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ON THE INDEX OF A CONFORMAL SYMMETRIC RIEMANNIAN
MANIFOLD WITH RESPECT TO THE SEMI-SYMMETRIC METRIC
CONNECTION OF K. YANO

BY
P. STAVRE and ID. SMARANDA

In the present paper, starting from the results of Levin and
Katzin, 2], on the index of a conformal euclidian manifold, we study
the index of a conformal symmetric #-dimensional manifold related to
the semi-symmetric metric connection of K. Yano, [4]. In §I, besides
some important propertics of Yano's connection, we formulate some pre-
paratory results which are necessary in the following sections. In § 2 we
obtain the solutions of a tensorial equation, and in §3 we establish that, if
the manifold is conformally symmetric with respect to Yano's connection
and there is a vector ficld U so that the covariant derivative of the Einstein

tensor ficld on the direction of U vanishes and dS(U)#0, then the index
is 1 ; if the Einstein tensor is covariantly constant and the index is greater
than 1, it can not be greater than # 4 1.

Using the results of E. Glod ek, [1], we show what the results of
this paper become in the case of the Levi-Civita connection.

The case of conformally flat manifolds (with respect to K. Yano's
connecticn) was treated in {3].

§1. Preliminaries. Let (3, g) be a Riemannian manifold, V the Levi-
Civita conncction, @ (M) the #(M)-module of tangent vector fields, A'(M)
the #(M)-module of i-forms and

G, A M) - (M)
the natural isomorphism induced by g. The connection V defined by
(1.1) ViV =VgY + (V)X —g(X, V)G 0

where w € AY{M)is a closed 1-form, is called a special semi-symmetric metric
connection, [4].
This connection has the following propertics :

(1.2) K(X,Y,Z,Vy+K(Y, X, 2,V)=0,
(1.3) R(X,Y,Z,V)+ K(X,Y,V,Z)=0,
(1.4) KX, Y,Z,V)+K(Z,V,X.Y)=0,
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(1.5) F(X, Y, Z, 1+ KX, 2,17, Y) RN, T, Y, Z)=0,
(1.6) Ric(X, ¥Y)=Ric(Y, X),
where
(1.7) K(X,Y,Z, V)=g(X, R{z, V)Y),
(1.8) Ric(X, Y) =g(ric X. Y),
(1.9) e X= Y R(X, XX,
’ =1

X3 being an ortho-normal basis of vector fields. g )
B The fundamental property of the connection (1.1} is that the confor
mal curvature tensor ficld 1s an invariant, [4], 1.c.

(1.10) T(X, V) Z=C(X. Y)Z,
where ] - -
C(X, Y)Z=R(X, V)7 — — [XEQF, 2) ~YE(X. 2y +
(1.11) n—2
+e(Y, Z)eX —g(X, Z)eY] _S[Xe(Y, 2) Y X, Z)][n(n—1)
(1.12) X =TeX—XS/n, E(X.Y)=g(eX,Y)

If the covariant derivative of C with resnect to vanishes identically,
we sav that (M, g) 1s V-conformally symmetric, 3

Lemma 1.1. If (M, g) 1s an a-dimensional Riemannian V-conformally
symmetric manifold, n>2, then

(1.13) fi_}l(ﬁui)(xf, Xy =0,

where { X} ts an ortho-normal basis of vector fields and U is an arbitrary vector
Jield. B
Proof. ¥rom Vi€ =0, we have

R i - i -

(Ve R)(X, Y)Z = — ; X(VyENY,Z)—X (VeENX, Z) +

"
(Y, 2)(Toe)(X)—gX, 2)(Vee)(¥) +dSU)Xe(Y, £)
Yg(X, Z)f{n(n 1)1

Denoting ¥ =Z =X and taking the sum, we obtain

(1.14)

Z R(X, Vo XX+ R(X, XgVeXd=—X Y (VoENX 1, Xi)[(n—2).
peal
[

Using (1.2)-(1.5), the above formula becomes
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}jlg('w'r,,,x., R(Xs, X)Y + R(Xy, Y)X)=—
(1.15) o

n

—4(X, ¥) '}_]] (VuENX e X)f(n—1).
Taking X = Y = X, and summing, we find
(1.16) 2(n —2) i;'g(ayX, ric X)) =n \;] (Vo)X X))
On the other hand, from ("ff(.g){-:\-’,-, ricX:) =0, we obtain

(1.17) 2% p(VeXs, ric X)) = 2, (VeEHX ., X3,

From (1.16) and {1.17) wu get (1.13).

