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En considéruag Papplication <, "/)._’.(_;‘ll?—ﬂ"[)f(E) donnde pa

o . ..
(41) o (f,:,-—-‘ @:?1"‘@(1.1‘1] (iy) = (}%‘,3'5-70-‘ ®dl"’) A
dx Vi dn}
on a

Proposition 4.3. 7y chanitp de tensenrs I° SDOVNE) est invariant ¢ droite
Si el seulement 'l existe « =AM of S=DYMY tels que
(42) F=a"T457),

0l T, est donndce par (47).

On obtient " aussi

Proposition 4.4, Lensen: bl ROUE) des champs de tensenrs de fvpe
(1,1) sur E, mvaricnls 4 dreile, est un sous-maodide di niodule VIDUE) suy
), dsomorphe avee le module F(M) xDYM) sy (1),

n raisonncment analogue a cejui fait pour les champs de vee
teurs invariants nous donne -

Proposition 4.5, {/,, champ de lenseurs de Lype (1.1) sur E est inpg-
riant & gauche (res P d droite) sioef scidement sisq dérivée de Lic par rapport
a tout champ de vectenrs ineariant @ drogte (resp. a gauche) est égale @ zero.

Enfin, coemme un ckamp de tenseurs (1,1) sur I est uniquement
déterminé par ses valeurs syr fes champ de vecieurs de Ia foime S avec
SEDHM) ot X" avee XD ot X1, rdévement horizontal, caleulé
Par rapport i unc connexion quelconque sur A7 [2], on peut denner pour
les champs de tenseurs de type (1,1) invariants sur E, la caractérisation
sutvante :

Proposition 4.6. clusnp de lenseurs de Ipe (1,1) sur E est inva.
viant 4 gauche (resp. i dioile) si el sculement s'it exisienie fonction o e'F (M),
un champ de lenscurs feDYMY of upy conmexion linécire V sur M tofs gite
Pour tous Se, M) et X DY) on
(43) F(S"y=aVs", Xy =av X b7t xf),

{resp. F(SV)=a"§v l"(X”)~_—.o¢"A""+~:2(fx,r')),
ol Ty, T, sont les applicctions difiiyes respectivenent pay (36) ef (47) ot iy/
le chanip de tenseurs de type (1.4Y sur M, donné Pur
(f) (Y)=f(X, ¥).
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TANGENT AND FRAME BUNDLES OF ORDER TWO

BY
C. T. J. DODSON and M. S. RADIVOIOVICI

1. The Tangent Bundle of Order two. Given a smooth n#-manifold A
. The

e ivalence
o le P®M irom equiva
. : . we construct a l)un(l__ i We adopt a
wl@ dtl:flsa(lfl;?éq’??[):i{f which agree up to t.hcu aL?Ll"e]at’:losnlaCCLthai ?was
Clabs((lz‘s '(1)t¢ frec 'approach to achieve cssentlﬁlly the [&:ﬁm(cf palso 2])
coordinate- s Ishihara . :
constructed locally by Yano and (— e )—Al | f(0)y=x, some

Definition. (Vx=3M) C,={smooth f:

2=0} and (Y. heC,) [~ i=f(0)=h(0),

f==ohe=f(0y=h(0) and (f(0) =h(0)

- g ,ﬂt [ U to’ ) [S ”l on thf
wkl,?f f(“ld f are Hl«fﬁ tan’gf”t 6610611) (112 accele 100 Vel fif’ i g
o K

fi(~5, &) =TTM :¢-D,f(1).

. x ~x U (1 < 15

¢ aience re

JEb’HC” k l o1 CaCll X E Itl e d“.(l ire *JULV hf ’Ia‘ 10118
[OI[‘C EI! :J/ I 15 SCt~t]1LOICthRH§ equ.l‘alcnt t() Tzfli 5 UIl C(a/ll [(_’a(ll]s

J I3 l‘ S C d S0 (5 o ™z -
b(, gl\ en t}l(‘ same 3 CCtOI - paCC tl U(:[ul an W ]l $ AN 4 nd

fura ) Ol . 3« f Oom
! C]. 1 r nc
l LCt bUIl(“L W ltll fll)]. e I{ ovel lll l recls % 15 4 iu t()l T

crrve f fi(—e,&)>TM 1D f(1)

o Vbun (cf. [17). ' .
e \t\?c c;in b(egin in a similar way to use =, :

