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UNIFORMITIES WITH A DILATATION FUNCTION
BY
LIVIU FLORESCU

| The notion of a probabilistic uniform structure, introduced in
red as axiomatization of some situations in which we

know the probability of the events (v, 3)eU for every Ues¥, where
4¢ is an uniformity on a set X. This model is the probabilistic variant of
the uniform structures ; the relations between the probabilistic topological

structures (sec [2]), the probabilistic uniform structures and the Menger’s
i1) are analogous with the relations

probabilistic metric structures {see [
between the topological structures, the uniform structures and the me-

tric structures on a set. . .
The dilatation function is a convenient tool for an investigation of
left-continuous probabilistic uniformity

probabilistic uniforinities; so, a _ I
prove to be an uniform structure equipped with an estimate operator of

~ _the entourages dilatation”. In a metric space, it is possible to estimate
- dilatation of entourages of uniformity generated by metric ; we infer
“the left-continuous probabilistic uniformities are placed between the

u iform structures and the metric structures. "
"~ The purpose of this paper is to study the notion of dilatation function
to give a characterization of left-continuous probabilistic uniformities.

e establish also, three necessary and sufficient conditions in order that

"dilatation function be induced by a metric.
= Let I be the closed unit interval ; a -function is a mapping T : IxI—1
for which T(»", )< T\, &) if X<\, w'gu”.
Let X be a set and let A={(x, ) : v =X} be the diagonal of the car-
¥ on X is a filter in X x X which

[3], can be conside

r

atisfies the following conditions :
~a) Ac U, for every U e,
b) U, for every UesY.
‘Let U={Uy:r=]} be a family of semiuniformities on X and let
2 i-function. The pair (W, T') is called a probabilistic uniform striuc-
¢ on X, if the following conditions hold :
(PUO) AUy={X x X},
(PU1) U, =9, for every A, w1, with p<ai,
éPl{JJZ) for every U ey, ., there exists 171, IV eat, such that
<
A left-continuous probabilistic uniformity on X is a probabilistic uni-
i h(’u, T) for which:
h=u {U,: p<r}, for every »el-—{0}.
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2. The dilatation function. Definition 1. Let % be an uniformity

on X and let T be a t-function. A dilatation function for (%, T) is a func-
tion d:% (0, 1) which satisfies the following conditions :

(D1) d{X xX)=0,

(D2) (U nV)=sup(d(U}, d{V)), for every U, V&%,

(D3) d(U-Y)=d(U), for every U ey,

(D4) for everyv A, pel UeV with d(U) <T(x, u) there exists V, W %
with dA(V)<x, d(W) <y such that VoWc U,

An untformity with a dilatation function is a triple (S, T, d) consis-
ting of an uniformity %, a t-function T and a dilatation function d for (%%, T).

Let @y be the family of all uniformitics with a dilatation function
and let U; be the family of all left-continuous probabilistic uniformities
on X with the same f-function T, which satisfies the condition T 1)+ 0.

Theorem 1. The mapping «: Dp—Uy, defined by o(("¢, T, d))=
=(U, T), where U={Whes, W={UeV:d(U)<r} for every r€{0, 1]
and WUy={X x X}, is a bijection.

Proof. First, we ncte that, for every uniformity with a dilatation
function (%, 7, d), «{(*?, T, d)) is a left-continuous probabilistic unifor-
mity, hence the definition of « is right. Now, for every (A, Tyed,, A=
={U, : x =1}, U, is an uniformity on X. Define a mapping d: U~ [0, 1)
letting @(U)=inf {x: Ueqt}, for every Ue,. Since (A, T) is left-con-
tinuous, 4 (U) <! for every U ;. (D1} d(X x X)=inf { : XxXei}=0;
(D2) let U, ¥V =94 ; it follows from UnVeU, V that d(Un V)2 sup (d(1),
d(V})). Now, for every £>0, from the definition of d, there exists A’, "'
such that U<, Ve, and d(U)> r'—e, d(V)> 2""—e. Then sup (d(U),
d(V))>sup (¥, 2")—e. From U n V & Wy, 5, it follows 2(U n Vy <sup (d(U);
d(V}))+e. This give the desired proof of (D2). (D3) is a consequence of the
equality {a:Ue}={:U"'eq}. (D4) For every A\ pel Uedy,
with 2(U) <T(a, p), it follows from the definition of d that Uelrn, .
hence, there exists V €l,, W a4, such that VieWg U, Obviously, (V)<
and d(W)<u. From the left-continuity of (U, T), 4(V)<x and a(W)<u.
Hence (W, T,d)€9,. For any r=(0, 1] Ue, iff d(U)<n; we shall
thus have «((W,, T, d))=(U, T).

