According to 10, they Tall under tvpe (1Y) of Strubecker’s classi-

fication 4], From our viewpoint, the surfaces (3.3) are fransforsmed by

collineation of class () for U=au®, 1He® and admit the group generated
by N=iee (¢ Foi oo
Jonas’s purabolic tetrakivdral surfuce. It may be shown that f, v sa-
tisfy the condition f,~ v, hence this is a particular Jonus surface (see  3))
and collinear with the surface of dass () with U=u®, 1= 0%,
Strubecker’s N, surface given by

i

(3.4) 27a5{ T4 18P —2 vy e 4ad) =0,
1s also a particular Jonas surface, having Fu=re fig -l 20, b 200 1L

admits the group generated by XN =wé/eud oéfév.

We denote by K, , non-ruled surfaces whose real AsvIptotes in o
family are of order m =3 and those of other — of order 723, Grimm sin-
dicd the Ky, surface given Dy :

. . ]
(3.5) =1, ve=utv; v,=u'|fut: .\,=-2(u"7:') (et ——net),

whose order is 9 and which has a singuler asvinplote. This surlace belongs
to the third class, hence is mindiimal projective. It is homographic with the
surface of class (IMI) given by U=swtf4, 1=/ and admifs th grou p
generated by N=uéféuduifee.

Finally, we wote that Grimm’s notion of singular wsyu ploles indicules
that the Divarianis ff and v tend to oo alony this curee,

BIBLIOGRAPIN

b Terraceny A — Swlle superficie le o asintotiche dei dise sistomi sonn cubiohe sghembe.
Selecia, E(limnnq(frcm-:)m.-su. Roma, Vel I, pp. 130 £35.

S Wilceynski B Jo = Cver Flichen mit wmbestimicn Divektrvivkyven. Mathematische
Aumalen, ol 76, 1914, pp. 122 - 164,

L FubiniG.-E. Cech Creannedrie precivitiva Jdifferen 2ide, Bologna, N. Zanicheliv 1926,

T. 1.

4do8trubecker Ko — Lo superfrcre fo it asintotiche der due sistemi apparicugons a comples-
s dfineery, Attt del IV congresso dell'Umone Matematica Italiona, Edizione Cre-
menese, Rotba, 1953,

SoFulint Go — Ow a class of surfaces, Princeton, Jo IV Proes NoALS) 1942, pp. 178185,

i

< Margus Uie dgain on the surfaces which allow o0 projective transformalion fufo themselves.
Awest Unies fagi T XN1L 1970, pp. 35 48,

7. Marcus I — Surles surfaces de troisiéme espice de Terracing, Creckoslowak Math. Jour-
ual, 6 (81) Praga 1956, p. 4359- 362,
8 Toerracint Ao — Su wna superfice ded sesto ovdine ¢ della sesta classe lv cui asintoliche

sone cubiche sghembe. Rencl, . Ace. Lineei (5) Vol. XXX Fas. 11, 1920, pp. 356 —
361,
9. Lanc E.T Mac Quecn, M. L.~ Surfuces whose curves are (i sted cubics, Amer. Journal
of Math,, Yol. 60, p. 337344, 1938.
Grimm W, Uper Flaghen mit saei Schaven von Waubischon As Y polotculimien, Diser-
tation Fakultét fiir Mathematik der Universitit Karlsruhe (T H) 1972,

1.

156 FIIOIM MARCUS 4

Analele stiinpifice ale Umversitit AL T G hin Ta
Fomul XXV, s T oa, L9511

CRITICAL SECTIONS OF A RIEMANNIAN FIBRE BUNDLE
BY
LILIANA MAXIM RATLEANI

Introduction. In his paper .Critical mappings of Riemannian mani-
folds* [1], I. D. Blcecker studics the maps from one Riemannian
compact connected €+ manifold 3/ to another € Ricmannian manifold
N, which are critical for all invariantly defined functlonals‘on tl}c space
of maps between the given Riemannian manifolds. Some possible directions
for further rescarch appear in § 6 of Bleecker’s work. The ninth open pro-
blem is: .A map f: M — N can be regarded as a section of the product
bundle M x N —3. Thissuggests that onc should trv to formulate a notion
of a critical section of a (Riemannian) fibre bundle, and generalize the re-
sults here.® In this note I give the solution of this problem.

