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ON THE CONSTRUCTION OF BOL-LOOPS
BY

A, BT, SOLARIN and L, SHARMA

1. Introduction. A loop G{.} is a Bol-loop if and only if

{n (xy . 2)v=x{yz.v)
for all v, v, s&G. Bol-loops had their origin in the work Bol _3_ and
their bablC algcbrau‘ propertics were discussed by Robinson [4]. Re«

cently Burn L2 has proved that, for any prime p, a Bol-loop of order
2p or of order p* is necessarily a group. Also Sharma [5]has construc-
ted Bol loops of order p*(p22, n2 3}, which are not groups. A natural
question ariscs : are Bol-loops of order 4p or of order 2p%, p being prime
also groups. The object of this paper is to answer the precccdm" ques-
tion. First of all we prove a theorem on the construction of Bol- loops whose
application will show the existence of a Bol-loop of order 2p°

Fuither we construct Bol-loops of order 2u%*(n > 2} or of order
4n({n>>2), which fail to be Moufang. For Moufang-loops, see [1].

2. Theorem 1. Let H be a non abelian subgroup of a group G and
let A=H (. For (b, g) and (hy, g3) tn A, define

(2) (h, gr)yolhe, go)= (I hg, b gih3" gs)
then A{e) is a Bol-loop.
Proof. Let x=(ly, &1}, y={(h, g) and z=(l. 2;) be clements of
A. Then
(3) xo(yoz)=(hy, g1)o[(hs, ga) olhs, &)= (hy, &) olhahs, hogoh3'gy) =
={l hiohty, hohsg hs Rz Vhagahs 2gs).
Also ’

(4) (woy)ozr="lhy, g}olhs, g2)10(ks, &) = (Mihs, hagaliz'¢a)o(hs, g2} =
= (b hohy, hohog, h7'goh38,).
From (3) and (4), we have
{3) xo(yoz)#(xoy)ez.

Thus A(¢e) is a loop with identity (e, e}, where ¢ is the identity of ;.
Now we show that A(o) satisfies the identity. Let v={h, ), v=(hs, 95)
and z= (h, g;).
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(xvvoz)ay=(h, g1)(hags) o, L) olhy, ga) =
(6) = (hihe, ogih, Yga) o ks, g4 o(hg, go) = (M1hohs, ”n]’2§1/’E1§21’519*)°(}’2' g2) =
= (hyholishy, hohahisgyhy ' gahs Vs ')
x(vzoy)=(l, g1)o (ha, g2} (ha, gi)olls, ga) | =
= (hy, g1} o[ (hehs, hagahis layo(ls, go) =
={h1, g1) o(gahahs. hehs, Lohy'galiy 8s) =

~(hyhohshg, hohyhagih, Yooty tash Y.

From (6) and (7}, it follows that .1(e) is a Bol loop. Further (&1,
kg k) is the inverse of the element {#, g); we consider

(h, @)eolh!, kg kg =(h, g)olh Ao te Y )=
(e, h'ghh, g "hiy gt

It follows from {8) that A(o} does not satisfv the left inverse proe
perty. Hence A{o) 1s not a Monfang-loop.

Corollary 1. Given a non-abelian group G, we can always construct
a Bol-loop.

Proof. It easily follows from the theorem I.

Corollary 2. Let G be a nosn-abelian group of order m: then we can
construct a Bol-loop of order m®.

Proof. It easily follows from the theorem 1.

3. Application. (i) Let Dy the dihedral group of order 6, be the
non-abelian group G in theorem I, then A(o) is a Bol-loop of order 36.
A careful study of this Bol loop revealed that it contains a sub-loop of

order 18 (see table I). Further by replacing D, by D in theorem I, we

(8)

TABLE I
{Bol-loop of arder 18)

