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EXISTENTIAL AND UNIVERSAL QUANTIFIERS
IN AN ELEMENTARY TOPOS

BY

ALEXANDRU GH. RADU und GHEOMIGHE GH. RADU

In this article we are concerned with the construction in details
of the internal existential and universal quantifiers in an elementary to-
pos and we prove some properties of these quantifiers.

1.01. Let £ be a topos and for any morphism f: XY in &, let
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be the adjunction situation described in (1], (ch. IV. §6}.
Since f* is a right adjoint, f induces a functor

f': Sub (Y)— Sub (X),

called the inverse image functor associated to f; similarly, =, being a
right adjoint, it also induces a functor

¥, : Sub (X}— sub (Y),

called the universal quantifier functor associated to f, which is a right
adjoint for . If X'"»X is a subobject of X, it is vasy to verify that
the association,

(X2 X) = (Im(fh) = Y)
can be extended to a functor,
3, : Sub(X) — Sub (Y),

called the existential quantifier functor associated to f, which 1s a left
adjoint for /1. In Ens, for any subset Y of Y,

fHY)={reXf(x) €Y7}
FAXY=f(X"Y=={ve Y| there exists x e X with f(v}=1},
Vi(X)={yeYIf e X ={yeY|Vx with flx)=y,
then x= X" =CHX'C)
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where €() denotes the complement operator ; i/ is the first projection
P ALY -X and ReXN - Y then:

3 (R)y={x=X| there cxists y&Y such that (x, v)=K}.

and

Vi (R)={x e X]| for any y=Y, (1, V) ER] i,
3py and ¥p; coincide with the existential and universal guantifiers.
For any X =|&|, we denote by 7, : Sub(X)—=£&/X the inclusion functor
and by oy :&/X - Sub(X) the functor which associates to ecach object
X'~X from &/X, the object Im{A)"= X {rom Sub(X). Thus, we obtain
the following diagram of categories and functors

Zf g
o o Y
{ﬂf Zf --——-If'._..___f"f
"
\ X
1
il x vy I
¢ T —if ——
S () e SUD (Y)

V

where the equalities below are easily verifiable:
[roly=ixef?  [Hosy=ozf,
iyoVy=m0iy, opok = Jooy,
3y=0,L0%.

1.02. Proposition. Any pullback from an elementary topos

A f -
h z,
! 1
¢ ; =1

induces the commutative diagrams

Sub [ #) A — Sub (4)
39 V_, Vh 3.
Ll = L4
Sub (D) Sub (C)
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Proof. Results immediately from [17 ¢t 11, 9,12, 9,28 noticing that an
clementary topos is obviously a regular category with existential and
universal quantifiers. From [1] ch. I, 9.26 it results that any elemen-
tary topos & 1s a regular category with the implication .- and from
1 ¢h TI, 9.24, it results that for any morphisms f from &, the func-
tor /1 commutes with the implication.

1.03. Preposiiion. Let [ N=Y be o morplism from an  elementary
topos & For any subobjects X', X' of X and for any subobjects Y', Y
of Y, the following relations hold.

°. (Y)Y cf Y} 107 3/ = X7) & Vo g (A7)

2.1V e N ) e Y e N 1o, AN = fHY) S v AX) - Y

3o, floy (¥} e N7 1220 JAXN = X7} & WX’} = 3, (X",

2. X fr3,(X. L3 YY) = X)) =Y = YAX)

5o, WANT N XN = WANG N WX WL WAN S YT = X = Y

6% AN U N7} = F,(X) U N 157 134X = v 013

7 F(XT NN E 3N N FANTYS 162 ¢, X" 23,0147

g YY) NV =Y 0 3N P WAX 5 X7) € A, (X)) = WAX");
CooWAXT U X)) 2 VN U VAN I8 YT YN A YUY N AN )

Proof. The first six relations result from the adjunction situation
3/ Y,

7% AN X7)S I\ (X)X 0 XS HI(X) 0 3 (X)) =/
IAX" I nfr3{X") and it is sufficient to consider relation 4%

8°. Is obtaincd from [17 ch. I, 9.13

9°, VAX WU VAX e V(X U X" ) =X UX"2fH{VAAX) U V(X)) =
=YXV /V(XY) and it is sufficient to consider relation 3°

10°. (V) > NS Y = X )eof 2 (Y7) o XV 1Y) > 3(X7)) =
=fY')=f13{X") and it is sufficient to consider that fY'}—=( )} is
a covariant functor.