11. Notations and definitions. Let (F be a smooth fibering of the
Riemannian €= manifold (F’, ¢%) with the base space the compact, con-
nected C= manifold A7 and the projection =, Let U (resp. ¢P) be the space
of all (* Riemannian metrics on M (vsp. P). Denote the space
of diffeomorphisms of M by @(M). This is a strong [L.B- and a strong
ILH- Lie group modeled on {I'(1M), +*(TM), /?2(11111“‘:1.{:%51, resp. on
{D(TM), DHTM), k2 1}, where by I' (TM), v*(TM) and ] ({M) we denptti
the space of all C= vector fields with (- t’qpology, all C=. vector flldk:,
with C*. topology and the completion of ' (73f) with respect to the H*
norms || -z, respectively (see [4]). The tangent space of the fibres of = defines
a smooth involutive subbundle F=Ker T= of TP. Let E be the orthogonal
complementary subbundle of F related to g, i.c. TP=F@F (Whitney sum).
Let g be the space of fibre preserving diffcomorphisms which is a strong
ILB. and a strong [LH- Lie subgroup of /A(P) modeled on {T(F)@Tg(E),
HEF) @ (G E), kzdim M--5) and resp. on {I(F) ® T (L), M'(F@ Tg(Ex).
k2 1} where 'g(F) is the set of ¥ eI'(E) such that 77 (Y) is c:onstan.t alor?g
the fibres, that is (7 = (Y)) (p")=(T = (Y)) (") il p', p'" are contained in

the same fibre of =. Consider the projection Q:f/)}r — M) defined by
=(n) (=(p) == (5 ()} for v, € D%, peP, the local expression of which is
given by ey, y=T=(v), vsT{), velg(l) (sce [4). Let D={(z4)<
e (M) =D, =(n)=a)l=graph =. Using [2], 5.8.9 it is casy to sce that D
is a strong ILB- and a strong ILH- Lic subgroup of /(M) x/Pz such
that we have the following identification :

T(ily, idp) D={(Y, (X, Y)), XeD(F), Yelg(E)}
¥ denotes the vector ficld induced by Y on the base space M 1 Y (m)=

p), pert{m).

5
H
—
et
—
—
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Now. let {EF) be the Frécher mauifold (resp. Banach manifold) of ¢

(resp. (%) cross-sections of GF (see 160 HL 3.0.) with -
PIUF) = Uty frespe TNF ~ VRS

Particulavly. if 7= N m=pr, then PF) (M. V) and. in a cano
nical wav. /s identilicd with N1 {F) with (Y N) or 4, m the no-
tations frem 11 and 7D = DN D), There isa leftacton 2 ol 70 on
M LP(GF) P given by g(le. v). (gu. s.g0))==(a ' 2. wosos ' v, Ve
In the next section we shall 2iody this action.

