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ot foest une fonction arbitvaire.

Remargue 3.5 351, FEvidemment, la condition (3.9} st nécessaire
ci sullisante pour que Pespice M conformément cuclidicon admetle comne
courbes presque spéciales des droites paralldles.

3.3.2. La condition nécessaire of suffisante afin quun espace de Rie-
mann W conforinément cnclidien admette comme courbes presque spé-
ciale s des droites paralléles est e s metrique puisse ére réduite, par
e transformation lindéaire, 4 la forme CANONIue :

(3.9} i5i=gtis! a2 (e "),

ol f est une fonciion arbiiraire. La métrique (3.9) est Vune des formes
données par Schapiro pour la métrique d'un crpace de Riemann n—?
fois projectif (19 p. 30). '

3.5.3. 81 dans (3.9} on a flaY)=a,x", on ap o5t une constante non
nulle, alors :

dsP== et (gt s {d ™)),

est la métrique de Vagner des espaces a connexion constante [9), 11
résulte que s Tout espace de Ricmann M, conformément cuclidien qui est un
espace de Vagner a comme courbes presque spéciales des drvoites paralliles.

3.5.4. Si dans (3.9°) on prend f().‘l)2(112)/}1:']/LH-—I\'(II)EJJ, ou K est
unc constante négative, alors on obticent la forme canonique de Beltrami

It (dxh) .. - (dam)2
wy” =
—K (12
Ii vésulte que : Tout cspace de Riemann M 4 courbure constante néga-

e, rapporté @ un systéme de coordonnies dans lequel la métvigue a la Jorme
de Beltrami, a les conrbes bresque spiciales formées de droites paralléles.
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DEFORMABLE SOLIDS WITH MICROSTRUCTURE HAVING A
SYMMETRIC STRESS TENSOR
By

b BORY

In the Jast vears, variovs modeds for Dodies withh microstructure were
chiborated and some boundary problems were solved. Among the papers
existing in the scientific literature, concerning this subject we quote 1.

1, (57,061, (8], [10], {12], {153, [I?].t)ti:cr; results and references to this
problem can be found in |97, j117, 714 157, [16], [18].

Generally, 1ill now, onlyv medels with microstracture having an asym-
metric streess tensor were considered. But, the asymmeiry of the stress
tensor s not a conscyuence of the presence of mi(roqtructu‘n- in the ]Jn(_Iy,
it rather a constitutive supposition. Then, we mav imagine bodics with
microstructure having a symmetric stress tensor and, because such a model
seems {0 have remarkable preperties, woe inl(-'-u'l to construct, in _thc follo-
wing, a model for 4 deformable bady with microstructure, which has a
svmmetrie stress tensor for all processes of deformation.

First, a morce general model will be built and afterwards a model
with svmmetric stress tensor will be derived.

We refer the motion of the body to fixed rectangular Cartesian axes.

Let 17 he the region occupicd v the bidlv and 22 an arbitrary part of
Pe 17,

For a body with microstructure we take the usual definition. Then,
for such a body there exists a vector field o, called the microrotations field
and a tensor Ji=/,; ([, 5 5,0, 20y, called the micreinertia tensor,
defined on 17, such that, the angular momentum K{P} and the kinetic
energy () of the mass contained in the region €1 are given by

=

H

. . i ” S
K(#)= g sla)iexiv [ e, |d N, ()= QQ p(V) (W3 Ju s 9e]d N,
P i
where g(x) is the density of the medium, v is the position of the point x =P
with respect to the coordinate svetem, vo1s ihe velocity of this point, o=

I

. i ) Rt . )

=t p=p060, = — . ¢, ate the orthogonal unit veelors paralict io the coor
off

dinate axes and @\ is the volime elenend
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It is known that the models with microstructure have some connec-
tions with nonlocal theories. For this reasen, in order to construct the men-
tioned model, we shall use the same scheme as in (2], [3], but adapted toa
local description of the deformation.