03X /Y ))2 V(X7 2 Y e X o YN S fHYAX ) 5 Y =
=f1Y () =Y and it is sufficient to consider relation 3% and  the
fact that { )—/""(Y") is obviously a contravariant functor.

12°. 3{X =X & V(X)) > (X)X o XS/ V(X)) > 3,(X")) =
=fYAXN )1 3,(X""). Then we take into account that [AVAXe X’
and X"gf13,(X").

13°. It must be shown that if ¥ is a subobject of Y, then Y, 2V’ -
= V(X e/ Yo f(Y) 5 X Indeed, VS Y o V(X7) «YinY's
S V/(X") e X2 /(Y101 ) =/ (V) /2 (V) sof MY )ef (V) S X7

1:1". I::”must be proved that if ¥, is a subobject of ¥, then Yo
€ 3(X') -1 TN X S Y YV S VAX' > (V7). Really, Vi
93!-(1){) S Ylel) n JA) S Ve 3(X)eY, » Ve s fi Y, - V") =
=Y ) - Y )X nfHY ) f (Y ef (YIS X s/ (1),
I 5% From the definition 73,(X")= 3,(X') >0 and therefore if Y,
15 a subobject of Y, ¥,273,(X)«e¥ n X )S0e X )V >0 X'c
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ST = 0)=f Y ) o f HO) = (V) = 0= X" nf (Y )S 0/ (Y NS X' =
-0=1\"=Y,2 ¥,(7.Y").

167, 3(1N)S 19X =1 X'/ VAN ) =1/ VN1 X S V(X2
S Oeof TV (X )=V =0=71X" and it is enough  to  consider that
Flov (X)N'e.

17, VAN, o NS V(N o YAN) o VAN SX) 0 ¥ (X)e V(X ) o
V(X' SN 0N f
facts that (X"~ X’
functor).

18, M) n N f (Y ) e XYY o V) =Y 5 Y ) e
< 3(N")S) =Y e 3 (V)0 Y'cY".

1.04. Proposition. If NSYLZ oare tao compostle morphisms from
&, then V(3N ) - V) V(N /YY) where h=gf, X' 1s w subobject of
X oand Y' a subobject of Y.

Proof. FFrom gtoV,(3,(\')=Y ") 3{X'})->Y" it results that g-lo
oV 3N ) =Y} XY’ and therefore frog oV, (I(X')-Y")nf!
PN ) HY), dee AoV (3AX)-Y)InX'cfHY') because X'cflo
0 3AX"), But £/ 'V ( X)) =Y ) X'~/ V") and consequently ¥ [ 3,{X')—
IR SRR ) _

1.05. Proposition. Lei & be an elementuryv topos.  The assoctafion
A= DA, f= 3f given by the following commutative diagram  with the pullback
right square,

a ~IpA x FL €4) -
/| | e \f
PAxA—PAZE_ o paxp

defisics a functor 3188, called the internal existential quantifier,

Proof. 1t is obvious that 3t j=1p,. If A-'2B2~C are two compo-
site. morphisms in ¢, then 3gf=3g3/. It is enough to show that
3g(3f < C)= 3(gf) and for that, to prove thev are characteristic mor-

phisms of a same subobject of PA X C. Applying proposition 1.02 to the
following pullback

PAxB 3B ~PBxB

PAmg PBuEg
¢

PAxC +PBxC

%G
we have (3/<C) M Fpuxo( € B)) = Jpaxe{{If X B)HE ) = Tpunp Ipaos
(e)=3p4.pl=,) I fisa monomorphism, 3, is the characteristic mor-

phism of the subobject, E,.——Jf—»PA «AX2S ,PA% B and f built in the
preceding proposition coincides with 3f built in (1.10) [1], Ch. IV.