1 2 3 4 % ¢ 7 8 9 10 11 12 13 14 15 16 17 I8
2 3 4 S5 6 1 11 16 15 12 14 10 18 17 9 8 13 7
3 4 5 6 1 2 13 15 10 16 18 8 14 7 12 9 11 17
4 5 & 1 2 3 18 912 8 7 16 17 1t 10 15 14 13
5 6 1 2 3 4 14 12 16 Y 17 15 7 13 & 11 18 11
6 1 2 3 4 3 17 10 8 15 13 9 1t 18 16 12 7 14
7 10 13 16 14 9 8 1 11 18 6 5 15 12 3 17 4 2
§ 18 15 17 12 11 t 7 6 2 9 14 3 5 13 4 16 10
9 7 10 13 16 14 4 18 1 3 15 11 6 2 17 5 8 12
10 13 16 14 9 7 6 17 3 5 12 18 2 4 1t 1t 15 8
1L 8 18 15 17 12 16 2 7 13 3 6 v 10 4 14 1 35
12 11 8 18§ 15 17 5 14 4 6 6 13 1 3 7 2 11 9
i3 16 14 9 7 10 15 3 8 17 2 1 12 8 5 11 6 4
14 9 7 1 13 16 12 3 17 11 4 3 8 15 1 18 2 6
15 17 12 1t 8 8 3 13 2 4 w 7 5 1 14 6 9 16
16 14 9 7 10 13 2 11 5 1 8 17 4 6 18 3 12 15
17 12 11 8 18 15 10 6 4 7 P 4 16 9 2 13 5§ 3
1R 15 17 12 11 8 9 4 13 14 $ 2 10 16 6 7 3 1
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found that A(o) is a Bol-loop of order 100 and it contains a sub-loop of
order 50. These examples disprove the conjecture that a Bol-loop of or-
der 2%, p being odd prime, is necessarily a group.

Now we give a general construction for Bol-loops of order
2ni{n> 2).

4. Theorem 2. Let L be defined as all formal symbols y'x/, i=0,1,2,,..-
o1 =012 20—t where ¥ =)"=¢ and

(9) yuabioynabi= 2V where
”'_l (ay-tas) mod » if =0 (mod 2)
' (q+ p—-os) mod n if f;=1 (mod 2)

(£ 4 f2) mod 2n if B =0 (mod 2)
v =10 (fy+ fat2p—2a5) mod 2u if f1=1 {mod 2), f2=0 (mod 2)
(By+ B2+ 205} mod 2n if f1=1 (mod 2}, fy=-1(mod 2).

then L(o) is a is a Bol-loop of order 2n®, wherc n is any positive infeger
greater than 2.

Proof: Let A=yv""lx; B=y*"1 1" C=1" then
(10) {doBYoC=2x" 10 x" =%,
(11) Ao(BoC)=y" 1xoy* 1= 1"

From {10} and (11), since 2u—1#3 for » any positive integer greater
than 2. We have that

(A eB)ol = 1o(Bol).

Thus L{o) is a loop of order 2»n* (# = 2) with identity e. We show that it
satisfies the identity

(1) (xy, 2)y=2x(yz, y).

All possible combinations of values of £; and f; in the multiplication
of the elements of L are displaved in the table Il Delow. In table II
b= even or odd means £; is an even or odd integer.

Let Aesyngh, Beeyugd C=iymgh,

Since A(BCoB)=(ABo(C}B in all possible cascs of the clements
of L. Thus L{o) is a Bol-loop or order 2s*® where » is any positive inte-
ger greater than 2, with identity e.

Further

an 1 1 M

(qu) - xzﬂ -1 oyﬂ 1,0 .1_-__-‘.;“231 -4

X , since m#2,

Thus L{o) does not satisfy left inverse property. Hence £L{o) is not
Moufang. '

In (3) we have obtained Bol-loops of order 36, 100, and 4#* from
D,, this shows the existence of Bol-loops of order 4m for"some positive