In brief, this scheme is as follows : The external influences arc modeled
by external surface tractions and external surface couples, external body
forces and external body couples, external body heat sources, external
magnetic flux, etc. The body reply to external actions are among internal
surface tractions and internal surface couples, internal body forces and
internal body couples, internal body hcat sources etc. _

Here, we will consider that the external influences received by the
body arc represented by external surface tractions and external surface
couples, external body forces and external body couples, external heat
body sources and an external surface heat flux. As reply, the body oppo-
ses internal body forces and internal body couples, internal surface tractions
and internal surface couples, internal body heat sources and an internal
heat flux. _ o )

We suppose that for our model the following principles are valid:

I. Principle of conservation of mass:

d

3 e X d:{=0.
3) LR

P

I1. Principle of internal body actions: . _

a) There exists a vector function §(x) defined on V, called internal
body forces density per unit mass, such that, the total m.ternal body force
g(P) acting on the mass contained in a region P< 1" is given by

(5) g(P)= § o(x) g(0) dX,  g(x)=gn(x)+8v_s(¥)=gr(#).
P

where gp(x) is the contribution to g{x) of the mass f:ontained in P and
gy _#(%) is the contribution to g(x) of the mass located in V—P.
We have

(6) { o(x) go(x)a X =0.
P
b) There exists a vector function m(x) defined on V, called internal

body couples density per unit mass, such that, the total body couple acting
on the mass contained in P is given by

M m(P)= S o() m{x)dX.  m(x)=mp(x)+my _p(x)=my(z)
and ’
(8) { e(2) trx gp()+-m (1) dX =0.

L
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¢) There exists a scalar function w(x) defined on Y, ealled internal
body heat sources density per unit mass, such thar, the total iniernal
body heat contained in the region 705 given by

(9) w{P)= S ey wln} d N wdn)==wpnln) bay p(0)=wp(0),
I

and

(1) Sp(i‘.:[g,-;’.r] v4-m(v) 54w v) N =0,

i
In the fellowing, instead of (10}, we take as valid the equation

{11) glx} v m{x)o-bw(x) =0,
which 1s, evidently, more restrictive.

In the above formulac m,, mpe_, and ayp, i p have similar mea
ning as gy, Er-p-

IIL. Principle of linear momenlom

d

(12) :}ESp(r) vix) d\= S elv) If{x) gy plv) X St da,

» P ar
where f(v) are the external bodv forces per unit mass, t are the surface
tractions per unit area of 40, the boundary of .

IN. Principle of angular momention :

%S e(¥)[rv+ Jope]d X = S syt (fbgrop) FM-Emy dN 4
(13) » I
i S(r t-e)da,
ar
where M(x) arc the external body couples per unit mass, and ¢ is the sur-
face couple stress vector per unit area across the surface éF,

V. Principle of energy : There exists a specific internal energy e per
unit mass, defined on 1", such that, the balance of energyv can be stated as

: TR P
‘d_;s P(I) {E -+ —2‘"'-Jr ‘2_‘[“(?‘@* ]tf.\ -

r

(14}
ES F(‘\") [(f"*"gy -;-)V+(1“+l'llp p)’?"%‘r‘i—yﬁ' »” ld X + S (tv “C':P X }I)JTEI
P o

where 7 is the external body heat sources per unit mass and # is the surface
heat flux per unit arca across the surface a2.



180 C. 1. BORS 4

Vi Principle of entropy. Tlere cxists a specific entropy S per unit
mass, defined on 17, such that, for any process of Jdeformation we have

d T
(1) —RSdA g
ar\* 17
B P ar
whete =0 is the absolule temperaturc.
Using the above principles, we can derive the equations of motion

and the constitutive equations for our bodsy.
We shall use the formulae

AX= Sa—da}

te=tpe =fyne,=tn,, f=fie,, g=ap,
C=E,P =Rt ==Cly, M=A ¢, m=mp, ectc
where ¢, are the stress tensor components, ¢, are the couple stress compo-
nents and n=#,€, is tiic outward unit normal to the surface ¢P.
The principle of conservation of the mass gives us the equation of
continuity
d .
(16) ‘4o div v=0.
dt
From the principle of lincar momentum with (6), (16) and the di-
vergence theorem, we get

(17) S :-t:,s“}-p(f t g)——-pil dx\'--_—(),
' P

where a is the acceleration field and the index j after comma indicates
partial differentiation with respect to x,.

Since the integrand is supposed to be continuous and (17) must hold
for arbitrary P, it results that

(18) Lo bplfitgd)=pa:

Taking into account the equations (16), (18) and (8), from the prin-
ciple of angular momentum, at last, we have

(19) Crogt e et el M+ m)=p [ aditalus.
where eqyy Is the alterning symbol.

The model which satisfies the equations (18) and (19) is similar to
the micropolar models (with free rotations), but the presented model has
a different behaviour and we call it model with natural rofations.