In Ens, 3pixs(s)={{4",b)/d'=A, beB sothat Ja<Ad with asd’
and f(a)=>b} and it can beasily noticed that 3f(4")=f(4"), V4 = P(4).
1.06. i’roposition. Let & be an elementary lopos. The association
A PA [ ¥f given by the following commutative diagram with the pullback

square

€A Ypa x tL€n)

o e

PAHAW PA =% B

defines a fumctor ¥ :&—& called the internal universal quantifier.
Proof. It is obvious that Vi ,=1p4; if AL~ B*~C are two composite
morphisms in &, then Vgf=VgoV¥/. It is sufficient to show that Vg(Vf<C}=

= Vg f and for that, to show they are the characteristic morphisms of the same
subobject of PA = C. Applying proposition 1.02 to the following pullback

paxB _™? . pBxB

PAxg PBxg
I c i

PBxC I ~PBxC

we have (V/ < C) ™ (VYrauel S 5)) = Yrans(V X B) (€} =Vruns Vea{ S 4)=
=V paxer{ € 4)- ,

Tn Ens, Yyl s={(@nd’, ))[A'SA,bEB, g5t fHb) = < ,, pala)=
=(4’, a), Yasf(b)}={(d', b)/d'c A, b= B such that f(b)cAd'}={(4", b)/
JA'c A, b= B so that a =f-!(b) we have a= A’} and it can be easily noticed
that V,(A4')=C 3f(CA’), VA’ € P(4), where C is the operator of taking
the complement.

1.07. Proposition. If

4 — B
A l '4
) i
c / ~D
15 a pullback in an elementary topos &, then the following diagrams
PB LI
Y. ET gh I vh
s s
PD Y 2

are commulalive.



ALENANDRU GH. RADU and GH. GH RADU 6

i)
Y

Proof. To show that 3JhoPh=DPfo3g, it is sufficient to prove that
FH((Ph> C)=ec(Pfx O 3gx Cl=e (I'D - [){ g+ C)=c,( g~ DIPB < f)=
= 3g(PB /) and for that, to show that they are characteristic morphisms
{ the same subobject of ' . C.

By applving Proposition 1.02 1o the following pullback

B A S .
PExh PiIxh
! , !

PRy C PhYC o PAXC

we ha\e (Pk - r) (3.1:_4 j]( E‘))ﬂ ap.rg:,:;,(PkX.:f)-l(EJ)): HIJH‘)‘([)]} i k)—l
(e)=(PBf) 'yl y). Here the second equality obtained by consi-

dering the definition of P& and the last equal ty can be deduced by apply-

ing Proposition 1.02 to the following' pullback (the functor ’B( )
commutes with pulbacks )

PBw A = IRk .. BB
I’Uxh’ PHxg
1
! PR ‘
PBXC X, A PBxD

To show that kaPk:Pf‘v’g, it is sufficient to show that VA(Pk»C)=
=eo{Pf C) (Vg C)=ep(PD x fY (Vg x C)=e,p(Vgx D)(PB X f)= fo(PB%f
We mimic thc p100f of the first case substituting ev ery\\herc 3“ by, V¥

to be more exact, weap;ly Proposition 1.02 to the pullback ) and obtam

(PEXC)™ ¥ (=a))

PAXh

= ¥ (PBxR)™(=a))=(PB<f)" ( ¥ (=5)).
PBxh I’Bky
1.08. Coroflary. If f: A =B is a monomorphism, then ¥f and 3 f

are also monomorphisms and Pf is an epimorphism.
Proof. Applying the previous proposition to the pullback

