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From (36) and (38), it follows:
(39) Mz l—sup I{pd; (1 -prdz (V) =min 1 —F(pd,4(1 Py .

Taking supremum with respect to p (0, 1), from the last relation, (34)
is obtained and thus the proposition is proved.
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MINED TOPOLOGY FOR A FUNCTION SPACE
BY

DIPTI SINHA

s 1. Introducton. In 11 J. €. K ¢1ly introduced the idea of a
bitopolegical space. In this paper, we lave considered a bitopological space
whose clements are functions. We have investigated a topology called mi-
xved topology which s determined in a1 natural wav by two given topolo-
sies determined in a topological space 7. The definition of mixed topology
as offered here, shall probabilv show that itis 4 natural ncighbourhood topo-
logy corresponding 10 a hitopological space ; in many results, proved here,
it will also show that the idea of mised topology is a natural extension
(might be on a subspace) of the topology on a bitopological space. In sec-
tion 3, we have discussed the properties of the mixed topology obtained
from the point open topology and the compact open {opology for a func-
tion space Z. In scction 4, the propertics of the mixed topology obtained
from the topology of uniform convergence amdl the point open topology
for a fanction space £, have been investigated. The connection between
spaces with mixed topology and bitopological spaces makes it possible,
morc naturally, to apply the theory of topological spaces to the investi-
gation” of bitopological spaces.

2. Preliminaries. Definition 2.1. Let £ and 1 be lopological spaces
and £ ITF b endviced with the compact opei topology € (2] and the poinl
open topology P21 Consuder the bitopological “space (Z,C,P). Let A be
the family of «ll P conpuct sels. Consider the subspaces (4, C) for cach
AeA. Lot = he the finest  {opology on 7 osuch that each fncluston map £,
Aes is continuous for A=A, Then < is said o be a mived fopology on Z.

In {23, J. L. Kelley defined equicontinuous and evenly conti-
nuous family of functions as follows: . -

Definition 2.2. Lot £ hea family of maps of a topological space L tulo

@ uniforn space (17, V). The family 7 1s cquicontinuons at a point x, 1f and

ouly if for cach member 1 of ¥ therc is a neighbourhood U of x such that
LU < V() for every member [ of Z.

A {family. Z of functions is equicontimnuous iff it is equicontinuous at
every point.

Definition 2.3. Lot 7 be « fumily of functions cach on w topological

space I to a fopological space I The Samily Z ds cvenly continuous if and

_Onlylz'f_for cach i E, cach v in F, and cach neighbourhood U of v, there s
a neighbourhood 1 of x and « neighbowrhood W oof v such that Ve U whe-

never f(xp=ll.
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$3. Mixed topology for a Dbitopological space (£, C, P). Theorem
3.1, (Z, =) 4s a Hausdorff spuace if F s a Hansdorff space.

Proof. Let f=g be any two distinet points of Z. We know that if
£ is a Hausdorff space then (£, P) is a Hausdor(f space. So there exist two
disjoint P open sets {7 and 17 such that fe U, e l” and Un i'= 0. Since
Pcl I and 17 arc also 1 open sets. Now (U= n{ is C, open and
M1 )=an1 is C, open. where .1 =A. Consequently (" and |7 are ~ open
sets. Hence (£, 7} is 2 Hausdori{f space.

Theorem 3.2. Let I° be a regular space and the members of Z are con-
tinuous. Then (A, 4) is reqular for every A €A,

Proof: We know that if 7 is a regular space and the members of Z
are continuous then (7, €) is regular. Then (U1, €,) is regular. Now i, :
(.!4, k,)—v(.-l, T4) s a homeomorphism. So (.1, ] is regular for cvery
1 e R

Theorem 3.3. Let £ be a Hausdorff spuce und (7, C) be a T, space.
Then (A, <) 1s w Ty space for cocry Je=A.

Proof : First we observe that 'F is a Hausdorff space in the point
open topology. So (£, P} is a Hausdor{f space. Now cvery 4 =A is P com-
pact. S0 4 is P closed in Z. Again P<C. So .1 is C closed in Z. By hypo-
thesis (7, €) is a T, spacc. Consequently (.1, C,) is T, space for cvery 4 €A.
Now i,: (4, Cj)—(4, =) is a homcomorphism. Hence (4, <) is a T, space
for every 4 =A.

Theorem 3.4. [/ I is compuact und £ 1s pointwise closed then < is iden-
fical with 1.

Proof: 1f I' is compact, I is compact in the point open topology.
Since £ is pointwisc closed, (7, P) is compact. Then £ = A, By the construc-
tion of <, 7,1 (£, C) = (#. =} is a homcomorphism. Henee < is identical with 1.

