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we obtain
(m < B1e 3 (e,)=3{(m -Ad) (=)=
PArf 7xf
o ' 3
=3 (T Ay =pate B A T Ay = py (B B =
Iy
=1

Py o™
B == 1B

c) Let A'"=4 be a subobject of A, let g A =€) be ats characteris-

tic morphisuy, let A, =pnfp 4 7 <150 and [mi: - P De the unique mor-
phism such that e o m  A)=xy. Let B'" = B8= v {4 *=.1) be a morphism
and g,, : B-{ be its characteristic morphism, let Y =9 Pyt T Bl
be a morphism and let [m'':{— PB be the unique morphism such that
en{{m' 2 By=hu. To show that ¥, mi=|m'], it is cnough to prove that
Vf(im"  B)=1,, and for that, to show they arc the characteristic mor-
=l

phisms of a same subobject B2 1B of 1B Applying the Pro
position 1.02 to the pullbacks " we have

imbeBimo(S =7, (===

ph‘llbm
V(A 2l v A) =
1t
pEIIJl.

-1x B.

P30V, (A’ d) = pr (B-o B) = B’
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THE PRECISE ANNULI CONTAINING THE ZEROS OF POLYNOMIALS
BY

ALEXANDER ABIAN

Let p(z) =ao+...+an2" with a;#0 be a polynomial over complex num-
bers. The mathematical literature is replete [1] with results concerning
the bounds for the moduli of zeros of p(z). Below we give formulas for eva-
luating the precise minimum # and the precise maximum R of the moduli
of zeros of p(z). Thus, r<|z[< R is the precise annulus which contains all
the zeros of p(z). Perhaps, in general, the actual evaluation of our formu-
las is impractical. However, it seems that many of the known bounds are
actually various approximations of our formulas. Let

1 o

and Bw) =
o+ ... + 22"

- ag” 4 ...+ ay.
Based on the notations introduced above, we prove:
Theorem. The minimum v and the maximum R of the moduli of zeros
of the polynomial p(z) are given by :

r= — ]__..__ R =En"'v
lim A™(0) and noe

- m

=0

n!

#!

Proof. Clearly, the radius of convergence of the Taylor series of A(2)
which is valid in the disk about 0 is equal to r. But then, the formula for
» mentioned in the Theorem is derived via the Cauchy-Hadamard formula
‘for the radius of convergence of that Taylor series.

Again, clearly, the inner radius of convergence of the Laurent series

B of A(z) which is valid in the infinite annulus about 0 is equal to R. For

k=0, 1, 2,... if we replace in that Laurent serics z7* by w*, we obtain the
Taylor series (about 0) of B(w). But then the formula for R mentioned in
the Theorem is the inverse of the Cauchv-Hadamard formula for the ra-

dlius of convergence of that Taylor series.

Corollary. Let p(z) =ay+...+a,3" with ag#0 be a polynomial over com-
Plex numbers and let A(z) and B{w) be defined as in the above. Then the pre-
cise annulus which contains all the zeros of plz) 1s viven by:

i
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v
[ 2
e

A

: 2l < lim'\/ By |
lim-\/ AW (0) w|
no» ’li

Remark, Let us observe that our Theorem and its preof once more
exhibit a persistent pattern in handling questions related to polvnomials,
After all, we were interested in the moduli of the zeros of 4 pobvnomial
F(z), and vet (contrary to expectation), we considered its inverse 1/p(z)
and achieved our goal Dv means of analytic method-,
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SUR UNE APPLICATION DE LA MESURE DE NON-COMPACITE
PAR

OLGA COSTINESCU

En 1930, ¢. Kuratowski a introduit la notion de mesure de
non-compacité, [3/, et il a utilis¢ cette notion dans Vétude des espaces
complets. D’ailleurs, la notion mentionée est un outail tré:_s _efflcace dans la
recherche mathématique. En cc qui suit, nous allops utiliser cette ,mes-
sure® pour caractériser une importante classe d’opératcurs. )

- Soient X un espace de Banach réel, B(X) l'algébre des opérateurs
T : X - X linéaires et bornés, K(X)< B(X) l'idéal des opérateurs compact_s,
Sy la sphére unité dans l'espace X, M(X) la classe des cnsemb’les bornés
dans l’espace X et X la famille des ensembles compacts dans Vespace X,
:&g _,:Définition 1. Soit E€M(X); on appelle mesure de non-compacite de
E, lélément g(E) donné par inf {re R, E<U (S(x;, r), I est une famaille
finie d'indices} ; S(xq, ») est la sphéve de centre x; et ravon r.

~ On démontre, sans difficulté, la
. Proposition 1. ['opératenr g¢:M(X)- Ry salisfait aux conditions
sutvantes :
| Y a) g(EY=0 si et seulement si E€X,

~ b) g est une application 1sothone,

¢} quel gue sotent Ey, E, e (X}, on «

(B +E5)<g(Eq) +4(E2) . .

s __d) quel que soieni ce R ef EeM(X), on a ¢(cE)=Ic g(E).
'_Remarque 1. Du fait que dim X=cc si et seulement si Sy & X, et
‘on a la propriété (a), proposition 1, il résulte que dim X ==c0 si et
_ Ezg‘t isi g {Sx)=0; on démontre de méme, que dans le cas ot dim X =00,

X =54

a notion de mesurc de non-compacité introduite pour les ensem-
bornés nous donne la possibilité d’introduire une notion analogue
es opérateurs T =B(X);
efinition 2. Soit T =B(X), on appelle mesure de non-compacité de
eur T, la mesure de non-compacitd de l'ensemble T(Sy); on wnote la
de non-compacité de T par le symbole | T|,.
Jn prouve aisément la
oposition 2. L'application

Ayt BIX )= Ne salisfait aux  con-