= ¥ (PhxA)(=p))=

A —A4

we obtain the commutative diagram
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Pl == — D
afl IVf

1l

PR N P4

Pfoidf=1p4=10foVf

1.09. Proposition. [/ f: oA — Bisa monomorphisin, then ¢po{ If x f)=e,.

Proof. To show that cyo( 3f = f)=cxo{ 3f % B) (DA x f= If(PA xf)=
=¢,, it is sufficient to show that they are the characteristic morphisms
of the same subobject of P, namely of the subobject = l.’l.-; Pd .l

If Proposition 1.02 is applud to the following pullback

P e PA i
i : PAdxy
‘ & 1

Pa o BT — PAx B

we have (P -f) Y3, 4epa)==a. The prool is complete.
1.10. Proposition. /f

D — 3
B !
H i
“I Nf ~— C

8 @ pullback in an elementary fopos &, with g (hence wlso with 2) a monomor-
phisms, then 3 prescrves this pullback.
Proof. 1t must be shown that the following square

PD 3 - DB
3/
'
P4 Ex - PC

is a pullback. The commutativity derives from the fact that 3 is a functor.
If x: X>P.1 and 3: X PB are two morphisms so that Jg. X =

= 3y, then 3e(¥ - Cy=3f(3 » C) and therefore they are thc charac-
teristic morphism of A same subobject of X C, le. (¥ xC)Y 3 (e,)=
PAd =y

=(Jx C) (”3”(_3)) or, applying DProposition 1.02 to the following
pullbacks:



26 ALEXANDRU GH. RADU and GH. GH. RADU 8

N3 UL L [ E Nxd—2%F  _FBxB
,\'J(gi Py, Xxf PRxf.
i _ i i _ 2
.\’x(."——x—xi——o PA=C XN C— I el G
I (v D) Med)= 3 ((y<B) =)
X -a Xxf

Since X <g is a tnonomorphism, thcre exists an epimorphism p:
(YxB)H{eg—(¥xA)(ed) such that (Xxg)(ExA)j)p=(X<f)
(7% B)*js) and since the diagram

XxD K x ~XXH
Axp X f
Xox A X x# ~ XXC

is a pullback, there exists a unique morphism g: (3 < B) {€,)=X <D
such that (Y Blg=(TxA)(j)p and (X <a)g=(¥x B){j.)-

From the last equality it results that ¢ is a monomorphism ; if v is
its characteristic morphism and ¥ : X — PD is the morphism corresponding
to + by Cartesian adjunction, then Ja.+v = v and 38.2=% and is uni-
quely determined by this property, because 3« is a monomorphism.

To show that Ja¥=7¥ it is sufficient to show that 3Ju.(vx B)=
= ¢p(¥ % B} and for that, to show that they arc the characteristic mor-
phisms of a same subobject of X » B. Applying Proposition 1.02 to the-

following pullback
x X D ——h&—- PDX U

Xxucf [PD"OC
XxB V2B o ppap

weobtain (7 B) *( 3 (So)= 3 (v x D) (=) = 3(F~B)*( =a) =

=(y« B) (=4 (for Xxa is ‘:i_monomorphism). To show that 3. y=x,
it is sufficient to show that 38(Y < .d)=e (¥ < .1) and for that, to show
that theory are the characteristic morphisms of the same subobject of X x A.

