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ON UNIFORM NORLUND SUMMABILITY OF THE CONJUGATE DERIVED
FOURIER SERIES

BY

FAZL.UL-HAQ

Saxena (1966) cstablished theorems for wniform Nérlund summa-
bility of Fourier series. The present theorem deals with the uniform Nér-
lund summability of the conjugate derived fourier series under very general
conditions.

1. Let Xa, be a given infinite scries with the sequence of partial
sum {s,}. Let {p,} be a sequence of constants, real or complex, and let us
write

Po=po+pr 4k pu

The sequence — f,-sequence transformation

l L] l "
I.l t.="‘"’" Sn e Prn_ 15, I)n #* 0 +
b By P =g, B e (a2 0)

defines a sequence {7,} of Norlund means of the sequence {s,} generated by
the sequence ot coefficients {p.}. The series Y 4, is said to be summable
(N, Po) to the sum s if lim 4, exists and equals s,

The conditions for regularity of the method of (N, p,) summability
defined Ly (1.1} are

1.2) lim 22 =0

(1.2} im P, ,

and

{1.3) i e =0(ipal), as n—

In the special case in which p,= {fn -+ 1, and therefore Py~logn,
as n—rco, the Nérlund mean reduces to the harmonic mean of {s,}.

2. Let f{t) be a periodic function with period 2z and integrable in
the scnse of Lebesgue in the interval (—x, =). Let f(!) have derivative f1i
everywherc in F, and let the Fourier series associated with f{) be
(2.1) : -Zl-au t ¥ (aacos ntA-b, sin nt) = Y, Aal).

LD i)
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Then the series )
S {—a,sinnt) =YV, #B,(t)
(2.2) "gl (b, cOs ) X, b
is the first derived series or the derived Fourier series of f(t). The serles
conjugate to (2.2) is i
3 3 ‘ b, sinnt)= Y nAal)
(2.3) Y. n(a, cos nt + by sIn % ) El

LA

\We shall use the following notations :

h(e)y=h(t, x) ==f(x-+1) - f(x—t)—2f(x).

¢

H(t) = S dh{s) .

U
™
p ¢ ¢
J ) —lim] ¢ c?—dit) .
H(x) = ~—¥‘S ht) cosec® -2-15 dt—tl_'ﬂol{ 41:5 h(t) cose 5
0 €
If we denote r
t s .1
— 2\ h{#) cosec®-tdi,
H, (%) . {t) >

»
1lin

her lim H.(x) = H{x).

LR

i i -ariation, then H(x) exists for al-
he function f(x) is of bounded variation, _ :
most flfllt\::1uzs + of ,{([Z ygmund, 4, p. 146]. ==[1/t], where [21 deno

tes the integral part of A
3 Saxena (1966) introduced the concept of u

which is as follows: Let

(3.1}
be any infinite series, and
U (%) = (%) - 12(%) - u,(x).

tants, real or complex, and let us write

niform summability,

uo(x)—{-ul(x)—i—u,(x)-{—

Let {p,} be a sequence of cons
Py=pot...+Pn

If there exists a function U=U{x), such that

1§ p{Unslr) — U} = o)
= 3, pelU ) — UG

uniformly is a set E in which U="U(x) is bounded, then the series (3.1}
is summable (N, £a) uniformly is E to the sum U.
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In 1966, Saxena catablished the following theorems Jor the uniform
Noctund suwmmabibity of the Fourier series.

Theorem A. /f «if)] donotes a funchion of £ o{l} and lalt) wltimatel v
tncrease steadidy with

log (n)=0la (1)}, a8 1 — o

el
t

(l’[fl=R‘l)(H) c!’tt=u( ! )

all.)

[

uniformiv in a set I an Rich s=s(x) 4s bownded, us £ - 0, then he series
(2.1} is sunpomable (N, pu} wniformlv in B fo the sum s,
Theorem B. Ifalt) stands for a function of § aud wlfimately increases

steadtly with 1,
]

o
g H=0(I%), as 71— o
all’)!

I'n

and

Dty =0 (m(tpt])

wniformiy in a set K in which s=s(x) is bownded us t— L0, then the sertes
(2.1) 45 summable (N, b} wuniformly in IX to the s s.

In the present papers, we establish the following theorem for the
conjugate derived Fourier series.