Now, let (U, T, d') be another uniformity with a dilatation func-
tion such that «((W', 7, d))=(™U, T). It follows from U, ={U e’ : d'(U} <1}
that 16,0, on the other hand, for every Ue’ &'(U) <1, hence Uewu,.
Thus U, =" The fact that d=4d" is quite obvious, as we remark that for
every [Uey, ael, d'(U)<x iff d(U)<x.

Remark 1. Each concept which is based on the notion of a left-conti-
nuous probabilistic uniformity can be described in terms of a uniformity with
@ dilatation function, because each left-continuous probabilistic untformity
(A, T) is completely determined by « (U, T)).

3.Metrization theorems. The purpose of this section is to compare
uniformities with dilatation function and pscudometrics on a set. The
comparison is an example of the standard procedure for testing the effec-
tiveness of a gencralization. In this case it will be shown that each pseudo-
metric generates an uniformity with a dilatation function. It will also be
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oiven three necessary and sufficient conditions in order that an.uniformity
with a dilatation function c¢an be derived from a pscudometric.

Let 7, be the f-function defined by 7,7, wy=max{x -2 1,0},
or every A, wel and let X be a set. . . ' _ '

o Définition 20 Let (U, T, d) be an uniformity with « dilatation func
on on N. e shall say that d 1s (‘(HH/‘){:'I(‘ of: . o
e dn{l,:vsl)=supid{{’):ve I, for cvery U, i =MeU with

U :vyel}eil i o o
i "For everv 1, veX we note C(x, _\')=.\l- X—{(x. )} . )
Remark 2. A dilatation function d for (U 1,) 15 complete iff 2 d{U7) =
= v (v WEY, for eeery U= _
—-sup'%fl'c(tC(m. 'dz:)noic !-)\)' @,,,Jthc family of all uniformities with a .complete
dilatat‘ion function with the f-function 77, and by M the family of all
sendometrics g : N x X =1. _
' Theorem 2. The mapping [: 8 —D, dofined Il)\' Fley=(U Ty, d),
where A is the wniformity gonerated bvogoand .d: "'lt—»_(), 1), [{(L)::l—.
—inf {p(x, ¥} (¥, Well for cvery UeUJN XY and d{X » X)=0,
is « one-to-ome mapping.
Proof. For every ¢

=&, let AU he the uniformity ;;cncratc‘d by ¢
for any U =4 there is == 0 such that B,={{v, :\') : p(\., viale (0 (‘ongg_—
quently, if {x, y)—é U then g{x, v)2x; hence d({) =1 . 1‘11‘{{9(1', vi:i{y, V)&
T.——.-U} él—a<l. (D1) and (D3} follow from the definition Of'df (D“i) .If.
A pel, Usdt with d(U)<Tu(, wy=i-+u—I tlllcn ccl= in {;,C(}.:,tilit.
: Ve — 7—u). There are o> T—2 and 2> | —u su
(a:.);_izU}'I?h(eTn d)i);;gs_l'—l:l =7, d{B,:)<l—2s<u and for each {v, ¥) e
:,BCII oB, there exists z such that p(v, }‘)_—*é_p(.\’, z)+telz v) <o tap==a;
h flilr.‘fl: ('r’ y)eU. For every Ue if (v, y)= U then Clx, :\') = and
IC(nr:', v))=7—p(x, ¥). Then J(U7) =)1 -;nf{p)(._\_,l\:)l: (}1 ) E; (.} = soutgl;{llet—
— N2 (x, y) € Ul=sup{d(C(x, v)): (v, )€U}, hence o is a ¢ ¢
dilgt(:t'i?n)] fEmc::i)on f’or («1};’{}"’)_ I g, g =M _)and A1) =ﬁ(pﬂ),‘ [f(p,)_—_'
=(AU, T, ), Blpa)=(, Ty, d2), then W'=U* and dy=dy ‘ I'or. any
%, ¥ X if pi(x, 3)=0 then po{x, v)=0 (il go(x, y)=0 it follows Clx, v)e
eU2=); then therc is «>0 such that (v, v) € Bi={(u, v} : a1{w, v) <.':z},
hence pifx, ¥)>a>0). If py(x, v}=0 there is 2= 0 such that C'.r, '\')e?ﬁ,
ace C(x—~y) M=% Then it follows that & (C{x, v))=d={C{x, 1)) !ut
(C(x, 3))=i1—p1(x, ¥)=d2(Clx, v}}=1—ps(x, v}. Hence glx, v)=gslv, v)
every v, v X. ‘
Refrark-3. It may be noticed that, if =8 and flo)=(U. T, d),
estimales, the dilatation of entourages of wniformity U [f ¢y, g2 €N
w0 pseudometrics which induce the same uniformity, then gy=g. tff
dilatation funciions coincide. o . _
‘We shall now state three necessarvy and sufficient conditions 1n
it that an uniformity with a dilatation function (At, 7, d) = £{5W).
: ._t?"us observe that if (W, 7,, d)eU, and Aqp=n1 then U=
AXX: A4 _D_ﬂf)ﬂ, where {UL}, e = AU} is the filter generated by Aqy
Y€l