Applying Proposition 1.02 to the following pullback

¥x D

XD - PDwD
Xxp PDx8
i ;
Xy ——222 ~ PD A

we obtain
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o 3 e))= 3y ) eE= 3y B (ed)= 3 (=)=
' s Xon : ; L ¥ e sl

= 3 {jopl=y)= 1 (].1)((" il | e 1))=(" 1) l(e_')_

ool 7 [ER I
1 ] '
(Th last but one equality derives from the fact that pis an epimorphism
and the last equality from the fact that (v «.4)7(7,) is a monomorphismj.
i 11. Proposition. 7'l morphism {-}y: A=PA, A=), are the
com ponents nf a fm:qz‘r)r:'al. morphism {-} t&— 3, 1.e. for any f:d—+Bwe
have the commutative diagram

A M -~ P4

/ 3/
It 1

B . PB

Proof. It is sufficient to show that 3l an By=ey ({-} s B)(f = B)
and for that, to prove that they arc the characteristic morphism sof a sam
subobject of 4 « B. Applying Proposition 102 to the following pullback

A d e tdaX L pgd

Ax Pix/
! i )

AxB——T < PAXB

wehave({-}, < B) {( 3 (<.))= 3 (e ‘4)"(5.1))=!3I(Aﬂ—~4 xd) =

= <, f= or, ,,f; ={f~ H) 1A,) as it results from the following
pullback

i
.

- B

(e £ A,

i
4B X" _.puB

1.12. Remark. If f is a monomorphism, the diagram °) is a pullback.
& Let 4:C— P and v:C- 0B be such that {.},. v= 3fu.
en

3! xn_.

C B2 pyw g pp. gl .=

{.}HXB

=C» B o g pry o B

1.6, |3f(«x B), s,(v < B) arc the characteristic morphisms of the same
subobject of C . K.
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Irom the diagram

[

B
Cloatd | peb lAE:-E, lv

CxB

¥x

one derives that sy{e « BY=7( 1q v>} (the characteristic morphism of
the subohject =1, w1,

However, 3f(ux B)=y((n < B)™M 3 (= =zl fra- ) with 11,
given by the diagram below. e

D ———m e
i
<f’1 ; 2'2) p-b ';!\
CxA s PAX A
O 2.b. Pa <t
(xp —YxB___paxp

Hence, there exists an isomorphism ¢ : C— £, such that
= g, o> where from vy =1, and fyo=w. If w=-ss then fuw=v and
to show that {.}, w=uw, it is sufficient to prove that
C oAt d s Al pyg v 400 = s 24 P 420, so,
s (wx ), (0 1) are the characteristic monomorphism of the same
subobject of C ..

FFrom the diagram bolow

c_.._.._.__—-——w- A - "
W
v p-b By #b [
A< A - 2
Cx A Wox B Sh

it results that s (wxA)=y(<l¢, w=)=y{<vip, vop= )=yl =7 2= g) =

=y{ <y, e ) =c (nxd).

The uniquencss of « derives from the fact that fis a monomorphism
1.13. Proposition. Let & be an clementary  topos. For uny fid -8B

Jrom &, the diagrams

E(B,Q) Y ECLQ)  E(1-B,Q) E(1..1,4)
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S 3/ ~ Suh(4)
-1

@ s

B Q) - 4 (4. Q)
U i

Eilx B A, 8)
Elar .
N (L35 N
il IR) LN e, Py
T aLyn

are commubatice, where the vertical monomorphisins are lhe canonical sso-
morphisms.
Proof. a) Let """ B be a subobject of B, let 9,1 B be the

characteristic morphism corresponding (o m, k= 7x BB 2,0 be
the element from &(7 « I3, Q) corresponding to 7, and let [m]: 7= I'B he
the unique morphism such that cy([m}x 8)=%r,.

If 4 ’2“".'1 =f ]([ r-n—l'—*B) then ?:n’=?rr=fl )‘m'j) !=?mfp.-l=?mpﬂ)'7 )(f):z
=An(7 xf) and a'): 1= P4 is the unique morphism such that e, {[m]
X A)=n,. To show that Pfimi={m'], it is sufficient to prove that

Ix ALBEA PRy AEA L Py Qo [ A4 D 1 220

However e, o (PfxA((1m X Ay=cpolPBx ) mxAy=eu(im) BT f)=
=hn({! Xf)=rp=e,lm <A).

b). Let 4’24 be a subobject of A, let @,: A -Q beits characte-
ristics morphism, let ,=¢,p, and {m}: /- P4 be the unique morphism
such that e, {{m =< A)=3,.