integer m. Below we give a general construction for Bol-loops of order
4n(n > 2).
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Fable th f TABLE LI
Table of (4 ReC) B ABCoB) for all zalues of B, 3, B4 i {Bolloup of order 12)
(1) When By even By even, By even (ARoCYR =yx 2% ¢ 72) modn i, 0 1y 2y modie ;'- 12 14 s 6 7 % v 10 11 12
5 L e s D3 1 5 6 4 8 v 7 o4l 12 10
A(BCoB) ==yt 23, xomobn gy 2+ Bomedin i1 2 6 405 9 7T o8 12 ol
PR ; 4 5 8] 1 2 [ (N S | 7 9 8
(2) when By cren, By even, By odid (A4 BeC) =y Cagimudn x (B - 24y - By Sxiiaddn s o + 2 3 T T -y
A{BCoR) -~ ¥ % mimodn z(&, 2 b= Txmodn 6 4 5 3 1 2 12 il ow vy 7
1 8 v olg 1ro12 1 2 3 4 5 6
. SR - . x, - In g (3 By By 22, — 2, imed2 s 9 T4t 1210z 3 F 5 o 4
(3) when By =cven, B:—odd, By=cven (A BeC)H -y~ X n_‘(r o,= ; : "-1 mod : 1 T G e e {2 6 4 3
_.][BC”B) yla ybmodn iy 28 Tyt 2R - 27 )medzn o 11 12 7 S I3 4 n 5 | 3 2
. Motz Wwoox 87T 5 4 6 2 1 3
(1) when 8, even, By odd, By even (A BOC) R = yrn - 2x= mimodn 403,055 i@, - t,imod2n h 2 16 11 9 7 8 & 5 4 3 2 1
A(BCoR)= -2 aghmodn y®, 23y ¢ oy 0 2) mod2s
TABLE 1A
‘hen B, = e e ARBoCYR = yin — 22— ygmodn v e 20 By -4 - dximodin
(5) when $y=odd, Bz even, fa—even | 419 o ,' 5 ' (Bol-lnog: of arder 16)
A(BCoB) -~ ¥in Dig— i modn pld o 2Rty 4% 2ximid2u
— - . L2 3 4 5 6 7 8 v o0 1l 12 63 14 15 16
(6) when By odd, By=cven, Bi=odd (4 BoC)R — yimi—mlmoun x5 20 ¢ ha—ums s I mod2n 2 3 4 1 6 T 8% 5 10 1 12 9 14 15 6 13
1{BCoB)= yte—asimodn g(By - 25, P — %, 2xyimodin 34 12 7T % 5 6 1112 9 10 15 16 13 14
(BCoB)=ytn—e : T 11 2 31 8 5 6 T 12 9 10 It 16 13 1% 15
P AP ’ 3 6 T8 1 £ 104 13 1o 15 14 9 12 11 10
(7) when al odd, 32 odd, 33 even A(BCOB)—yl'*l"“ﬂ“‘Od" I[.ﬂ,‘-:i: =0, 21 eayimodin 6 - 8 5 2 1 4 1 14 ]; 16 15 10 9 12 11
A(BCoB) = ytx—zJmodn xify 26, =23, + 2z;modzn 7 % % 6 3 4 1 2 15 14 1316 11 10 9 12
I | 8 5 6 7T 4 I 2 3 6 15 1+ 13 12 oW 8
(%) wehen By=odd, 8, =odd, fiy- odd (ABC)B=1in 23— 220 yift 20, 4 Byt $xpimodne [ 9 19 1L 12 13 14 15 o 12 3 4 5 6 7 3
R . | g 1t 12 9 1 13 16 13 L 1 6 PR
A (BCOB)::J‘(-*I bag=axmod A (B« 28, - B~ 4xyimod2a } | 1 12 ¢ 10 15 16 13 14 3 1 1 3 1 8 5 5
| 2 9 lo 11 16 13 14 15 4 1 2 3 8 5 6 7
13 14 15 16 9 19 11 12 5 & 7 6 1 4 3 2
14 15 6 13 o 11 12 9 6 3 % 7 2 1 4 3
. i e . | 15 16 13 14 11 12 9 10 7 6 5 & 3 2 1 4
5. Theorem 3. Le¢f L be defined as all formal symbols ] 6 13 14 15 12 0 10 11 S 7 6 5 1 3 2 1
Ayt i=01; =01, k=0,1,2,. .. 1n—1, !’- i
) |
where 22=y*=a"=¢ and i REFERENCES
et mymod 2y SBImed 2 yiv, vyl mod n 1. Bruck, R. H. - -! survey of Binar S ystem, Sp!'ingtrr Verlag, Berlin and New-York, 1958,
x i . 2. Burn R. P. — Finite Boldoops. Math. Proc. Camb. Phil, Soc. 84. 1978, pp. 377—383.
st pTigpt B 4T = if @g=1{(mod 2) 3. Bol G. — Gewebe und Gruppen. Math, Ann, 114, 1937, pp.414—431.
- - s v mod 8 <G EAmon s 4v i 1 | 4. Robinson, D. A. — Rol-losps. Trans. Amer. Math. Soc. 123, 1966, pp. 341—354.
Fitt I m 3B x i 5. Sharma, B. I.. — Bol loaps af ovder p"(n >3, px2). (communicated for publication).
if ay=(l mod 2) Received 3.111.1980 Department of Muathematics
University of I
where Ile _yjf{ fe
Nigeria

| a2 mod # if ,=0 (mod 2}
- { {1 -+ (—1)y2) mod n if A= v (mod 2)

then L(o) 1s a Bol-loop of order An (n>2) with ddenlity e

Proof : Similar to the proof of Theorem 2.

In tables TIT and IV we display Bol-loops of order 12 and 16 rus-
pectively, which we believe have not been given previously.

9 Matamoiisae ITnivarcitardl .



