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(4.12) W< —D,S+ Dy, 2°S.
This, by (4.3), implies that
W' 4 {Dy—Dyy (W <0

» constants Dy, and Dys. L
r 5011;1‘? i:cltegration, \i"c have (4.4). A repeated use of (4.1) gives (2.2), and

this completes the proof of Theorem 2.
5. Proof of Theorem 1:
From the estimate (2.2), if

fy
‘;:?“('.)d::f;]),l);l (ta—t),
“

then the exponetial index remains negative for all {—4;>0. As i=(t;—1) ~®
we have S(f)—0. this gives

rg—x =0, x3—x;~0 aj—x{ =0 and x'—xy 0

as {—co. Thus Theorem 1 is proved. _ ' . .
v f:o Ren:::?ks: (i) Condition (2.1) 1s a ggnerahsed Lipschitz COH({)I
tion on r(f, x, v, 2z, ). In fact, if the assumption that p{f, x, ¥, z'{fm)tin?
scparable into :/(t) Lr(f, x, ¥, 5, 0) is removed, (2.1) could, without affecting
the results, be replaced by

| plt, 3,y 2 @) —plt X Y B @) S
<o) { | x—% j+1y—y |+l z=2 |+lo—0 |}
i i ain wvalid.
i if »(t)=D,, {a constant), our results will still remain va
(ise%liroﬁ(gl))out];h(is work, no condition had been imposed on Q{f},

besides its use in the equivalent system (3.1) (or (4.1)). It is hoped that in
later results, some very useful impositions would be made.

(6.1)
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ON NONLINEAR DISCRETE INEQUALITIES OF GRONWALL TYPE
BY

RAVI P, AGARWAL and I, THANDAPANI

1. Introduction. During the last [cw vears there have been number
of papers written on the discrete analogue of the Gronwall inequality and
its nonlinear version due te Bib ari. The first discrete version of Bihan's
inequality was established by Hull and Luxemburg 1], Our pur-
posc is to present here some interesting and useful nonlinear discrete ine-
qualitics which can be used in the study of many problems in the theory
of differcnce equations.

2. Main Results. Before giving the main results, we shall introduce
some notations which are involved in the discussion. Let NV be a set of

t—1
points {0, 1, 2,...}. The expression ¥, &(s) represents the solution of the
L]
linear difference vquation Ax(#)==54(f) for aliz =\, under the initial condi-
tion x(0)=0, where A is the operator defined by Ax{gy=a{t+1}—x(¢). It is
1 t=1
supposed that ¥} b(s)=0. The cxpression [] C{s) represents a solution of
=0

s=0
the linear difference cquation v(f41)=C(f)x(t) for all &N under the ini-
13

tial condition 1(0)=1. It is supposed that [J C(s}==1.
=0

Definition. .1 function 1': [0, 00)— 0, c0) is said fo belong lo the
class S, if

{i) W(u) is posttive, nondecreasing and continuous for uz0
{ii) () ()< W (nefo) for all w20, v=0.
Theorem 1. Lot the following incqualitv
n ne el
(1) wlt) < plt) gt} T EAt w)+ % Y, B(s) W (u(s))
be satisficd. where s R
{i) p(t) is positive and nondecreasing,
(i) W, =S, j=1,2,..m,
(iii}

Er:.!' H)= ‘EI f"{tl) 'il-/;'(lz) rt frr(fr)”(tr),

b= ty () !r-o
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lig__‘___‘ RAND I =2 t l
s lefined on N Rifhe & % AL ) - AL
(iv) Tllq h, and f,. are real- valued, non-negative functions, de ()észu rglA] A TR : E At
th
= . Now using the non-decreasing nature of p'{f) and substituting the above
n{t) < pE)OU) ,I_II E{t). estimate in {2}, we get N
where ﬂ I (1) w<p 0.
M)y =1-1-¢() E E Eds, D) __Ill I E AEA~ ‘1)}' ' Inequality (4) can be written as ()< bt § %) Als)(s) 1V (u(s)), where
- r=1a=0
w(t)
E ) =65 h(s) ] : o(t) = e |
) [ Eﬂ pH{)
Rest of the proof is by finite induction. For this, let =1 i.e.
Ek(t):(lk-il Z I (s)(s) 11 E, (s )] P e
Fe
5 g1 Iy (s)D{s) W fuls)).
h=2,3,..m (3) w(t) Jgu () D(s) W ufs))
and ; Define R,{¢) as the right member of (5), then
o) = g ﬂiif(_; 0 < upg it AR () =k (D)W (2()) < M ODE) I (1(2), Ri{0)=1.
I adS)

Irom the definition of G,, we find

as long as [

GURHN=GuRi)= § o < =2 B <hnen)

Summing up from 0 to {—1, we get R;(¢)< E,(f). Now assume that the re-
sult is true for some %, 1 <k<m-—1. Then for r=k+41

-1 k-1 B
G+ X in(s)00s) TL Eifs) = Dom (6%,

Rty
Proof. Inequality (1) can be written as

(2) W< b gl 3 Edlt. ),

k-1

v(t ( [+ z hk-{-l(s @(S I! l+1 + z Z k (D(S II ,-(U(S))(
" A ) % =0 r=1gm
where 0 =pl- F T bW (). Detine R)= ¥ Edt w5 then (6) . .
I rf. Pl () P(t) ,gl ;;0 : ronl < [1 + 'go hH;(S)@(S)”’Hl(U(S)) I E,.(t)
we o fing re1