T M

TAM =C,|==., l“”ﬂf—-xLEJMT‘, M

Then we have a [ibre bundle (72M, IIG, M) with
NG :TOM—~M :[fly —x

continuous in the coinduced topology. In. fact a 3n-manifold struclure is
readily coinduced through the atlases:
« (TU, Dg,)uea for TM,
(TTUq, DDgu)aca for TTM, -
It is clearly possible to coinduce a vector space structure on I

requiring tha s i i -al that

iclds i 'phism. But in general tha
by iring that DDo -ields an isomorp o S o
sf‘xm t?lr(l:”‘.l\l'illtxl:ott linca'ra]\'xag)rcc with a structurc similarly coinduced via
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another chart about v, Mistoric: i i
art : o clistorically, it was the ilure of ace '
el e uf v His e as the L voolb accelerati
:(r:il‘:lsql?;;ﬁ J(l)lfkfea.t\ ecftpxl lthz‘;lt]promptcd the introduction of covariant slrilfffzo
E rector 1ields, The appropriate covari ivaii ( s
e e S | pri ovariant derivative here arises
@ ection | that provides a consi i
. tha L siste 3 ’ x
spaceTshtructures to the fibres T/, T senmentol vecto
eorem 1.1. T9A7 s o wveclor b ! ]
I1 . wndle with fibre R®™ opver M
ey }’i ﬂff (k t)?s a linear conuection V. / S ever Mg
roof. (i) Given V an M and a cha
) P i : and « rt (U, »,) Cx
15 a diffeomorphism on me-(U,) =T"-"UE, 5:1\?3 ’g;?m * M. then thee

Po: TOUL U xR [[lx, = (%, (i), (fit [E7ET)).
N e !
N\ e
U,x TU, x TU, (%, £(0), Vi (f(0)

This commutes with il rojecti
_ ' 1¢ projections onto U, and vields fibr
gye 150morpl_11sm§ compatible under changes rxof chaf't about }\'e Il?al')ls —
iffeomorphism is well-defined Lecause e

J=hef(0) =h(0) and Vi f{0) = Vi, 7(0).

Then (algoxsl’tllélfgfc ihsgﬁl[ﬁ:}w; is a vector bundle with fibre R% over M
morphism ¥ » there 1s a chart or subchart (U ») and a diffeo-
L4} N T(2)U—)U XR:?J! : [f;l,.‘::_t")(.'\.', (j;)! (fé})’

“;l}ih-efidl fibr(? map an isomorphism compatible with similar maps from
% er intersecting charts. We constiuct a chart (U, %) about '
ne - out x using ¢
. Dof0) = (i) =(2f )i
ow we shall construct a connection V in LW locally by requiring that
B Dxﬁ’vf‘lUJ f(O) =(f:§)
To do this we must solve for T'i,, the equaticns
. fz‘ = f + 1":/.1"; 1i-m
Im such a way that they yield the compoucnts of a connection satis{ying
Vakc‘?m=I‘f‘.mai
where (&) is the frame ficld determined by (U,9). Suitable IV, can be
ER o L n ¢ :

found from two types of curves :
(2) For some >0 we can {ind h=C, satisfying for some £

Poh(l)=(0,...,0,4,0 ,....,G), so h(t)=38ié.
Then we find I, from oMy, =(x, (1), (A)) by

i all
M=1%
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This process uses 1/2n?

So # such curves yield all T for k=1 ..., %

(b} Next we find ‘ . .
P;‘;m + Pf‘nl- ol P;ck + P;’nm =gy

for a curve g eC, satisfving for some &, m

Sog(t)=(0,...,0,£,0 ,...,0,£,0 ,....0) with g{t}=(8}+8,)e:.

