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KAEHLER SUBMANIFOLDS WITH PARALLEL NORMAL
CURVATURE TENSOR

BY
FLORENTINO G. SANTOS

1. Iniroduction. L¢t M be a Kachler. submanifold of a Kaehler mani-

fold of constant holomorphic sectional curvature ¢, M{c). In [3], Chen
and O giu e prove that the connection of the normal bundle is flat if and
only if ¢=0 and M is totally geodesic.

Thus, in order to study Kachler submanifolds of the complex projec-
tive space we must give weaker conditions about the normal curvature.
Some of these conditions were studied by Ishihara, [4],and Barrtos-
Santos, 1]

The purposc of the present paper is to classify Kaehler submanifolds
of a Kachler manifold of constant holomorphic sectional curvature with
parallel normal curvature tensor.

We obtain the following

Theorem. Let M be an n-dimensional Kachler submanifold of an (n +
+p) -dimensional complex-space-form, M(c). Then the normal curvaiure ten-
sor is parallel if and only if the second fundamental form is parailel.

The author wishes to express his sincere gratitude to Professor B a n g-
yen Chen who gave him valuable suggestions,

2. Basic formulas. Let M be an #-dimensional Riemannian submanifold
of an (# + p)-dimensional Riemannian manifold M with Levi-Civita connec-
tion V and metric tensor g. Then the second fundamental form o of M
in M is given by

(2.1 VY =V:Y +o(X,Y)

for any vector ficlds X, Y tangent to M, where V denotes the Levi-Civita
connection on M.

If & is a normal vector field on M, we write

(2.2) V= —4, X +ViE,

where ~A4:X (respectively, V4 ¢} denotes the tangential (respectively, nor-
mal) component of VyE. Then we have g(4eX, Y)=g(o(X, ), £). VL is
called the normal connection of M in M.

The normal curvature tensor is given by
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REX, Y)=VAVE - VEVE vy,

v
Then RY is parallel if 6,,1cl=o, for any vector field U tan ent to Af, where
2 g
(Vo RY)(X, Y)E = VA RHX, YyE) — RE(Vu X, Y)E—RYX, VeY)E -
—RYX, Y)VEE.

Y ano and Kon, [3], define the covariant derivative of 4 by

(2.3)

(2.4) (Vud ) X = VoA X) ~Ax b X — 4V X,
and 4 is said to be paralle! it v, A =0 for any vector field U tangent to M.
It is easy to prove that
(Vo) X, Y)=g(X, (Vod)Y).
The equations of Gauss, Codazziand Ricci are given, Tes

pectively, by
RIX,Y,Z, W)= R(X,Y,Z, W) +glo(X, Z), o(Y, W))

(2.5) B¢
| ---g(c(X, wh, ol ,ZZ‘),

(2.6) (R(X, V)2 =(Vxo) (¥, Z) — (Vrol X, 2),

(2.7) R(X, Y, & m) —Rt(X, Y, £, n) —g([dg, A]X, Y),

fgr any vector fields X, Y, Z, W tangent to M and &, 'r,_normal to M, where
R (respectively, K) denotes the curvaiure tensor of M (respectively, i,
(R{X, Y)Z)'L is the normal compencnt of R{X,Y)Z and Vxo is given by
(2.8) ([Vxo)(Y, Z) = Vi(a(Y, 2)) ~o(VxY, 2) —o{Y, V4Z).

1f V4o =0 for any vector field X tangent to M, then the second fun-
damental form is said to be parallel. It is easy to see that A is parallel if
and only il & is parallel.

Let 3 be an (u+p)-dimensional Kachler manifold with complex
structure J and metric tensor g. AT is called a complex-space-form of cons-
tant holomorphic sectional curvature ¢ if the curvature tensor K& of M sa-
tisfies
R(X,Y)Z=

(T, T —g(X, ¥ +¢UT, D) JX (N, 0HJY +
+2g(X, JY)JZ}
for any vector ficlds X, Y, Z on 7. We denote such a space by M(c).
3. Some Lemmas. Lemma 1. Let M be « Kachler submanifold of a
Kaehler manifold M. Then
(ﬁu‘l)JE =J(§b‘4)a, ({"[,'A)zj = _J(V.(.fl)ﬁ‘

for any vector fields U tangent to M and £ normal to M.

N

(2.9)
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Proof. 1t is known that A,, = 4
, s 1 b ot z Ay oz = =17, . :
we have that M is minimal. The rJe:'g.ul-t]i'obllc?\?;1 from;J(Z 4)]145‘ from which

Lemma 2. Let M be a Kaehler submanifold of Jl_'I(c). Theuw
(6-11"4)5 = "J(%A)Es
for ma_\) veclor ;/"r'm.’ds Utungent lo M and ¥ normal lo M
Proof. From (2.6) and {2.9) we have .
- &((Vouo)(X, ¥),8) =g(Vxa)(J U, Y), &).
This is equivalent to

| §((Vosd)eX, Y)=g((Vx4).JU, Y).