Lemma 1.2. Let (M, 2) be an n-dimensional Riemannian V-conformal
symmelric menifold, n=2, 1f Vi Ric=0, then VyE=0.
Proof. By lemma [.1. we have:

(1.18) Z, (VoRicHX:, Xi) =dS(U),
and from the hypothesis it follows that dS =0. Using (1.12) we obtain V,E =0.
Lemma 1.3. Lef (M, g) be an n-dimensional Riemannian V-conforntal
symmetric manifold, n=>2, and VyRics#0. Let W be a non-vanishing differen-
tiable function. If YV, Ric and g are lincarly dependent, then VyE =0.
Proof. By the, hypothesis there is « SAY(MM) so that :

(1.19) W(VRIHX, V) =a(U)g(X, V).
Using (1.18) it follows that
(1.20) YiS=nax

and the lemma is proved.
§2. The soluiions of a tensorial equation. Let (M, ¢) be an #-dimen-

sional Riemannian manifold, #>2, V the special semi-symmetric metric
connection of Yane, [4), and take the tensorial equation

2.1 H{(VyRYX, V)Z, V) + H{Z (Vy R}(X, Y)V)=0.

where U is an arbitrary vector field and H is a symmetric tensor ficld. The
solutions H of the equation (2.1} are intimately related to the question of
the index ¢ corresponding to V-conformal symmetric manifolds.

Theorem 2.1. I/ (M, g} is an n-dimensional Riemannian V-conformaily
symmetric manifold, n>2, then the cqnation (2.1} is reducible to the canonical

Jorm
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I .
|H(X, 7)— Lt Hg(X, 2) HY.V)—=tr Hg(Y, V)] g

(2.2) # n
(VoENX, 2) (VoE)(Y. V)

If L

(2.3) VyE#0

then (2.2) has the general solution

@24)  Hy(X,Y)=/(ToRi)(X, ¥) + :: [rHy—n.fd S(UY(X, ¥)

where f is an arbitrary non-vanishing d.iffercntiable Junction.
Proof. Using (1.14) and (2.1) we find
H(X, Y)(VoENY, 2)—H(Y, VIV E)X, Z) +H(X, Z)(VeE)Y, V)-
_H(Y, 2T E)X, V) +¢(Y.2)H(T(X), V)= el X, D H(Vue) (V) V) +

(2.5) rolY, VIH({Fpe)(X), Z)—&(X, VIH((Vue)(Y), Z) =
_ n=2 4S(U) g(X, DYH(Y, V) —g(¥ 2HX, V) +(X, VH, A=
n(n—1) —g{Y ,VYH(X,Z)].

Denoting X =Z =X 1n (2.5), using {1.13) and taking the sum, we get
(n = H((Vwe)(V), 1)+ H(, Foe)(¥)) = (VoENY, V)ir H -

o ’13—21 dS(U)H(Y, V)= ; v Hg(Y, V)] e(¥, V) BH(Voe)(X0.X0).

"n —

From the symmetry of the right-hand member of (2.6) we have

(2.7) H((Voe)(Y), Vy=H(Y, (Voe)(V))-

i A " b 7 by Y, take the sum
N ; jace in (2.5) X by Z, Z by X, ¥ by ¥ and V by Y, ' .
:)fo?},xg‘:or-(;%tained (formula and (2.3). Then using (2.6) and (2.7) we obtain
(2.2). The equation (2.2) depends obviously on the vector field U ; that 1s
why we shall denote the solutions by Hy. As Vi #£0, the tensor fields Hy—

- l‘cr Hyg and V,E being proportional, (2.4) follows.

n =
Theorem 2.2. If (M, g) is an n-dimensional Riemannian V-conformally
symmetric manifold, n>2, and if there is U =6(M) so that

(2.8) VyE=0, dS(U)#0,
then the solution of (2.1) 1s
(2.9) H=fg,

where f is a differentiable non-vanishing function.
%roof. Using (2.8) the formula (2.5) becomes

(2.10) (X, Z)YH(Y, V)y—glY, VYH{X,Z)=0,
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and consequently the tensor fields /I and £ are proportional and the theorem
is proved.

3. The index of (M, g}. By the index iz of a manifold
M with respect to the cennection V, we understand the greatest number of
2-covariant svmmetric R-independent tensor fields.

As ¥V is a metric conncction, it follows that i is at least 1.