Finally we assume symmetry of the connection by putting

Tj,=T%, for all 4, %, m.
(n+1) indcpendent members of C, to fix the I'im,

as we expect it should. It remains to check that we get the same connec-

tion via another chart map'_LfJ which determines frame fields (dq) about x
and i/2n%#n+ 1) functions I'... We know that there isa smooth map @od~!

about ¢(x} and a corresponding change of frame
é,:é’,x‘r’);,
which also relates ® and ¥ coordinates for [f]l=z, by
(f*+ PPTig)ee= (0 + B Tim)é.,
fr=Raak, = éat T, it
It foliows that, as required for a connection,
Indnt =T 8058 ma? + Em’.
Corollary 1. (Cf. [2]). T*®M is a 3n-manifold with atlas (T*DU,, $"laeca
where
o= : Py, +R*™
N /
N\ A (e, )
U, xR
for any given connection V in LM ; then T'OM is also a vector bundle with

“fibre R® over TM.
Proof. The atlas is clear enough.

Ty, = TU, xR : [flx, +{[fI~,. D22.Vin) f(0)

We have local diffeomorphisms

and commutativity with projections because
%D : TOM —-TM : (flx, —[f1~,
commutes with them. )
Corollary 2. Charis (U, ®a), (Ug, 9p) about x eM determine a local

section
Tup & Uu N UB ""'Gl(n ; R) A —)gdﬂ(x)

where
De,oDas =(I,qu) ¢ TU,-TU,.



[ C.T.J. DODSON and M.8, RADIVOIOVICT

There is a corresponding section

Qua U0 Uy >Gl2n  R) : “Qan i)
where

Db oDM; = (1. Q) : POU, »TioU
and

Qa-'? 0
QaB i ( ] .
\0 Fap

Remark. In the rest of this paper we suppose that A has a line
conncction V; a necessary and sufficient conditi

{cf. [1] p. 147). Then T3 has a structure simply related to that of the
tangent bundle : its Whitney sum with iteelf.

Theorem 1.2. There is a wecltor bundle isomorphisim
S:T29M=TM@TM, a—=S,{a)DS.u).
Proof. We need a smooth assignation of fibre isomorphisms
X280  TOM=T,M®T.M.

These arc obtained from any charts (U
we have diffeomorphisms

on is paracompactness

a» Py}, (Ug, By) aliout v =1 because

rey, TUs@®TU,

b, |l ll Dos@® Do,

U,xRen UpgxR*"xUg xR*
which each yield compatible isomorphisms on {ibres by construction
because

(DI‘Pa)_l‘O(Dw?ﬁ) and (D;(;)o(bﬁm;.
are isomorphisms.

Corollary 1. Given a chart (U, @) about x =M we obtain Jrame fields
UsTU 1x—(24),

U=T 5 5(8,),
where

5(8)) =F,®Q h=1 s 2 ceees B
S(B0 =B, ., A=n+! .. 2x.
II. Derivations and Scalar Products on T®HM. We denote by TM
the space of all C* sections of TM and we denole by PTIM the space of
all C= sections of T2, _
Definition. A derivation on TOM is 4 map V such that

(YxeM)V, . .M x TOM o TOM,

: (v,w)—ﬂ_h.w
satisfies the following properties

ar

o
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W) finearity o Vi Y pikt =;‘.{L6,w .

W) linearity © Vi p R, Vi w L
((ii) soroothiess - ve TM, we PM=Vwe T2 |
(iii) derivation : YC7f: M —R.

Voo =f. Vag and V.(f.w@)=u(f) . w+/f. Vae.

. S GE M
Theorem 2.1. Phe conncciion V in LM delermines a de_;‘z_afu])j(a :);1[1‘" ,

o : Frsevdy RNV
which we also denole by V, and a corresponding der.w:.z‘zon V‘on, o
Proof. From Theorem 1.2, we obtain an isomorphism on fle k

S POMSTM@TM 1w —S5,{w)®S:(w).