Theorem 3.5. /f L is a locally compact Hausdorff space and each
mentber of Z is continuous on cocry compact subset of E, then the mixed to-
pology < 15 a lopology of joint continuity (2],

Proof : First we shall show that everv member of Z is a continuous
mapping of I inte /7. Suppose f&Z. Then the restriction f/K on each com-
pact subsct A of E to I7is continuous. Let {F, for vach v« E where 17,
is a relatively compact open neighbourhood of ! be a covering of E. Let
{"be an open set in [ Then f )= {f} (L) for cach v&E} wherc fr,
is the restriction 117, . Since f 17, =1 is continuous, S7,(U) is open in
F; and hence open in IZ. Then /(L) is open in I and so fis a continuous
mapping £ into [

Let @ : 2 E~1 be a mapping defined as ®{f, v)=f(x) for feZ and
v& £, We shall prove that @ is continuous. Let 3 be an open set in 17 and
let (f, v) s M), Since E is locally compact for every vsF, there is
a relatively compact open neighbourhood I, of v. Again fis continuous.
there is an open neighbourhood 17 of v such that f(I') e 1. Since £ is a
7, space, 1" contains a closed ncighbourhood 11 of v. Then W n I, is a
neighbourhood of v and WnT,c1, and so Wl is compact. Let
Wn¥, =P Then Pcll=Wcl, So flMcfl)eM. Let (P, M)=
={geZ:g(PycM}. Then T(P, Myis Copen. Now ij8 T(P, M) =d4An (P,
M)is C open. So T(P, M) is = open. Then T(/°, M) P is a neighbour-
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' | of (£ x) in Zx I, contained in ®-YA7). Hence & " (M) is open in
l’/jof(]f \\’]1((-{1 Z) is endowed with the topology = Henee = is o topology of
Do 'L!.’(l)ll::l(::':un:'\&b. If I is vegular or Hausdorff and each yrimber of Z is
continnous on every compact subset of I, then = is jointly counlinnous on
. ¢fs {21, ) ]
mmpa]’roof: et A be a compact subset of E. Let P be a map of [X-,{\n
into I, where P°(f, x)=f(x). Suppose x= K, {7 be open n Fand (f x) = I
['). We shall show that P¥(l) is open in £ - K wheve Z s endowed
| . mixed topology = . o
with ;}ltl?nils rcgulalr, 1}?{-:1 N is regular. 1 _15 is H'{LUS(lO]'”, th_en K is ch_nm-‘
pact Hausdorff and hence regular. Since [ 1s continuous on K, there exists
a neighbourhood ¥ of x such that f(v}< U. Since K is regular gnd 17 is a
neighbourhood of the compact set Jv}, there exists a closed neighbourhood
M of x such that M < I/, Since M s a closed subscet of the compact sct }\
M is compact. We note that f{M)< U. Now T(M, U)_—_.{E,a1 g’(f'ti')c{[j} is
4 subbasic open set in € and f= T(M, (). Again i3 ““ﬂrj'\, 1)J]=
—An (M, Uy is €, open. So T(M, U) 1s ~ open. Fhen T(M, U) s
a neighbourhood of (f, 1) in Z X K where Z is endowed with the topology .
Now we shall show that 7(M, U)x M P YU). For any __\'E)M and
e (MU}, we have g(y)€U. So for any (g, ‘y-)-;_- (M, U)yx M, \I {2, Ji)z
=g(y) € U. Hence T(M, U) x M < P1({7). So P7YU) is open in Zx K when
7 s endowed with =. Hence © is jointly continuous on compacta.

heorem 3.7. Let Z be coenly continuous family on function on & fo-
pologe'}alespace E lo a space F. Let (Z, L, P) be a bitopological space. Then
© is jointly confinuous on Z. ) )
b ]OPt::::o}: Let @ : Zx E~F be defined as ®(f, x) = f(x), _fez andxsE.
Let U be a neighbourhood of f(x). Since £ is_evenly continuous t}:.?ere 13
a neighbourhood V of x and a neighbourhood 1V of f(x) such that f[V] < U,
whenever f(x)< 1. Then M={/:/=Z and flxyeWlisa P neighbourhood.
Since PcC, M is a C-neighbourhood. Again ' (M}=-n MisaC, neigh-
bourhood. So A is a < neighbourhood of f. Then M x 17 is a neighbourhood
of (f, x) and ®(M x V)< U. Hencec ¥ is continueus.

Theorem 3.8. Let E be a topological space and (I, V) be a uniform
space. Suppose (£, C,P) be a bitopological space and Z be an equicontinuous
family. Then the mixed topology = is jowmtly confinuous.