§2. The action of the groep & Far (g4 s, gel & 4 DF) 202 Tet

Hang. eapy D& the dsotropy graup ol {gy. s g0 thus ](H”' o =1la.7) =

=00 (oo g (g sogm)) =g s, ge) = Ha g) el 0D such  that
nosoG =gl

This 1z a (.:]630(]:;111:;;‘:'011]) of the Lie group /,,, =/, henee a Lic subgroup.
i_::t Vigag, o gps 2 D= M < V{OE) P e Ahe orhint mapand Oy, oy ="V, s om
() be the orbit of (gy, s, gp) under the action . Becanse of whell know
technical difficalties related to the implicit functions theorem for Fréchet
mantfolds, we enlarge the previous sets and we work in the corresponding
Soboley spaces [6] A", H' ((F). ¥ DH(M). DL DE. The set DF is also a
topological group and. for kzdim I’ +3, the action 5:D % M < V((F) <@ —
- M D(F) <P can be extended to an action ¢* D0 (MY < HYGF) =
XOPY) = M PHGF) )k Morcover, if (gy. s, gp) & M¥STHGF) % PR,
Y{gu- 5. gr) can be extended to a €7, r=0. map from D+ which has their
values in MY IT¥(7FY X P(see [5]). For rz 1. gy, s, gp) has tangent in
I(']ellllt_\";-;i\'fl1 by ='I'(if|‘._,,i.|,,) Wigy. s gp): Liaygiap D SEE(QL)
X HAs ') = SEF( P,
WV (N V) = (= Lrgy Nos— mp(s. ) = Lipay o).
where s, €Hom (TAM, s*(TF)). S§(P) is the space of compactly supported
sections in S¥(P’). L is the Lie differentiation and =y is the vertical
projection. Now., on H¥(s"I') we consider the restriction of the inner product
<. = from @, =HYM. FP) (scc [1]). So. we say that (. D, v) & S2k (M) »
< HYs™I) < S§F(P) is normal to the orbit of (gy,. s, gp) at (& s ge) i, for
all vector Tlielkds X =I'(F), Y elg(E). (n. 0, o) —Lygy. Nos—mi{s,Y),
-lr,‘( ",)-)g‘;‘-) = i, : —‘ ]_fg_".:‘- —I— < (I), -\{O‘S - -.'-'T[ (S.}') .' | - 'L:. l‘(-\'.)’)gl’ = (),
I'o aveid the difficulty in the explicitation of this condition of normality
(sec also and[17])we consider in @ a subsct 2,8 of the Riemannian structures
on I’ which induces the fixed Ricmannian structure ¢% on the vertical vee-
tor bundle /7. That is:
(Pop = tgr € P such that Er(NLY) = gd(m) . = Y)
Foul{momaN, mLmaY) YN Y = I(PP). Yo, e ML
\\'hcrg' =y and w4 are the projections of 77 onto the subbundles 7 and
=11 {related to gp).
If gp= Defwe denote by 0(g,) the Riemannian metric g, =_# which
defines this cannonically constructed metric 2, on P2, \We consider now the
following subset in 8 xXI((F) 2 00

=]

CRITIMCAL SECTIONS OF A RIEMANNIAN FIBRE RUNDLE 159

OB ={(gu, 5. £) S MAVGF) - Py O(g) =2,
which is a closed submanifold in M D(FE) > Pz whose tangent space
at a generic clement (gy, s, gp) may be identificd with:

o, @, u7), 0 &MY, G =1(7L), w' (X, Y)=
=u{= = a\, ww A0, VN, Y el (TP).

0, =1{{a.9) e, 4" %=y, % being the restriction of &5 to 1
n.mx=wnpoy } is a string ILB-and TLH Lic subgroup of 7N such that we
have the folowing identification: T, Dy =Y, (X, Y1), X EI‘(I:}, Ve
el'z(E), X being a Killing field g% Le. (Lygh)(dA”, Y'}=0, vX', Y'e
P (E)}. N B
This group acts on the left on 0,9 by the restriction of p to DY x0p:

— 1 =1 =1*
Pl Dol X 058 = O, Pa‘}a((”n"?}: ({..’-,»_;, s, gr))=(c"! fw’.\t"a °5°’7_"’1 Zr),
* l.g‘p(x—, -l,) ———g‘})(:,-X, '-‘I'\') I‘ G-.Pg_”(ﬂ'ﬂ H.\’, F H\‘r).

So, we have the following : . ‘ .
T 4r .. - L. JaRIT
Theorem 1. If (g, $, g,=)+=(:)031 = {{gy, 5, gr)E M HAGE) lg‘},_
, . . —k4rll . r =
0(gp) =gu) then its orbil Ofav‘,-s-a,; under the action of (DU‘}, is a C closed

submanifold in @ﬁt‘g,with tangent space at (g, S, gr) git?efi by’:Tf..,",_8 op Oﬁ',\l.;.gyr]=
={(—Li g, Xos—rr(s,Y), (—Ligx)), YXsH™(F), X Killing for g%, VY
EHk+r(E) xr xF - Ly I

(Lig) (X, Vy=Ligu(r,x wX, =7 aY), VX, Y=H(TP)

Proof is symilar with the proof of Theorem 1 from [3]. . ‘
Now. {1, B, 1) €S*(M) X H¥(s'F) x S¥{(P) is normal to the orbit O, 4,01 il
<, —Lygy> + <®, Xos—=p(s,Y)> + wu (—Ligy) > =
=2 <u,—Ligy> + <V, Xos—7p(s"Y)> =0

because = : (P, gp)— (M, gy) is a Riemannian mapping (see [1], [3]). This
condition is equivalent with: _ )