" e
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Define a mapping ¢ : 90 *—1 letting @"(4) = inf {sup d{L) s {Uverset,
ver
A2}, for every 4 €W, The triple (A", T, d") is called the canonical
yer

extension of the uniformity with a dilatation function (1, 7', d).
Remark 4. For every AW d'(d)=sup {d(C(x, )i {x, v)E A}
Proof. For every (x,y)€d C(x, y)24 and d'(A)zd"(C(x, v)). Con-

versely, for every =0 and (x, y) A there exists {U ve I, ) =9 such

that C(x, )2 n{Us*: y<T.,} and sup {d(U¥) : el ) <d"(C(x, )+ e

Then sup {sup{d(U}¥) : v €T} : (x, y) S4}< sup {d'(C(x, y)) : (%, y) €A} +

+e But A=n{C(x, y) : (v, 9) €A} 2 n{n{Us¥: yT,,} : (x, ) EA}, hence

d"(A)gsup {sup {d(U¥) 1y =T, .} : (%, ) €A}, Therefore d(A)ygd (C(x, ¥)).

Remark 5. d" is an extension of d.

Proof. If C(x, y}= AU then d"(C(x, y))<d(C{x, v}} and for every
e>0 there cxists {U,:y<T}cq such that C(x, y)2n{U,:y<I} and
@ (C(x, y))>sup {d(U,) : y €T}—e ; then there is vo=I such that (v, y) e
‘= Uy, hence d(Uy)2d(C(x, )). Then d'(C(x, 3))> d(C(x, y))—e and it
follows that @(C(x, y))=d(C(x, ¥)). For every U et d(U)=sup {d(C(x, 3}) :
: (x, 3) € Up=sup{d*(C(x, )) : (%, ) SU=d"(U).

Now, for every (W, T,, d) =, denote by :

w(U)={(x, y) : C(x, ) €U, d(C(x, y))> d(U)}UAau.
Ua={(x, 3) : Cx, 3) €U, d(C(x, y))>a}u Ay,

for every Uei and a [0, 1).

Theorem 3. Let (U, T, d) be an uniformity with a complete dilata-
tion function and let (W, T, d'} be the caronical extension of (U T, d);
suppose W AW, Then the following statements are equivalent :

(i) (U T d)=pEm);

(i) the restriction of d' to UW'—AL is | ;

(iii) for every UeU w(U)eU and 1 =d(U);

(iv) for every a<=[0,1) U, e,
where d(A) 1s the closure in the usual topology for I of image of W under d.