Proof: Let ®: Z X E—F be defined as ®(/, x) =f(x) where feZ and
xeE. Let (f, x)=ZxE. Since Z is cquicontinuous for a member Voof 'V
there exists a neighbourhood U of v such that g(U)c Vig{x)] for all ¢ in
Z. Let M={t:#x)=V[f{x)]} be a P neighbourhood of f. Then M isa €
neighbourhood. Again 14{M)=An3 is a C, neighbourhood. So M is a
¢ neighbourhood of f. If g= M and y € U theng(y) 1 [g(x)] qnd glx) € V[f(x)];
consequently g{v)e Vol [f(x)]. Therefore @M U)cl oV [f(x)] where
(M x U) is a ncighbourhood of (f, x) in Zx I when Z is endowed with =
Hence < is jointly continuous.

§4. Topology of uniform convergence, let Z be a family of func-
tions on a topological space F, to a uniform space (/, V). Let U be the
uniformity of wniform convergence [2]. Let =(U) be the topology of uni-
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form convergence, Consider the bitepological  space (£, (), P Let -
be the mixed topology on 7, constructed from «(U) and P exactly in the
same way as i scetion 2.

Theorem 4.1. Let (£, (U}, P) be a hitopological spuce and vach mem-
ber of Z is continmwons. Then the mived topology ~ 1s jurllv conlinnons.

Proof : Let @ :ZxX =1 be a mapping defined as i{/, v) =f{x) for
feZ and x =, Suppose (f, x) &€Z I Then d{/f, 1) =f{v). Let Ty f(x)] be
a neighbourhood of f{x), where 17 is o member of V. For 17, thore exists
a member 17 of 17 such that Vel”= ;. Then 17/ /(1) is also a neighbour-
hood of f(x). Since f is a continuous mapping of & into #, there exists a
neighbourhood {7 of X such that /()< V/(x). Let 11°()) /1 be a neigh-
bourhood of fin the =(U) topology. Sinces,t (1)) 1= AL s
a (=(U)})., open set, W(1')if] 1s = open. Then W(I) Sl U is o neighbour-
hood of (f, x). We shall show that ®(IV(F)[f . )< |, [f{x)]. Let (g, v) =
= () [f1x U Then d(g, y)=g(y) i.c. we have to show that {/{x), adv)yely.
Now (f(x), SN =V and (f(x), ¢(a) =17 So {(J(1), #(W) €10l <1, Hence
T is jointly continuous.

In [2] J. L. Kelley defined the topology of uniform convergence
on compacta as follows:

Definition 4.1. Let Z be a jomily of functions on a set I) {0 uniform
space (F,V) and R be the family of all compact subsets of E. Then the
untformity U|R of uniform conwvergence on compacta, has Jor a subbase the
Jamily of all sets of the form {(f, g) : (f(x), g(x)) €V for all x in K}, for V' in
Voand K in R. The topology ~(UIR) of UIR 1is called the topology of uni-
Sorm convergence on compacia.

Theorem 4.2. Let Z be the family of continuous functions on a topo-
logical space to a uniform space (I, V). Let{(Z, <{U[R), P) be a bitopological
space and = be the mixed topology of ~(UR) and P. Then ~,=C, for cverv
P compact subset A of Z and C is the compact open topology on Z.

Proof: First we shall show that C,c<,. Let K be a compact sub-
set of £ and U be an open subset of I. Then T(K, U)={f:feZ and f (K) <
< U} is a € open set. Let f&T(K, U). Then f(K)yc U. Since f(K) is com-
pact, there exists a member 17 of 17 such that V[f{R)]< /. Now M=
={(f. 2)|(f(x), g{x)) =1" for all x in A} is a member of U[R. If g M, then
g(x) € F[f{x)] for cach v in K and finally g(K}c U. Then ge T{K, U). So
T'(K, Uye<(UR). From the construction of =, i7'[7(K, U)]=4 n T(K, U)
is («(UR)}. open. Hence T(K, U}e~x. Consequently C&=<. Therefore

A= Ta

Now we shall show that =,=C,. Let M be a 7, open set. Then
MM)=M is a (<(UR)), open set. For f& M there exists a =(U|R) open
set (fy={g:{f(x), g(x}) =V for all x in a compact subsct N of E and
VeVt such that fel(ficdn M. For 'eV, there cxists a closed sym-
metric member H” of V. such that WolFol¥ <17, We chouse 1y, wa,..., 1,
in N such that the sets W[f(x,)] cover fIK . Let Ki=Knf'[IV]f(x)]].

Then K is compact for cach 7. Suppose U; be the interior of oll™.
<[ fx) . Then T(K,, U,) for ecach ¢ is compact open and f= T(K,, {,). Let
g=T(K;, U). Then g{h;|c U, and for cach v in A there is 4 such that
v& ;. Hence g{x)eWoll'[f(x)]. Again flx} e W[f(x)]. So (g(x), f(x)) eV

MINED TOQPOLOGY FOR A FUNCTION SPACE 47

for cach x in K i.e. for each xin &,. Therefore T(K, Uge I"(f).‘Consequently
fednT(K, Uj)e An¥V{ieM. So MeC, and hence =,=C,
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