The postulate of energy after some calculus takes the form

"; ple o0+ Judi§i) dX = S el(fitg) vt (M4-m) o7+ w] dX -+
r r
(20) | ~
+ S (in.jT-‘f‘l‘tjﬂ"-z.rsL“f).‘,J Oyt O P f]-.f} dX, ]ncﬁﬁ'h:o-
e
where g, are the components of the heat flux.

e

—_—

S

e
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Because (20) hokds for arbitrary /7 and the equations (18), (19) ave

valtd, we abtain the equation of energy in the form

(21) g€ —1y; T p—Ch ug g fn pit- el iy =0

The inequality of eatropy can be reduced 1o
'22) ;Tﬁ.' pr==lfi g HEFcaso ST

Making use of the specific Helmboltz fice energy W=e¢ —S7, and
taking into account (11), the cquation of cnergy and the inequality of
cntropy become

.5(‘1’ ] -‘-‘;T'{ ST}"‘!ji Vi —Cpi Pas € i Lis ':’a+

(23)
—;- (" Ty ‘l I‘”I )J“f‘f.i.-'i"rxo'
— b ST A1y, vy 0 Go—bomitbe i 1a)$,
(24) LR EL: T" =0

Now, 1t remains 1o prescribe appropriate constitutive cquations
for &, 5, f,, i, & my and i, the internal body sources w being given by
(11). The constitutive cguations must be chosen in accordance with the
principic of objuetivity.

Tt remains to sce if a local model is or is net compatible with the
presence of Internal body forces and internal body couples.

In the following we suppose g,=0, m,=0, and, in addition, the stress
tensor 1= svmmetric’

Consequently, for the linear theory, we will take as independent
constitutive variables. e;,=1/2 {n, ,+us), yu=o.; 1 and T, where u,
are the displacements.

Then, supposing the body homogeneous, we propose a set of consti-
tutive equations in the forn

jl;:!‘;)(s"" YA Y" Y‘-")’
.5‘=$(€1‘y. i L, T.f)'
1 ty=tileg 2, T, T4}

awnd the fniequality of entropy becomes

Sy L
(b i' ‘d_(fi_) T’i" ([fl_“':l "(:'&')")eij'i_
&1 e

4 .y . a0 T
N L‘ ¢ .ﬁ“)x.,_p LG . )
L

CU=CU(E,;, Tt T. T,l):

(23) :]r=f/t(€u. i I T 5)

(26)

* Coniinuons media which, 1n addition to the stated postulates, satisfy also the
comditions gy = w20, are only the nucropolar media and media with symmetric stress lensor.



i§2 C. 1. BORS 6

Beeause (26) must be satisfied for arbitrary '1", éf,. Lt T, we have

i fy iy il
L ly=pi ¥ _ Y =

("[‘ ("E'__ éSU (’Ejf

c
o
e L=,
ry el

e and ey, being formally considered as independent variables.
The incquality of entropy and the cquation of cnergy reduce o

—q; T:20, ST+ ¢, ,—pr=0.

In order to satisfy the inequality of entropy we can take for ¢ a law

of Fourier's tyvpe

gi=—NKy T,
such that Ky=A,; are the coefficients of a positive definite quadratic
form.

Now, let us suppose that in the reference configuration, the hody is
free from stresses and couple stresses and take § as a polynomial of sccond
degree of €4, . and O0=71T—T,, hence we have
(27) 2o =0 e e mnt 2H (pn € 4y Fmat 2oy gy 0+

T ‘IIU"m Zl} -/,mn 1 2[’)(} ZUO_I [\'02-
where Ty is the uniform temperature of the natural state, and Cisons Hiimn o
are the tensors of clastic moduli which describe the mechanical propertics
of the medium,

The constitutive cquations are

fijzciimn 5mn+‘r{umn 7_mu+m ”0,
(‘U:"Hijmn £ mn"l"‘*‘{ﬂmn Zmﬂ_*_/“jﬂp

28
( ) _"PS=O£"m Emat Bonn Xn:n+Ke-

Cijmu=Cjimn=Cijnm=Cmnljr Hajmn=H1rmm O 1y =& 14y

To the obtained equations we must add initial conditions and boun-
dary conditions.

The model having the constitutive equations given by (28) may pos-
sess remarkable properties worth to be studied.
As an example, let us consider the case when

29"]) =M mm 5un+2.u-3 i el.f'*'z't'-"cmm x,.,.-{—-ers U(xu+xu)+

o tmm XantBles LogFYRos X
s0 that

L= mm+ ©OYmm) S1yt2pe +m(xud 110,

Coy= (0 mm+% Lmm) S¢s+ 27 g+ B+ v

In connection with these constitutive equations, let us examine the
extent and the torsion of a cylindrical beam. The beam is limited by two

e

L

7 DEFORMABLE SOLIDS WITH MICROSTRUCTURE 183

planes x,=0, 1,==/ (2= 0) and by a cylindrical surface (F. The domain of
a cross-section of the becam and its area will be denoted by S and the boun-
daryv of § by I’. We take the axis of x; to be central-line of the beam and
the axes of x; and v, to be principal axes of the end x,=20.