{1) <<®, Xos> =0 for all Killing {lglds X for g%

(2) 4 = Div{u)*—(myos ), Y =0, .
where {mpos )t §"F—TM is the adjoint of =yos,. Since this is a vector bun-
dle map and ® is a section of the bundle s'F, we have that (zyos Y(P) isa
vector field on M and =@, wp(s Y)> = <(zyos){®), ¥>.
The condition (2) is equivalent with:

2) 4 Div (1) # — (wyos,) =0. .

§3. Definitions and principal results. In analogy with Definition

2.2 from [1] we have: -
Defirllition 1. Let (P, &%) be a fixed Riemannian manifold and (F be
a smooth fibering of this manifold with the base space the C* connecled compact
manifold M and the projection =. I'or gy Mle g,.Enggu with O{gp)=2g..
P

. B T
e say that the section s : (M, g3} = (P, gp) of the ‘R?.ﬂmmr:m_m‘_ﬁbrm-zmz 7 iPo
)M 15 a eritical section if for all {n, ®, ") & S*(M) « T(s°F) < S§(P), which

The group 7,
;
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are aovmel Lo the orbit of {gy. s, g} (uader the action of D o on @ 4) at (g
s, gp) nd are feft fived by the isotrop vsalzroup | ~_—.l.y\'\.ﬂ, ,zm’:.‘h}r)zw h=0
Using the previous observations, we v ollowi i .
ng 1 106 SCTVG s, Wi lve the following cquivalent
o I}Lf]nllllf!l 2. We say that s is a erifical sectivir of the l\':'?ma}mz'.-‘.-'ng,':'
bration = : (P, ap)= (M, wy) of for all (u, &, o’y e S2M) - I(s"F) < §4P)
satisfiyng the conditions (o), (1), (v) below, we hare d==0 S
(o) AV () ¥F—(myes™) =0 ; -
(L) —=®, Nos-==0 for all Killing [{ivlds X for g%

v() m,o®os t=l, 6 Yuys=u, Y(s, )1,

' ,\pw, we (‘onsuivr_a functional /7 @Y - R whicl is constant on the
orbit of the action of Net and is smooth in the sense that for cach (g,
}) P{:,) SO0, we have a triple (DF, Dol D) e SU A U(s'F) < S3(P)

=(F) ; : Dol - V(s F) < SHP :
h::\'(zz; (IWF)', such that for all {w, &, ") =53}« I(s"F) S P), we
d .. -
.;(}‘ (eattu, Exp, (80),gpttu))| = <D, a4+ <Dy F, 0> o
=0
. + I F = =2 D F, us - < DL, b,
where Exp is the cxponential map associated to a 1 D spray ov
see 16) T 1210, p to a bundle spray over P
Theorem 2. [uder the above assim pti 2 )
N . T A ions, (D7, DuF, (IDWF) meel
conditions (a), (B), (v) of Definition 2. ] Aol

| Proof. Let X be a Killing vector field for g4 and Y e Ug(E). Let o,
be the one-parameter group associated to ¥ on M and #¢ be the one-pa-
rameter group associated to (X, Y) on P. Then, at /=0, we have:

df
(:,-osl(}'))), Gt Lvgy))=2 <D, —Ligy> 4 <D,F, Xos—
- —(mros )(Y)> =< aDiv(D FYd — (z08) (DeF), ¥ -+ <,F, Nos> .
Thus we proved the conditions {(«), (4).