Theorem 3.1. Let (M, g} be an n-disnensional RNiemannian V_-ronformal
symmnetvic manifold, n =2, If theve is a vector fietd U =G5(M) satisfying the
conditions (2.8), then

ic=1.
Proof. From thcorem 2.2, and from the fact that VyH =0 and Vyg =
=0, it follows that f =constant and the theorem is proved.
Theorem 3.2. Let (M. 2) be an n-dimensional Riemannian V-conformal

symmetric manifold, w =2, for which the lensor field E 1s not covariantly cons-
tant. If o= 0, then theve 1s U e®({M) so that the equaiion

(3.1) VieH =0
has the fundamental solutrons
(3.2) H,y=g, Hy=VyRic,

where & is a differentiable non-vanishing fwiction.

Proof. As E is not covariantly constant, there is U so that we have
(2.3) and then the gencral solution (2.4) of {2.1) depends on U. As g is obvi-
ously a solution of {3.1), it satisfies identically the integrability condition
of (3.1), which is exactly (1.3), and also the differential consequence of these
(2.1). Thercfore g and Hy given by (2.4) are solutions of (3.1), which has at
feast two solutions as i3 = 1. These two solutions are independent. As YV Ric
arce expressed as a combination of these solutions and by lemma 1.3, WV, Ric
and g arc independent and we get (3.2),

Note. A nccessary condition to be satisfied by U is
(3.3) (Vo RicHR(X, Y)Z, V) + (VyRic)Z, R(X, Y}V =0,
which is obtained from (2.4) and the integrability condition of (3.1).

Theorem 3.3. Let (M, g} be an n-dimensional Riemannian N-couformal

symntetric manifold. n>2, for which the tensor field E is not V-covariantly
constant. If 15> 1, then ig<n+ 1.
Proof. l.ct p be the number independent vector fields for which we
have o
VeE #0, i=1, ..., p,

and let '.,'J.VL-‘Ri(-: and ¢ be the fundamental solutions of 6U5H=0. Obviously
<, as Uy are independent. The theorem is completely proved.

Note. If in (1.1) we take @ =0 then V is exactly the Levi-Civita connec-
tion. In this case by Glodek’s theorem, [1], the formula Vi€ =0 gives
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is exactly : { Levin
: “_0 the problem is exactly that ol e
o CC-() (t‘;élo, the theorems 2.2, respectiv ely 3.1,
'2.1, 3.2 and 3.3 are still valid.

C=0 or S constant.
and Katzin, [2]. For Vy l
are not valid, but the theorems 2.1,
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KAEHLER SUBMANIFOLDS WITH PARALLEL NORMAL
CURVATURE TENSOR

BY
FLORENTINO G SANTOS

1. Introduction. L¢t Af be a Kachler. submanifold of a Kaeliler mani-

fold of constant holomorphic sectional curvature ¢, Mfc). In [3], Chen
and O giu ¢ prove that the connection of the normal bundle is flat if and
only if ¢=0 and I is totally geodesic.

Thus, in order to study Kachler submanifolds of the complex projec-
tive space we must give weaker conditions abcut the normal curvature.
Some of these conditions were studied by Ishihara, {4],and Barros-
Santos, ']

The purpose of the present paper is to classify Kachler submanifolds
of a Kaehler manifold of constant holomorphic sectional curvature with
parallel normal curvature tensor,

We obtain the following

Theorem. Let M be an n-dimensional Kachler submanifold of an (n +
+p) -dimensional complex-space-form, M(c). Then the normal curvature ten-
sor is parallel if and only if the second fundamental form is parallel.

The author wishes to express his sincere gratitude to Professor B a n g-
yen Chen who gave him valuable suggestions.

2. Basic formulas. Let M be an #-dimensional Riemannian submanifold
of an (n +p)-dimensional Riemannian manifold M with Levi-Civita connec-
tion V and metric tensor g. Then the second fundamental form o of M
in M is given by

2.1 VY =YY 40X, Y)
for any vector ficlds X, Y tangent to M, where V denotes the Levi-Civita
connection on M.

If § is a normal vector field on M, we write

(22) V_Xiz _AEX+V{'E,

where —A4.X (respectively, V¥ %) denotes the tangential (respcctively, nor-
mal) component of Vyz£. Then we have g(A: X, Y)y=g(o(X, Y), £). V1 is
called the normal connection of 3 in M,

The normal curvature tensor is given by