Theorem. If
H(ty=0 (__u__/j'(:)?;’ J

untformiv s i set E, as t— 40, then the series (2.3) 1s swmmable (N, p,) nuni-
Jormiyv in E fo lhe sum

=
{3.1) = —}g h(t) L‘HSCCZ-I-F' dt,
4 ) 2
°

provided that this exists ; where a(t) and [t} are functions of t such thut o (7],
B(E) and [ilt) tla(t) increase monotonically with £ as {— -0, and

) Py=a(P), as n—a,

and {p,} 1s a nonw-negative and non-increasing Sequence of constunts,

4. In order to prove the theorem, we require the following lemmas :
' Lemma 1. (McFadden, 1942). If {p,} 15 a non-negative and non-
wncreasing, then, for Osa bz, 0gi<s and any u,

b
1 Z P; plin—ki

ka1

<K P,
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where K is absolule constant and
a=pot+ Pt T Pa

Lemma 2. (Hardy & Rogosinski, 1944}
Suppose that f and g have period 2, that fis L and g is V' ; that i and
o are real ; and that —'n:<(r<b<‘r then

J(a, b, )= Sf((H— a) g(8) c=i d8 —~ 0

a

uniformly in a, b and a, when |1|—o0.

Proof of the theorem.
Let the sum of the first »# terms of the series {2.3) be denoted by

oa(%) ; then, we have

anl( X} —-———Sf(u ,é‘l i sin v{n—2x))du =

—-T

1

=_ls_£i_[cos ‘,t———cos(n-i—-k)t}'
=Jdt 2sin ¢
L1}

{Hx+8)+f(x—4)}

_ _M_I_’S—'cos } t—cos ("+é)tdh(t).

2sin g ¢
Therefore,
o) = %—S— [cot } £ (1—cos At} + sin kt)1dh(t), k<n=
no
{S +S}cot 3t (1-— cos kt)dh{t) — 21 Ssin ktdh(t) =
[} ijn 0
=‘—“—' (Ly+ Lot L), say.
2n
But
iin
cos } ¢ Kf{n)ps
L,|< 2 ke V| dh(t) | < B\ dA(E) =KH(ljn}=0 -
Lil< '\sin* sin? } H () §| () =KH(1/n)= ( a(m]
0

= o(1), since # p,< Py

and

5 ON UNIFORM NORLUND SUMMADBILITY 149

1
Lo=— ZnSwt Lt (1 —cos kt)dh(f) _.._—._Scot“d};(g)

n
1/n 1n

s 0
+ —l— S cot § feos &t dh(f) =___|- “cat Wa(t)? ___l_ 3 e} th |
e 2 o ) cosect Fth{t)dl +

1in lin

I :
-+ as cot §2 cos At di{t)= o{l) + H,(x) + ——Scot 1 cos kt dh(t)
1in ifn

for h(t)ft tends to zero with £, as f'(x) exists.

Hence
o (x) — F A 1 . 1§ oeyz 1 (
sl x) — H ()= ﬂSLot L tcos ki dh(t) -gssm &t dh(t) < o(1)
Iin ]
| T Un A
ol : - 1( .
= Zns cot bt cos kf dh{f)— -Z-T—tSsm kt dh(1) 5 g sin bt dh (t)+o{l)=
lim 9 5 l.f‘n
1 [ cos{k+3)¢
n g sin }¢ @0 (1)
therefore

cn-kix] 'Hﬂ(x)"’ 2 dh(t) + O(t)

1 §cos(n —k4 i)