['o prove '(ﬂ, suppose (o, v) =, and $f, 40 D —0u the orbit
map of the action ¢9. Because f=Fobfy  oom (a.75) we }1:1}:'0, for all
gu, ;1)),;5*) eSHMY X T(s"F) » S P} : ' d

<IN, > A <D, b = < DEF oy tosgesoom (@), (10,027} > = E(Fo*};?gu’,,am

Ao - . d .. P
(6,1 )(ga+ 10, Exp,t @, gp+130)) 1 o= —;{(!‘(g;,—i—lc"‘ 1, EXPygigo— 1ty obog ™),
{

{
@bt V) = Fte, 2 ise o - .
ettt 7 (1) ) izo = dt[ (o + 167, Exp, {tg, o®oo™), gp 4 t4')imo=

fid _ d
0= —F(a; ! ga, 108007, 7 vp) = = (g —1Ly gy, Exp, ({{(Xos—
i

=<D/F 6 Vu> 4 < DoF, 7 0Poe > + < (DF) . V(1) >=<a"D,F, 4>
'-‘:_-q:]o*l)al-'pc, Gz (DY, (oY) > =2 -(G']))If“,qﬂ}(-i—)‘('r ‘10<D.1Fc1>r13 '(lr)t-
[hus oDy FF=D\F, %0 Dol o s=DyF and (y) is proved. " S
B )Theorem 3. If s s a critical section of the Riemannian fibration
= (D &p) = (M, gar) then s is harmonic if = has totally geodesic fibres.
Proof. Consider the cnergy functional F: (:),f’g»-;h;— defined by :

l'(!i’.\r“'s- opi=1/2 gy § gpz,

—  ——y————
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which is constant on the orbit of the action g From 3 it is known that
LI =—As, where As is the vace of the covariant derivative of 5, in the
bundle Hom (TM, s*TP), Vs, : M= L(TM, Hom) (TN, $STP)}y=_LYTM,
s*TP). But, from [37, Corellary of Prop. (€, . 133, +(s)=—2y is always
vertical, henee JLF e D). Morcover 2 Ih =12 tracel{s )¢y —s"gp.
The previous theerem applies and we have--—As=[LF =0, As in 11, we
TR

Definition 3. 7he section s 15 a hypercrilical seciion of Lhe Riewannian
Sfibration = only if () from Deftuition 2 im plics &=0.

We denote by f{Wy< T, and [(P)el,, the projections of I, onto
the fitst and the sccond factors of [, X, (YD,

We obscerve that, if 4 o®os™ for all (s, ) € [s, the vector ficld (mpos™) (D) is
invariant under (M}, Indeed, or every 1= Ty M, we have s

ayl{(7 {=vos) (B)u, I ) =gala, (o ) (D) (e W), V)=
=gy{{mros {(DHa Hm), a7 I ) =g (B(s7H(m)), 7y 08 00 {1 ) =

g

—euln Do), (mros,)oar 1) =gu{®@(m), myoq 05007V ) =

=ap(h{m), myos (V) =gu((mros JH{P) (1), 1),
) o (mros ) (D) =(myos ) (P}, Yo =I{M).
This fact permits to give the following result which generalizes the Corollary
3.2 from {1

Proposition 4. The section s of the Riemaniian Srbration =1 (P, gp)—
— (M, ay) is critical iff for all D& (s F) salisfving {«’} (F), (7)) below, we
have ©=0. _

(@) <(mpos D), Y > =0 for all Killing fields Y on (M, gy)

(£) <, Xos> =0 for all Killing fields X for g% ;

") -rho(l)oc'l:(h\/(c‘, ‘r}-) e/,

This eharacterization of the critical sections of a Ricmannian fibra-
tion is verv uscful {o prove the following result which generalizes Theorem
3.4 from 1]

Theorem 5. I/ s 15 « critical scetion of the Riemannian fibration = :
(P, gp)— (M, gy), then I, (D) acls transitivel y on the set s(M)< P. Thus s(M)
is an embedded submantfold of P.

Proof is similar with that of T. 3.4 from [1], if we put bel(s"F), o=
=poVhos. This ® sacisfies (')} beeause 4,0 71— TP preserves the subbundle
F=Ker T=. Also, since the normal bundle of s{4f) s conlained in I, Th.
3.7 from |17 is true, without modifications. Hence:

Theorem 6. /f s is a critical section of the Riemaniian fibration =:
(P, gp) = (M, gy), then s(M) is « minimal submanifold of (P, gp)- _

Definition 4. If ® el (s*f) have fhe form Pr==Xos+(mpos )(Y),
where X is a Killing field for ¢4 and Y is Killing on (M, gy}, P 1s called infi-
nitesimal isodeformation of s (sce [1]. Definition 3.8).