Proof. ()=(ii}: If (W, T,, d)=p(@M) there is ps M such that
(W, T, d)=p(p). For every 4 e —at d'(A):_sup {d°(C(x, 3)) : (x, ¥) €4}
But W={AcXxX:4> Aqg} and if (x, y)=A then p(x, ¥)>0; hence
C(x, y) €t Therefore d (4)=1—inf{p(x, 3): (x, ) €4} If a=inf {p(x, 3) :
:(x%, )€ A} >0 then B,=A and 4 4. Hence dlqge _qp=1. "

(ii)=(iii) : For every Ueat Aqst(U) ; hence w(U) =", &' (u(U))=
=supid'(C(#, y)) : (x, y) Su(U)} =sup{d(C(x, y)) : C(x, y) = U, A(C(x, 3)) <

<d(U)}<d(U) <1. Therefore #(U) U, If 1 €d(U) there is > 0 such that
d(U) <1—e for every U et Now, for every 4 €U"—4a¢ and {Uy,:yel}cu
such that 42NV, we have d'(4d)gsup {d(U,):v= '} € 1—¢; hence

el
a(A) # 1.
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(iii}=(iv) : For every @ =[0, 1} there is U €4 such that « <d{U) <1.
Then w{U) e and by w{{Ncl,, U, = _

(iv)=>{i} : Define a function p: X xX-I by IEttlt-lg plx, v)=1—
—d(Clx, 1)) if (x, ) f=_AL«“~ and p(x, v)=0 iff (x, v) =Aq,. Since (x, x) SAq,
p(r. x)=0. It is evident that p(x, y)=p(y, ¥). Now, let v, y, 2 be three
points; if p(, y) = p(x, 2) +¢(y, z) and g(x, 2)> 0= p(y, 2} we have d(C(x, ¥))<
<d(C(x, 2))=Tnx(d(C(x, 2)), 1}. It follows by (D4) that there are U, Ve
such that AU} <d(C(x, 2)), d(V) <1 and UeV=C(x, »). But d(U) <d(C(x, 2)
implies that (x,z) €U ; hence (v, ¥)eUoVeC(x, y) ((y, 2)=dqeV). I

%, 2)=0, p(z,3)>0 and p(x, ¥)=p(x, 2) -+ ply, z) then d(C(x, y)) <
‘i?ﬁi(qz, g'(),Jd(C(.t,: ). Hence there are U, Vet such that J4(U) <
<d{Clz, ¥)), d(V) <d(C{x, z}} and UoV=C(x, y). It follows that (3, y)eU
and (x,z2)€V; hence (x, y)eUoValix, ¥). If g(x, 2)=0=p(z, 2}) then
(x, y) €Aqpolqy= Aq, hence p(v, y)=0. It follows that <. Now, let

) ’ ’ g Uer f 5 i 0 such that
Blp) =(, Tn, d'). For every Ue d(U) <! hence there is 7>
d((g)) <(l—r. For any (x, y} € B,={(u, v} : p(ut, v) <1} d(C{x, }1'))> l—r> d(U)
hence (x, y}& U. Thercfore U'=2 4t. For every a€ (0, 1] B,= {(x, ¥):
:p(x, y) <ot ={(x, ¥} : C(¥, ¥) €%, d(C{x, )= 1—2}UAqp=U;_« =U. Hence

w29, For every U &'(U)=sup{d'(C(x, ¥}): (v, ) =U} = sup {l —
—p (%, 9} : (x, ¥)e U} =sup {d(C(x, ¥)): (v, v)& U} =d(U). Therefore
(W, T, d)=P(p}.

Remark 6. If (M, T,,d)=9, and W =AU then (U, T, d) = B(&N).
-~ Proof. Define a function p : X x X — I by letting p(x, ) =1—d{C{(x, 1))
(x, ¥) ;A‘lt and p(x, y)=0 iff (x, v) Aaqy Notice first that we already
know that p s8R, B(p)=(W, T, d) and U2 U (see the part (iv)=> (i} in
he proof of the previous theorem). It means that in order to show that
s 4, @) €8(SM) we have only to proof U<, It wili follow if we remark

—

=

REFERENCES

. Menger K. — Statistical meirics, Proc. Nat. Acad. Sci. USA, 28 (1942, 5353 537.

2. Frank M. J.— Probabilistic topological spaces, J. Math. Anal. Appl. 34 (1971}, 67—81:
3. Florescu L. — Structures s yniopogénes probabilistes, Com. Math. Debrecen {to appear)
{see Zbl. 381. 34001. 1979).

Facwlty of Mathematics
Unsversity of Tass
Iasi, R.S. Rumdénia