Thus, we have

1 = |
D Peion iz Ho(x)l = — k{ cos (n—k+§)¢
p, kgo ) (x) P, kg,o}" Zn;[ Y dh{t) +o(1)
- Sdk(t) iy kzop = (nsi—:':- B +0(1)—gdh(¢)N (£)+of1)
where lin
Nty L gy cosn—k+ Bt
n n ljp I!EL j’ Sil) * £
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in order to prove the theorem, we have to shew that T Therefore
' 4 X P
\dh(!) NL) = o(1), uniformly in . I = Sdh(t).\',.f_t):()(s [dh{t} INa{t) _=0(7;S|effi(f)!f) =
]'” 1in 1'n i § 1n
as s, when (3.1) exists, We sel l | 3 | y 2
- | :o( ‘ {H(t) ng) H)(}-_)_SHU) "+ ity + o(1), uniformly in E=
- S P, t ] °
(4.1) S dh(tyNult) =(\ | S).ii.-:_t;\',,(i)-— 131, sy, .i 17 1r
in a A , =1, -+ T2 +0(1), sav
where § is small but fixed. Now ! Now
! - | )
: °, L o =o(-‘3 lH(f) }—'J ]=0({—) o f}—)@(ig—”npn) -
Iy = \ dh{f). N, (Hh= S,‘_ [ f(r2t)- flx 1) 2'/’(\)}‘\'"([)”'1= i 4.3) Jn . tofum ' . I,t VP a(Pg)
) 6‘” [ = ofl), as n—m, uniformly in E, since #p, < P,
. { and
=ofl)- S :'t (f (x— NNty (by Lemma 2) = o(1)+ ! 3 41
1 - ] ] »-d
,, I =0(%3H<t)1—:dt]=o(n+0(— 3 (B Pt
= " h am=1
11 oo cos {n-——k -+ 4} i o
[ - L — it =
2n D, éch P 5 ot (f( ) sin 4 ¢ ‘ but
8
E24 w1
. [ d cos (in—r-+$)¢ : ) , (P,,,ﬁ(m)p,,, \
=i |} — S fa b 2l = o) - H{ijv) Pydv < H(1/m)Py = 0| ———"—| = 0{Pn}, 35 # — oD.
ZTCP,, L-go Pk S (ﬂ (f(‘ +- )) Siﬂ % i 0( ) ’ S ( IIIU) : ( ) G.(Pm) J (p )
—8[ k SO
1 Cod cos (n—£k 4+ &
2P ) kad; JGth) | init = di= t ] » )
" e s ' {4.4) I, =o(l) + o(—t;- Y p,,.) =o(1), uniformly in E.
=0(1)+4o0(1), uniformly in E (by Lemma 2) nr
(4.2) =0(1) uniformly in E. Collecting (4.3) and (4.4), we get
{4.5) I,=0(1), uniformly in E.

Again, we have

1 1 i?k cos (#— A+3) L. Now from (4.1), (4.2) and (4.5) theorem follows.

JV,,(‘) =
2xP, sinkiisy

Hence, for n' <1< 3 <= Acknowledgement
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\2" picos (n-—k+})t|)=0(P,[P,.'t). (by lemma 1]
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SOME REMARKS ON NON-RULED SURFACES WHOSE ASYMPTOTES
OF BOTH FAMILIES BELONG TO LINEAR COMPLEXES

BY

FROIM MARCUS

i A, Terracini 1 determined, in finite form, non-ruled sur-
faces whose asvmptotes belong to lincar complex. They form tiwre classes,
given respectivelv by :

=l =U)R20; p=v(l"=L")—=21";

(1) D T P
r=te(l"—U) =2l — ) yy=1"=U";

(IT) aym (U =120 ageme(U'—17) 2170 =20 4y =—1:
(LIT} (i) (U—T17") 1 xp=U"—F" xp=2tu ) x=1,

where | is an arbitrarv function of « alone and " of  alone {n, @ beng the
asymptotic parameters), irreducible to quadratic polynomials. The sor-
faces of class (I) arc obtained by I¥-transformation of regular quadrics;
those of classes of (11) and (IT1)—fromn degencrate quadrics ; all of them are
isothermo-asymptotics of Fubini Terracini observed also that the
surfaces of class (ITH) coincide with those deseribed by Wilezvnski
in {2].

G. Fubini 3 proved the following :

(1) If one the focal surfaces of a W-congrience 15 a regular guadric S,
the asym ptotes of the second focal surfuce S are contatned 11 linear com plexes,

(2} The surfaces S are tn Cayley's metric, of uull curvatire, aird consc-
quently coincident with those studied by Branchi.

K. Strubecker [4], starting with Fubini’s non-Euclidcan in-
terpretation, showed that the surfaces (11} and (ITI) can also be given by
a unitarv geometric construction wsiny Blaschke's quasi-elliptic space geo-
metry and the isotrope space studied by Strubecker by analytical re presentation :

{1.1) v=x"(1)x'(0),
whery
{1.2} AT(n) = E Ai(n)ey o aie)= y, il (v),

1) U