We suppose that there are no body forces and no body couples, so
that the equilibrium equations are given by

I”J——"O, t'ji.;::O.
The beam is in equilibrium under following boundary con diticns

=0,  opay=0 on (F,;

S ty do= K, 8, S taXdo=0 (a=1,2}),

s : s

S(x, tia— g t1s) do= My, Sc,ﬁ do=Cy8; On xg=h
5 8

where N, M; and ¢, are given. ‘ )
The above problem can be solved if we take the displacements #,
and the rotations o; in the form

Uy = TNy b A Xy, He=TX XgiaXy, Hy=79(X), Vo) -bdy T,
D=0y Xy, D=0y Xp, @=0b; 1y,
where 9{vy, vo) Is the classical function of torsion defined by
=0 In 5,
@t o ie==Xs Hy—Xy B2 O 17,
The constants o, and &, are taken such that
{7k 2u)ay b Mg+ hdy+ (04 27) 0, + by +wb, =0,
hdy+ (hR 2uddet hag+ 0+ (04 27) b+ wb =0,
My 42z -k 2u) gt wby A wby -+ (04270, = % ,
(w4 2rlag+wastowa;+ (o + S+ )b ra by Fa by =0,
oay (o4 2r)astoatab +(a + f+v)be+a by =0,

Cy
oy Fods+ (0t 2r)ayta by +a by (x + B+ y)ba= <

and v Is determined as in the classical problem of torsion.
The determinant of the above equations is different from zero because
$ is a positive definite quadratic forin. The necessary and sufficient con-
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ditions for g {0 be nonnegative can be put inte evidence if we remark that
wWoomax wrile ;
ZF"‘;’ =(} ) & oy Suncl 2(5’-“' B EHIEE
| o — ) Fome Lan (." i '1'_) si 7ait ONATR
i ""(a i 'I';/_mm) (émi t }"_ru)'f 7:(51',,‘ H V.U\‘ (2 ij';':r:z -

F-7={z 4 70) (e it )
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THERMAL STRESSES IN ANISOTROPIC MICROPOLAR ELASTIC
CYLINDERS

ny

T. MACOVE]

1. Introduction. In the classical theory of thermocdasticity the pro
Blers of thermal st vsscs in right evlinders has been considered in various
papers (see e (1, 21). For the case of homogeneous and isotinpic micro-
polar clastic eyl nelers this problem was studied in [3]. In this paper we
consider the problem of thermal stresses for inhomogencous and aniso-
tropic micrepolar clastic ovlind rs. The cocficionts which characterize the
thermocelastic properties of the ovlinder are assumed to be independent
of the arial coordinate. We wuppose the evlinder te be in cquilibriem un-
der the action of a temperature distribution which is a pelvnomial in the
axial coordinate. The method is used in order to study the delormation
ol a circular evlinder.

2. Statement of ihe problem W considera vight evlinder of lenglne
I, bounded by plane ends perpendicalar to the generators. The reneri
cross-section X s assumed to be bounded by the curve L. In this paper a
rectangular Cartesian system Oy, (=1, 2, 3}, is vsed The \1—‘1\]~. 15
]mallul to the generators of the evlinder and w6y, — plane coniains one
of terminal cross-scetions. We gkall cmplov 1he usual summation and dif-
ferentintion conventions: Giceck subscripts are understood fo run over
the integers (1 2), wher as Latin subserints-uniess othenwvise specified — 1o
the range (1, 2, A, 0 summation ever repeated subseripts is used and sub-
seripts proccded e @ comma denote partial differentiation with respect
1o the corresponding Cartesian coordinate.

We asswme that the cevlinder is occupied Dy oan anizotropic niiero-
polar clastic material. We suppose that the body loadings and the lateral
loadings are absent. The cvlinder is assumed 19 be in eqguitibrivm under
the action of a given temperature, the Joadings applicd on cach ends boing
statically cquivalent 1o zero,

The baste equations of the lincir theory of nucropolar thermeelas-
tostatics are 4

the cquilibriiim cquations

(2.1} Lo=0,  mipgtteieta=
U constitutive equations
Lo=Apen+Bigm—Da T,

(2 2 T
=By en-FC 0 7 ]1;1 [