Hence we put |
(VaeM)V,: T,M x TOM=T,M < TM@TM T3,
: (1. 10) = (v, 5,(w) @ Safw) > S Vi () @V Se(w)).

v g -a chart
The desired propertics of V follow {rom these of V. We note that, for a char
(U, o) about x with respect to which
L1 L .
Vo o= I 65
we find by linearity that

v’“al_s,‘-;s-:(va‘a;‘@()). =1 ..,
V - &y, x| = Ve, 200,
Va‘s;_ =8 l'::0_+ Vafﬂ)‘_‘—_]__ r=u+1 ..,

Henee the components of V are given by

iraisﬁrgls,, i=1,.,1,
where .
=05, »t=1..,n, Ii=I37", AT=n4l ., 20,
and

[, =TA=0, a=n+1 .., 2n

_ L i=1 .,

Remark. 1t is known that every vector bundle aidmltllsla s‘cléﬁx; gr(;(églc;;.
simply by choosing an inner preduct on the fibre. or 1;(_{ el oie o o
product on eacl et o = Lo o hiom of, snity. Rowever i
joincd together smoothly via a subo e
general no unique scalar product is determined in s wal
gen On the otlier hand. a Riemannian structure p on Mhls % lscz];lrapr:)glali;clfl:‘
on TM and so we expect from Theorem 1.2 that it sr?u d determ{nes :
product on T® 3. This is indced the case and rr_loretm Lli’: ;;e
derivation on T*®M that is compatible with this structure.

Theorem 2.2. If p is a Riemannian structure on (M, V), then there is

a unique scalar product o on TOM, so making (T'?M, p) a Riemannian
bundle.
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Proof. We define each fibre inner product 0. by
0s !t TOM x DM R,
: (al b) qu(alp bl) + Px(a2: bz)
N A
(S, S 7
NS
(HIEE-'(IZ; bl®br)
The required properties of bilinearity, symmetry and positive definite-
ness of g, follow directly from that of ¢.. Since S is a bundle isomorphism

and g is a smooth section of the bundle of bilinear forms it follows that
is smooth and hence a scalar preduct on T3,
Theorem 2.3. A scalar product o on T'*'M delerniiies a uIIGHE Com-

patible and @-symmelric derivation V on TM,
(By @-symmetry we mean the natural symmetry arizing from T®M =
=TMe&TM). _

Proof. Any scalar product ¢ determines a derivation V satisfying the
compatibility condition

(Yoe TM) (Va, be TOM), v(p(a, b)) = o(Vea, by+o(a, V.b).
In components this becomes
a;;')).u. = ]-‘-‘_‘ir-". p—eu. + P:u.;r}.'

This is insufficient to fix V uniquely but by Theorem !.2 we know that the
components must be of the form

[T5,)=[A4"B] for each =1 ,...,2%.

where A% and BT are # x#n matrices. Hence a natural condition to impose

on the I'f, is symmetry in each of its component matrices A%, B*, This’

does determine the I'f, uniquely and it can be checked that they in turn
yield a derivation V on T9M.

Corollary 1. If V* is the Levi-Civila connection on a Riemannian
manifold (M, ¢) then the dertvation V induced on TOM by ¢ coincides with

Ve, as given in Theorem 2.1. That 1s, with slight abuse of domains,
v =§‘10(V°®V")0§ =Ve.
Corcilary 2. The constructions above are easily adapted to a pseudo-

Riemannian structure g on M. Then (T»M ,g) is a pseudo-Riemannian

bundle and the derivation V determincd on TOM coincides with that
induced there by the Levi-Civifa connection on (M,g).

Definition. The forsion map of a derivation V oon TOM is the map
Ty:TM x TeaM - TaM

oy
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|“4|

(X, 4) h’exfl — 51 (A0 X)), AT aX)
~§([X, Sy4)], X, Sy(A)).

Theorem 2.4. A derivation V induced on TOM by a scalar product
o on M coincides with V° if and only if the torsion map Tz is trivial (i.e.

the zero map).
Proof. The Levi-Civita connection V° in LM is torsion-free and hence

satisfics the symmetry condition
VoY =VeX ~[X,Y] (VX,YeTM).
From Corollary | to Theorem 2.3 we can write
Vo d = 51(v%5,(4), V&SHA)).

Hence, as expected V? has trivial torsion map because V? is torsion free.

Conversely, if V is induced by a scalar product p and it has trivial torsion
map then by Theorem 2.3 it coincides with V°.

