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SECOND ORDER ELASTIC EFFECTS IN A TRIANGULAR HOLE WITH
ROUNDED CORNERS UNDER UNIFORM NORMAL PRESSURE
BY

MoOLAL

1. Introduction and preliminaries. The well known complex variable
technique in infinitesimal clasticity was extended and made available for
use in the second order clasticily by Green, Adkins and their asso-
ciates |1, 21, This technique was turther developed and modified by B har-
gava, Pande and Lal [3, 5] so that a larger and more complex set
of problems became tractable. This technique mainly consists of expres-
sing the clastic field in terms of function o, called Airy’s stress function,
and the displacement vector £2 which is also a complex function, The function
are expressible in terms of two scts of complex functions £2(z), o(z) and A(z),
8(z). The first set covers the infinitesimal case while the first and second
jointly determine the second order case. Thus lincar clasticity is a parti-
cular case of sccond order elasticity. A brief resum? of the mathematical
preliminaries, essential for the problem is given below. lLet

(1) T=a41ixe and z=1;+ 1y,

be the complex coordinates of a point of an clastic body in its undeformed
state By and the deformed state 3 respectively. The Airy’s stress function
¢ and the displacement vector

(2) D=ty -+,

being analvtic and expandable as below
(3) v=uelga(z, 2)+eoils 3+ 4,
D=¢e{Dy(z, 2)+eD(z, 2)+...},

¢ being a parameter depending upon the physical condition of the problen.
Equilibrium equations arc satisfied if

(4) M=Tea 22, oy O2
('iz-! ("ZEE
where
(5) RLI T"zz‘/)y.w_ﬁhyf_i_ 21hy, .
Tl_=Pﬂ1H|+PU1Fr'

If the resultant stress along the boundary is zero
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(© % =2 =0
dz ¢z

The entire elastic field is determined by a sct of potential functions
{Qz), o(2)} in the infinitesimal case and {Q(z), @(z)} and {A(z), 3(z)} in the
second order case.

We have __
wolz, 7)=120(2) —|—zQ(E_)+m(z) J-w(Z}

) Difz, ) = {2)—2 (2)—o' (),
and
(8) E"d%l — A+ (E) 4+ () oDz D)+ BOEX BB @),

Dyfe, 7) = (5)—2K'(2)-—5(@)—vA(z, ) — B () +
(9) N P |
+B'{z{Q'(z)}ZTB'ISQ‘(z)m“(z)dz B‘S{Q'(z)}zdz’

where % =(5x- 6p) /(32 +2u} for the case of plane stress, A and g are Lame's
constants, v, By, By, By are clastic constants given in the [5].

For the uniquencss and single valuedness of 9o and Iy the following
condition should be satisfied

(10) Q'(z) =0 "(@®]=0; b()—0"(z)]=0,
(2} =0 [3"(2)+B:Q()2" ()] =0,

z z

(1) #A)—8'(2) o= [BQQ() -a-B‘S £ (2)} - B{Sﬁ'(?)"&(?)d}'_.c.

where [ 1. denotes the change in value of the function inside the brackets
during a complete circuit of a contour ¢ lying entirely within the deformed
body.
3. The problem. Let a homogeneous, isotropic infinite medium of
compressible material having a hole in it. Let a uniform normal pressurc
P acts at each point of the hole, so that in the final state the boundary
of the hole becomes an equilateral triangle. It is known [4] that the map-
ping function

{12) z=o(z) =A(1G-+ T3}

maps the region exterior to an cquilateral triangle on the region |{|<1
and the triangular boundary is changed in the boundary of a unit circle
+(e=1). Here 4 is a real constant which determines the dimensions of the
equilateral triangle. It is relevant to point out that as the point Z traces
the triangle in the Z plane in the anticlockwise sense, the corrcsponding
point traces the circle in the clockwisc sensc in the {-planc. We distinguish
a point on the boundary of the circle y in the {-plane by o and note that

o=e—i% where 6 is measured from the real Z-axis in the anticlockwise sense.
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The potential function w2 SR (-
fotlows tions (z), o'(z) and Az), 5 (z} will be transformed as
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|
) o(z)=w'{.-1 (‘ %): —oi(0),
_\(z)=_\{ ¥ [l | %}:Al(t)

3

The potenti ions 3, 0 i
o (‘RRL‘Ilnte\I.-ﬁIm»l fl_mlctlon.s 1Q(2), & (z)} which determine the infinite-
i > mayv be evaluated from the integro-differential ecuation
"1

(14) I2(g) =(n) + @(o) Q'(5)+a'(3),

w'(s)

after computing I'(s) appropriately for specifi
T our Ca%c ; approy v for the specific problem.

(15) Fa)=—A P (1 + f{) .