Now, the result follows from Lemmé 1.
4. Proof of the Theorem. Fr

et B Remg O he o rom (2.7), (2.9), (2.3) and (2.4) we obtain
(4.1 ¥ v
(4.1) [(Vod):, Ay]=[(VyA),, Ag]
for any vector fields U tan
or an e gent to A and &, vy normal to &
putting n=J& in (4.1), we have VyRL =0 if and only i(f) o bemma
4.2 - v v
(4.2) Ag(Ved)g=(VeA)p Ay =0.

Then, if the second fundam i
1, ental form is parallel
so from {4.2) the normal curvature tensI;r is pa?’aill;lltow et

Conversely, if the normal i
. : Yoot ¢ al curvature tensor is parallel g
ield normal to M such that 4;#0. From (4.2) we clzm firfd, ]zfrt %32311‘0(;?125

basis {e:, fei}. 1<i<n, that diagonalizes 4, and (VUA)E simultanecusl
g Y,

A is parallel,

b, Ha .

}\l'_.. 'p“.

. e

— A .
- " Ll

= - —

If A P . -

f%o, 1'~<-.1€.. :l, th(,n fl‘om (4.2) FL5=O for any I‘-‘;..i‘-'-(...n, that iS (GUA)E:

0.

<i<n %’;;,cl <t<n, be an index such that ;=0 and x,%#0 for any j#i, 1<
. an suppose that 75~1 and then we take the holomorphic 'E)&s?s

{elj cneny €1 +e£, cassy Epy JBI, cieny JBI +‘]gf’ _“,Jen}.
In this basis
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+ % +1 t n+1
- - 0
M 7\1 )

. 0
?\1 7\1 [-LfO
= Aa V) = 0
Ae= —h, T 8 (Vudle 0, :
e 0
=) M. g

and from {4.2) we obtain ui=0. So, (VypA);=0.
Finally, let &, £' be two veetor fields normal to A such that Az#0

and Ag =0, then from (4.2)
0= Agsr(Vod)gre = (Vod e Arse

this implies that
0=Ag(Vyd)e =(Vod)ede
hat (VyA)e=0. This concludes the proof.
It is possible to apply this result to the problem of reduction of co-
dimension, studied by Cecil (2], for this type of immersions.
Corollary. Let f: M —M(c) be a holomorphic and isometric {mmersion
of a connected, complete, complex n-dimensional Kachlerian manifold M inlo

an (n+p)-dimensional complex-space-fornt, Mc). If the normal curvaltre
tensor is parallel and the first normal space of the immersion has constant

dimension k, then there is a totally geodesic (n + k)-dimensional submantfold
N{c) such that f(M)<N(c).

and reasoning as above, we obtain t
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A GEOMETRICAL ALMOST AFFINE M ODEL

BY

ANDREI RUGINA

T . .
- il;f; Eo;:lllorgg?f ;;To'fitmafof;nfth;?: (o;fcr a field) was introduced by
1. g sent paper i i
;iilarll;%%(;;ifco%ﬁhls structure ; we notice that gllptheli]tc?degll; ;lieiiiomlftncal
are algebraic. T 1};: naturalness of the construction of such a model (y T?wn
o strengh‘ten tﬁa easily extended to an important class of finit Todels)
' : ¢ interest for the study of the alm e space )
prov csl tllelr geometrical consistency. B
P a?}?rfz ;\f;fé:e Spaces. In this section we recall the definition of th
P paces, given in [9], and make a brief review of thei in
e . ir main
(4, ,}g p g E‘:)I‘le 2rb1trary skew-field and let | be its identity. Let M =
T :‘I , UJ set, wh'ose elements are called points. The eie'nments _f
he bé x M are called oriented segments of M, denoted by (4, B i
the puotizntequlva_lence relation on M x M. We denote b T'}A{¥'M) T,
q nt set with respect to the relation p and by py- M xﬁff( - ;x’gj)'{P
: its

atur jection, W (B
2; :}::Isztrcgfcctllotn. \\. e genote P(AB)=AB, and say that 4B is the vector
f determ i AB
vt ined by the oriented segment 4 B with respect to the
Definition 1.1. On 1k
amos) )aé{ine e ;fn ¢ nonemply set M we have a structure of of a K-
a) The equivalence relation 1 is gi 114
» T% -"%E'th M e wctorsp 501? ﬂ]ldf_{ x M is given, defining the quotient
6 ’ . -
e ave @ mapping i #: K x TMoTM, »(«, x)=arx, Ve K, Yz e
¢) The first and the second |
. groups of axiom 2 11
i wﬂ'{f;e pa;r (M, ot), where oA is a struci,;re of ask('f;;nf);l? g e
¢ called a K-almsot affine space. B s

First Group of Axioms
I, VA<M, vxeTM, IBeM: AB—g,
I YA,B,A'sM :AB=A'B=dAd=4A’,

. I" VA’ B:C A’ B' C' (R, '_;—’r gy " S ——
(M@ro” -OjJat',t’s ,,t?’!:an’g[g“’ uxi:f)..dB:A B y BC:B'C?::-AC:A’C'