IIL. The frame bundle of order two. For any smooth n-manifold
M, TM is a vector bundle with fibre R® over M. It is an associated bundle
of LM, the principal fibre bundle of frames for TM with structure group
Gl(n ;R). A cimilar situation arises for T¥#M.

Theorem 3.1. The bundle LM of all linear frames for the tangent
spaces of order two over (M, V)isa principal fibre bundle over M with structure
group GI(2n ;R) and T'9M 15 an associated bundle to LM

Corollary. LM is isomorphic to a subbundle LM of L(DM,

Proof. Maps on local triviality neighbourhoods are given by

LU Ly
L. L(a)

: 1
U xGi(n ; R) ——— U xGi(2n; R}
for U =U,n Uy and charts (U,, ®,), (Ug, Tp) about x €U where

i:(x,B)--(x’(OB 2))

Each L,, L% is a diffeomorphism, well-behaved on fibres under change
of chart. Hence there is a well-defined principal bundle morphism

LM -L®M,

and by construction LM is isomorphic to LWM ={(LM) which has struc-
ture group Gi(n ; R}y@I.

Remark. Corresponding to the canonical or basic I-form 6 on LM we
have 8, where for all wL(®M we define
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O: ToLAM x Tp LM —————— R*"
DH(E)®I)II(%) [I,’: vz 'r;f.r-—b(¢\’i)
i s
TMG TN ———— TN

‘Through expression in terms of matrices, we sce the correspondence :
0:TLM->R*: (x,5. X, A)-b70X (cf. [1]. p. 99)

Be((v. b X, ) (x, bV, B))—*b“‘lﬂ :

Using the injection /: LM LM of the forcgoing Corollary.
Bo(II. 0)=(I, 0)ob.

Theorem 2.3. Luvery conncction in LM delerimties a uniqiee conncclion
it LM and so TOLGM s a wveclor bundle if TIM 1s.

Proof. The natural candidate is that connection in L{®3f which de-
termines the derivation on T2A[ (from Theorem 2.1) arising {rom the
connection in LM which puts the vector hundle structure on Papf, We
obtain it as follows: -

Given a connection V in LM there is a unique derivation V on 749M
induced by the isomorphicm

S TOMSTM@®TM :w—5,(w)@®S.(w).

We define we FrL®M to be horizontal if there is a curve

Ci(—e ) LOM 110G (1), with ((0)=w,
such that its V-derivation is zero along thc projection

NPloc=c :{—~z, ) =M 1 t-c(t).
That is:

Vi, =0, a=1,...,2n, and Z(O)=w.
Now we put, for all el
G =ker DIIP &
Hr={weT; LM |w is horizontal}.
Then it follows that
(i) (Vi eL®M) TrLOM=Hr&Gr,
(ii} (vaeLioM) DI |,: Ho '*Tn(i)u”M is an isomorphism,

(iii) (Vg =Gl(2n ;R), V& =L®M) DR Hz =Hp 7.
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Also, the splitting in (i) is smooth over neL™®Af and hence we have acon-
nection in LM, which we denote by V. _
Corollary 1. At any #(® & L®A{ the splitting of w < T L3 into ho-
rizontal and vertical components can be displayed as follows.
w={((x"), (458,), X'@:. (Bj))=w,Bwe,
w0 =((x), (B88). X'ér (=HIRXY),
wo=((v)), (443,). 0. (Bi+5TH.XY).

Corollary 2. Ewery wector field w:M - TA has :

(i) a wnigue horizontal Lift ot LM —TLM through any given frame
uwalM

(i) @ nunigue second horizontal lift o LM - TLOM through any
given frame usL®M,

Similarly, every curve ¢ in M bas a unique V-horizontal curve through
any given 1 &L oM and a unique V.horizontal curve ¢f through any given
wsL M. ~

Corollary 3. The connection form « of V is the map given by

o TLOM —3(2n ;R) : (v, b. X, By (B -+l X)p7
in matrix form (cf. [1] p. 118), wherc as usual we identify the Lie algebra
El(2n ;R) with R, Also, from the injections
1 LM LA and J :%l(2n ;R), we have
woDl = Joe

where  is the connection form of V.
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