Let B'Z-B=3(A'">:), 9,: B~ be the characteristic morphism
of m', A=y Pp: T B>Q and (m'": 7~ PR the unique morphism such
t}ﬁat ep . ([m'] < B)=Xkn,. To show that 3/ m)="m'] it is sufficient to prove
that

Ix B2 Iapd w BAE PR BIE () =1 B® PR B2,

“and for that, to show that they are the characteristic morphism of the
same subobject of 7 x B.

| From eg([m'} < B)=1, =9, p, it results that the subobject corres-
-1

- - r 'ml
onding to ¢y([m)x B) is B-2——/ . B. Applving Proposition 1.02 to the
llbacks

Tx A ImIxd L pied o P -4

PAxf, is /
1:,3 [m]x B !j ¥ o i
Tx » P B 1. B -~}
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we obtain

= 3 (T )y = pRle B ) = p (B )=
Isy

-1
» L

plr B

c) Let A'®=4 be a subobject of A, let ¢ A =48 be its characteris-

tic morphisu, let A, =pnfp 4 7.1 -0 and [m): - P De the unique mor-
phism such that e, o m = A)=2y. Let B = B=V,(.! 2.1y be a morphism
and g,, : B-{ be its characteristic morphism, let Y =g Pyt 1 n BoL)
be a morphism and let [w'':{— PB be the unique morphism such that
en{lm' > By=hu- To show that ¥, mi=m'], it is cnough to prove that
Vf(im x B)=1,, and for that, to show thev are the characteristic mor-
o

phisms of a same subobject B2 B of 18 Applying the Pro
position 1.02 to the pullbacks " we have

1

((m]x B)roV(e g= ¥ ((m)vA) e )= ¥ (A2t o d)=
P4 <f 1xf 1f
i _lm'
= 3t oV, (A’ 4) = p5H B B) = B X B,
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THE PRECISE ANNULI CONTAINING THE ZEROS OF POLYNOMIALS
BY

ALEXANDER ABIAN

Let p(z) =ag+ ...+ a2 with a,#0 be a polynomial over complex num-
bers. The mathematical literature is replete [1] with results concerning
the bounds for the moduli of zeros of p(z}. Below we give formulas for eva-
luating the precise minimum # and the precise maximum R of the moduli
of zeros of p(z). Thus, r<[z[< R is the precise annulus which contains all
the zeros of p(z). Perhaps, in general, the actual evaluation of our formu-
las is impractical. However, it seems that many of the known bounds are
actually various approximations of our formulas. Let

1 w®

and Bw) =———
o4 ... + ag2" ap”+...+a,.

Based on the notations iniroduced above, we prove:

Theorem. The minimum v and the maximum R of the moduli of zeros
of the polynomial p(z) are given by :

r= — ]__..__ R “—-m'v
lim A™(0) and noe

i m

Afs) =

=0

n!

#!

Proof. Clearly, the radius of convergence of the Taylor series of A(2)
which is valid in the disk about 0 is equal to r. But then, the formula for
» mentioned in the Theorem is derived via the Cauchy-Hadamard formula
for the radius of convergence of that Taylor series.

Again, clearly, the inner radius of convergence of the Laurent series

| of A(z) which is valid in the infinite annulus about 0 is equal to R. For

k=0, 1, 2,... if we replace in that Laurent serics z7* by w* we obtain the
Taylor series (about 0) of B(w). But then the formula for R mentioned in
the Theorem is the inverse of the Cauchv-Hadamard formula for the ra-
dius of convergence of that Taylor series.

' Corollary. Let p(z) =ag+...+a,z" with ag#0 be a polynomial over com-
plex numbers and let A(z) and B(w) be defined as in the above. Then the pre-

ctse annnlus which contatns all the zeros of plz) 1s given by

LTER