Let & be the vector space of infinitesimal isodeformations of s. It is
an invariant subspace of the vector space of [,- invariant fields in I’(s"F).
Indeed, for (s, +) €, we have:

0 _o(Xos—l—(::vos";)(i'))orr F=(y,0X oy, Hos-+ (r:l.os‘)(n*o—)-"oc'l).

e ATatematinn Tinivergitding o
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So, the following characterization of critical maps {see Th. 3.10} from [1]
holi!s :

Theorem 7. The section s s critical iff every fginvariant field from
T'(s*F) 1s an infinitestinal  isodeformation.

Examples. (1) Every critical mapping f: (M, g} = (V, gy} in the sense
of 71] is also a critical section regarded as a section of the product bundle
(M RN, gauxgs)—= (N, ga). So, all examples from § 4/17 can be regarded
as examples of critical sections.

(2} Let = : E— A be a veeror bundle, g% a fixed Riemannian structure
on E, gy a Riemannian structure on the base space A7 and s° the zero sec-
tion of =. Then s%: (M, gy} —=(E, gs), (gn. $° g1} =D, is a critical section
of = for all g, € M. Indeed, [o={{0,n) =1,, =, where yis a diffcomorphism
of vector bundle = over o} ; let ® =I'(s'F), ® be Is-invariant (i.c. n o®os =
=¢ for all (o,v) =) and let (175, v) €1, wherey is defined by vy (v)=--
—u, for all v sxYin), Vv meM. Then: —O(m)={(yn, o®:idy)(m)=D{m).
Thus ¢(m)=0 for any m <M and s° is hypcreritical, hence a critical section
of =.

(3) More generally, if = : P~ M is a fibre bundle such that, for all
m €M, =~ (m) is a Lie group, then the section s°: (M, gp) = (P, g,), s%m) =
¢s, Where e, 1s the unity clement of = !(m), is a hypercritical hence a critical
section of .
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SEMEINVARIANT SUBMANIFOLDS OF A SASAKIAN MANIFOLD
It

AUREL BEJANCU and NHECULA PAPAGHIT

0. Introduction. The differential geometry of several classes of sub
manifolds in a Sasakian nwanifol] has been investigated by many people,
Interesting results have been obtained by G Ludden, M. Oku-
mura, K. Yano 3, k. Yano and M. Kon 6] in studving
anti-invariant submanifolds of Sasakian manifolds and by M. Kon [4
in studving invariant submanifolds. Morcover, W. Yanoe and M. Kon
have studicd generic submanifolds of odd dimenzional splieres which are
generalizations of antt-invariant submanifolds [77,

Recently in [17 one of the present authors introduced the notion
of CR-submanifold in a Kachler manifold, CR-submanifolds appear as
a natural generalization of hoth complex submanifolds and totallv real
submanifolds.

The purpose of the present paper is to introduce and study a similar
class of submanifoleds in a Sasakian manifold. In §1 we introduce the notion
of semi-invariant submanifold of a Sasakian manilold and give fundamental
formulas for later use. The integrability of all distributions invelved in
the definition of a semi-mvariant submanifold is studicd in (2. Finally,
we give a complele characterization for totally umbilical semi-invariant
submanifolds of a Sasakian manifold.

1. Semi-invariant submanifolds of a Sasakian manifold. First, we
recall the definition and some propertics of a Sasakian manifeld.

Let A be a (2u4 T-dimensional differentiable manifold of class €+
and I, v, ¥ be a tensor field of tvpe (1.1), a 1-form and a vector {iled an 17
respectivelv, which satislv
(1.1} P=—f4n®Z, I'5i=0, «(F\N)=0, 7(%)=I
for any vector fickd X on A/, where 7 is the identity tensor on A/,

Then M is called an almost contact manifold and (F, o, 2} an almost
contact structure on /. N

Now, suppose on A is given o Riemanunian metric tensor fichl o
which satisfies the equations

(1.2) GPX, FY)=g(X, ¥)— (¥)5(Y),
(1.3) A(X)=g(X, 2),

for any vector fields X, Y tangent to M. Then 17 is called an almost con
tact metric manifold. When we have

(1.4) d7 (X, Y)=g(N. T, V)



