er"}}:roé(g})lout];h(is work, no condition had been imposed on Q(t},

besides its use in the equivalent system (3.1) (or (4.1)). It is hoped that 1n
later results, some very useful umpositions would be made.

(6.1)
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ON NONLINEAR DISCRETE INEQUALITIES OF GRONWALL TYPE
BY

RAVI P. AGARWAL and L. THANDAPANI

1. Introduction. During the last [ew vears there have been number
of papers written on the discrete analogue of the Gronwall inequality and
its nonlinecar version due to B il ari. The first discrete version of Bihari's
inequality was established by Hull and Luxemburg 1. Our pur-
posc is to present here some interesting and useful nonlinear discrete ine-
qualities which can be used in the study of manv problems in the theorv
of difference equations.

2. Main Results. Before giving the main results, we shall introduce
some notations which are mvolved in the discussion. Let .V be a set of

{1
points {0, 1, 2,...}. The expression ¥, b(s) represents the solution of the
¥
linear difference cquation Ax(})=b5{f) forallze N, under the initial condi-
tion x{0}=0, wherc A is the operator defined by Ax(f)=(t+1)—x(t). It is
=1

1
supposed that ¥ &(s)=0. The cxpression [§ C(s) represents a solution of
o=} s=0
the linear difference cquation x(f+1)=C{f)x(f) for all &N under the ini-
1
tial condition 1(0)=1. It is supposed that [] C(s)=1.
=0
Definition. [ function 11": 0, c0)— 0, 0) is said fo belong to the
class 5, if '

(i) W(u) is posstive, nondecreusing and continuous for u>0
(ii) (Lfe) We) < 1 (nfv) for all uz0, v>0.
Theorem 1. Let the following inequality
(1) u(l) < plt) -+ glt) i Eft w)+ i lil he(s) W (u(s))
be satisfied. where w e
(i) p(t) is positive und nomdecreasing,
(ii) W, =S j=1,2,..m,
-1 -1 by =1
(iii) E(t, uy= !20 Silt) ‘Eo olts) ... .Zﬂ St u(t,),