<3

I'hus substituting for *%s} in (14) and i i
us S (o} and integrating the i
unit circle + after multiplying both sides h}g lfcr(r%—C;’ \?.Lcizu}a:zt;\?: round the
AP

.
Similarly taking the conjugat

1 1 gate complex i i

after multiplying both sig:leg b(;' l_-"?;p—e’;\), ?fxe({gﬁe)t ane mtesrating s

7 0= e

(16) (%) =—

Thus the first set of i i i

- h 2 potential functions which determine the li

;;a’st}lmty case of our problem is determnined. Since the resultant fu:)rcc 11;16‘3.1'
e boundary Is zero, equation (8) gives Emil

(18) 22 CA() o3 (345 (2 . _
P 22 (2)+ 8 (2)+ vz, )+ BQ(2)Q (2)—B2{Q'(7)}?=0.
Substituting for I'(z, 2}, Q{z), Q'(2) i : _
by Lo(e—1), illtzgt'ating( r(z;z;nd.(-{), {¥(z) in equation (18) and multiplying
(19 s PAE Y

6(3—22%)
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i BETTG . _ry . 1 wrratinge
taking conjugate complex of (18), multiplying by 1/{s—7%) and integrating

round <, we have

§y0)= - ]f'i:i:-- (12270 (22 324 (15— 6x)
‘ 12(3—25%)
(20) - BT
20T+ $45 76 (6— 13:) 70 I8} ——0- .
(3-=27% ) 6(3—277)

(€ 7y, 30 are know : sstress and displa-
Since [€2,(0), ©3(2) and {3,(2), 3{(5)} are known the hoop hl_lk;'\ I
itten with the help of equations (4,5, 7).

cements mayv be wr _ BORIE
' he displacements on the internal boundary are given by

Takinge=1{wnt

e L[| A
])(”, ")= _()I \i‘q A ' lzp-'_' G(.I)G:‘--— 2)
M (3)3a*—2(6) s+ (2)°"
-3- 18(2)11'3(3)213{ Ubf (3)2,'862_]'_2(6)],'36_1__(2)2;:;
- B 2(3)11:56+(2)lm !_.-I B, St
(21) 1253 tan 11\ VE(Z)U" ‘ 2 L

1 low (2)236%- 2(6)"P5+- (3)* _
‘ QW{ e (2)2I362+2(6)1f36-i—(3)"73

[o evaluate the hoop-stress at the inner bgul_l‘dary,.tl}a} thle s_trelsis-'
components 7™ may be expressed in terms of T Thus, l{y 1~Sltt]e' 1r111cle
nation of the normal on iy-axis at any point of the equilateral triangle,

T8 is expreswed as follows :
:’[‘11 e Y — T'“=PEE Pn'ﬁ——21'/)l—;ﬂ'
TR = T'H=pyy— po,—21 Py

and le - Tﬂ: =ﬁgt+}5,m; where

(22)

. (36°—2)
QN o
o(3—25%
The stress components in the cquilateral triangular system so obtained
give pg,=0 and
(23) TU=TR=pyy—pyy T =T =pget P
i'he hoop-stress at any point of the triangular boundary is obtained

by putting pi=—p in the first or second equations of (23).
Thos -
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2 »2
Pon= 241 (26*—a®+2) ‘”. : [36xg1e—
(30*—2)(3—24%) (368 —2)%3—2c%)2

—6(5416:)a*+2(65+ 482)a*—6(5+4 16:) 5% 360 ]—
)

N 8Py i
(24) — [ 108703+ 18(13+ 3n)o—3(529+
B2 2o | B 1Bl 3 a3
+4843) 612+ 4(1 1074 41612) 0*—3(529 4 48432) 0%+ 1 8( 13+ 3x) 0™

2.3
+ 108 %]+ 328, P%°
12(3—24%(36°—2)

4. Conclusions. Equations (21) and (2) giving displacements on the
inner boundary show that in the undeformed state the hole is very much
different from its triangular hole with bounded corners in the deformed
state. Also, the first expression of the cquation (24) shows that hoop-stress
remains unaffected by the clastic constants in the infinitesimal case, while
the hoop-stress in second order case is influenced by the clastic properties
of the material. The numerical values for hoop-stress have been given in
appendix.

APPENDIX

Table shows the values of hoop stress pqn/P at the boundary of the
cquilateral triangle for infinitesimal case and for compressible and incom-
pressible materials with second order effects, #/u being taken to be equal
to 1/200,

\ Ponl P e i Second order effects :
0 \ Infinitesimal case Corn ble I EV——
. I ompressi compre. e
0° 7.20000 7.92399 6.26813
10° ~0.82439 — 1.06400 — 1.00086
20° —4.72519 —4.92310 —4,79420
3oe — 3.64672° —3.78153 —3.74263
40° 16.76733 15.86676 15.72138
50° 9.35813 8.70435 8.76104
64° - 4.03595 ~4.15721 4.1219t
70° —4.61115 —4.15721 —4.68290
80° 0.79954 0.49557 0.36988
90° 3.93773 6.22927 5.28410
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