From (6), we find

AR = § AE( 1)< 3 AEAL pgR) < Y, A ) Vi - . -
; ( ) r-EI 'gﬁ o ';""'g')"" £l .;gn hhl(S)(I)(S) al;Il E,(s)li'u 1 ( » (S) J
& L E AE{t, q) Rt} 'I_Il E.(t) ’I;IIE,(S)

=1 .
f v ItelN and following the same method as for r=1, we obtain
since R(t) is nondecreasing for a N

- k41

From (3), we have < I E()
n r=l

R+ _\1 LY, AEAL g lR(t Z AE (4, p7) and hence the result follows.
- Theorem 2. Let the following inequality be satisfied
1
) Gt : sumning  up " =
Multiplying both sides by ] [ E AL, ff)] . and - summing (7) w(t)<pl)+qlt) 3 Edle, w)+ Y Edlt (o)),

0-0 LD raml

from 0 to =1, we get
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where W es; Ht), E. (¢, 1) are defined in Theorem 1. Then,
(—1 ™

u(i)s_p(t)(b(t)(?"[(;(l)—}— Y, EAI;'_.(S: ),

=0 r=1

where O(t) 1s same as 14 theorem 1 and

{r(te) = S -I—;LZ—)- (< itg= it
(S

as long 4as
t—1

G+ Y Y AE,(s, ¥) = hom (-4
=0 r=1
Proof. The proof is similar to that of theorem I.
Remark 1. lLet g}z y=1,2,..m and the inequality

n " t—-1
<o) S B i)+ 560 T o)
o=l r=1 5=0

be satisfied then it is easy 1o find an upper estimate in terms of known

functions as in theorem 1.
Remark 2. Several particu

considered in [1]—[8].

lar cases of Theorems I and 2 have been

Theorem 3. Let the inequality (7) be satisfied where pit) and E.(¢, )
posttive, nondecreasing, CONLIRIOUS and

are the same as in Theorem 2, W s

submultiplicative. Then . . .
u(t)sp(t)fb(t)G—‘[G(l)_;- Y S AE,(s, (P}(:()s) () )] '

g rml

where © and G are the same as in Theorem 2,

e Dom (G).
Proof. Following the proof of Theorem I, we find

(8) ) u(t) <" (O)O(E).

where p"(f)=p(t)+ ¥ E.{t, 1V (x)). From (8), we have
Nl ” ¥ (1)

g —_l <14 Y ENL —}

Y Joem <A s

Let R(f) be the right member of (9), then

AR(t)= ¥, AE. (t, Wg‘))g iﬁl AE, (t, ”_’_(ffllfl], R(0)=1.

ubmultiplicative and nondecreasing, we find

AR()< ¥, A, (z, ﬂfﬂ] W(R().

fwml

Now, since W is s

-

2 and the term inside the bracket

5 .
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Then as in the proof of theorem 1, we obtain

R(t)g(,—llc(])__ :Y: ﬁ AE, (s, M)]
=0 r=1 ]
and the result follows from (9).

3. An Application. As an applicati i
. R cat e 3 e - i
sum-difference equations of \’o]fegraatl?;; e gensider hare the fofowing

(10) B =Cok 3, (B2l s, xils), wls)+H s, 1))
(1) B =Cat X, Falt, s, (o)),

where the functions F;, F, and H satisfy

(12) Fult, s, 51(s). %2() | <a(s) | 0(s)+b(s) xs(s)|
{13) [#2(2, s, x1(5)y | < C(5)|x (s}

(1) HE, s, 7)<k W(x0(s))

for all teN and W is same as in theo
rem 1.
From (11) and (13), we find

(15) ) 1<Cat 3, COIm) .

am{)

and from (10), (12), (14) and {I5), we obtain

2B)1<Ci+ T a8)im) 1+ 3 o) [C.+ b} C<r)|x1(-.)|] +

=0 yer? =

+'F hEW ().

=0

The above inequality i
nec y is exactly of the same form a i i
it:llet::em I. Thus it is possible to find the estimates for |ts(t§0n51%er'ed )
rms of known functions. Filf)f andi]z:(
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ON UNIFORM NORLUND SUMMABRILITY OF THE CONJUGATE DERIVED
FOURIER SERIES

BY

FAZL.UL-HAQ

sSaxena (1966) established theorems for uniform Norlund summa-
bility of Fourier series. The present theorem deals with the uniform Nér-
lund summability of the conjugate derived fourier series under very general
conditions.

1. Let Xa, be a given infinite scries with the sequence of partial
sum [s,t. Let {p,} be a sequence of constants, real or complex, and let us
write

Pnzpﬂ f Pl +-'~'}_Pn'

The sequence -— f,-sequence transformation

I L l H
1.1} fy= — S == o 18s, (B2, # 0).
( B P = B s (a2 0)

defines a sequence {2} of Norlund means of the sequence {s,} generated by
the sequence of coefficients {p,}. The series Y. @, is said to be summable
(N, s} to the sum s if lim ¢, exists and equals s,

The conditions for ’rogularity of the method of (N, p,) summability
defined by (1.1} are '

(1.2) lim 22 =0,
P,
and
(1.3) 0 =0(p.), as n—oo
L=ty

In the special casc in which p,= Ifn+ 1, and therefore P,~logn,
as n—c, the Nérlund mean reduces to the harmonic mean of {sa}.

2. Let f(t) be a periodic function with period 2z and integrable in
the scnse of Lebesgue in the interval (—x, 7). Let f(#) have derivative @)

everywhere in F, and let the Fourier series associated with f{f) be

1 1 -
(2.1) - =y = (@acos -+ b, sin nt) = Y A,{8).
2 ngl ) 112-:1 ( )
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