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and from (4.2) we obtain pi=0. So, (VyA4);=0.
Finally, let &, & be two vector fields normal to A such that A;#0

and Ay =0, then from (4.2)
0 = Ao Vo) =(Vod sy Auie
this implies that
0=A¢(Vyd)e =(Vud)zde
¢ obtain that (VyA4);=0. This concludes the proof.
It is possible to apply this result to the problem of recduction of co-

dimension, studied by Cecil [2], for this type of immersions.

Corollary. Let f: M —+M(c) be a holomorphic and isometric THLIersion
of a connected, complete, complex n-dimensional Kachlerian manifold M inio
an (n +p)-dimensional complex-space-form, M (¢). If the mormal crvalure
tensor is parallel and the first normal “space of the immersion has constant
dimension k, then there is a lotally geodesic (1 + k)-dimensional submanifold

N{c) such that f(M)< N(c).

and reasoning as above, W
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Th . .
— r(; goit;OIEQS)f ];};To’fitmafof;ntethace (over a field) was introduced by
]. ; present paper is to give i
Z?ila?l%%i;for'l’tlhls structure ; we notice that Ellpthe mc?degll; :11? gcéiomlt{etncal
:[ion \fr{hi(;h 121 '.g:natu!'alness of the construction of such a mod::zla onstruc.
ton bt h‘tn e ca_sﬂy extended to an important class of fin't(wmtmc-
y ghten the interest for the study of the almost affi Pl
prov cs1 tI.}&eIlr gcometl:lcal consistency.  alfine spaces and
K-alm-;st alfl}?r?z ;;f;fé:: Sgllasggs] Ingthis section we recall the definition of the
P . n [9], and make a brief review of their main
Let A be an arbitrary skew-fi
. }_ v skew-field and let | be its identity =
thi ,t :UC, ...; be a set, whose elements are called poz’nts.e'?ltmlet}e‘léll;fgn? of
e sebx‘ x M are called oriented segments of M, denoted by (4 iz
Lot guoetiiﬁtegutwa'lf]?ce relation on M x M. We denote by T'}M( (ﬂf):ﬂﬁi
et with respect to the relation 2 :
e t se: h ne relation p and by p: M xM—-TM i
0;1 tl.l}::lsptrcgfctlon. \t. e denote p{AB)=AB, and say that 4B is ;;e leff ;ts
S et M determined by the oriented segment 4B wi e
ot with respect to the
Definition 1.1. On h
moet )qu;"‘ine o ;fn e nonempty set M we have a structure of of a K-
a) The equivalence velation o on M x M is gi 41
» Tz:)[) Lilthx A g ihe vectorsp o M.x M is given, defining the quotieni
g a ’ . -
72 ve a mapping i : Kx TM-TM, x(a, x)=asx, YVaesK, Yz e
c) The first and the second
. groups of axioms (see 'fi
i wﬂ'{}; }g:;lr (M, ot), where ot is a structure of a I&(’-;snf);i? s
lled a K-almsot affine space. e

First Group of Axioms
I, VA<M, YxeTM, 3BeM: AB=x,
I, YA,B,A'sM :AB=A'B=d=A",.

L. VA, B,C, A, B,C'eM. AB=A'B. BCoBC odCdic
(Mﬂ’Oﬂ _Opa':‘t,s ,,t?’t‘ang[e“’ axiom).'AB-—A B y BC:B'C'=>A6=A’C'
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The vector A_Z is called the nnll vector of 3/ and is denoted b};ﬂ.
The vector ]}Z is called the opposife vector of AB :111di5:3€11(‘)t(‘(1 by - AB.

Let (x, y)e T x TAl and A<3{. Then 1,B=M:AB=xy, and 3,Ce

{which doecs not depend on the point 4)

eM: E’E=y. The vector AC==x R
i d the sim of the veclors v an r=aty. BT
N Callf)efir:?tion 1.2. The mapping + (¥, 0] I‘\f[x TJ[U A+
e TM. is called the cddition operation of the vee ors ?_};1.‘ - = fielian)
It is casy to see that the pair (T, +) is a {generally not
gl—Oup.Sec:ond Group of Axioms. If the addition of vectors 1is gived b
finition 1.2, then

I, YasK, Ya,ysTM: as(x ) =owy +ax).

11,. YVaBek, VxETM:(cx+[3)s<x=cc*x+ﬁ*x.

II,. VapeK, YvaeTM: aw{Prx) = (af)rx.

Definition 1.3. We caill torsion of a K-almost affine space 3

E M.
g TM » TM——{(x+3) +{y+x)eT: ' B

pe .Tfu; (;(jgl)tfe lgroup (T, g—) is Abelian if and only if the torsion of

M v.aa;zll(f:il a K-Weylean almost affine space structure onbth'e ngilenllgaqt;
set M the structure obtained by replacing the axiom I; above by as

chevsky's axiom (so called ,the parallelogram axiom") :

Yx, 3

4 the de-

g, the map-

1, VA, B, 4', B eM:AB=A'B =AA'=BB".
It is easy to see that any K-\Weylean almost affinc space is a K-alm
i i up (PM +) being Abchan. | _ ‘
affmeI‘?Eii?rlilgfbgf’s%n(ethod of modcls, we tan prove that the axmmlfogf
the first and second group of axicms for a K-almost afflnc\\gpafC arflmost
contra;iictory and independent. The same 18 true for the K-Meylean al
affine space structure rg, 9. .
Proposition 1.1. For the K-almost affine s
tions ave equivalent : ‘ : :
: 1) lfx=x, YxeTM and x+y=y+% V%, yeTM (that 1s, M is a
veclor space). N »
1) Yxe TM]{0} : 1+x5#0. - .
iii) The mapping »: K x TM —TAM is surjective.
A K-almost affine space M is called : .

a) — K-almost affine trivial space if TIE{={0},.

x=0 VaeK, YxeTM.
f lex=x. VxsTM.

a K-affine space.

ost

pace M, the following condi-

b)Y — K-zero almost affine space if o
ci -- K-unitary almost affine space 1
Of course, a K-unitary almost affine space 1s
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The set of vectors TM of a K-almost affine space A is called the asso-
ciated (or tangent) almost lincar space of M.

Let M be a K-almost affine space and T its associated almost lincar
space. We denote by zPAM the maximal zero-almost subspace of T, and
by «TM the maximal unitary almost subspace of TAf, Then @

Theorem 1.1. (M iron[9]). i} T'n T there cxists a uniquezTA ={x|x =

=TM : lex=0].
i) Ju T there exists a unigue nTM ={x{xeTa: 3ye T, x=1%y].
iti) zM s a wnormal almost siubspace of THM.
iv) ulM is a K-linear space,
v) The quolient K-almost lincar space TM[zTM 1is a K-linear space
isomorphic to wT M.

vi) 2 PM N uTM ={0}.

vii) Any x=TM is uniquely written in the Jorm: yx=rx,+x, 3,
szTM, v,€ul M.

Theorem 1.2. PM is the divect sum PM =zTM 4+ uTM if and only if
u DA is a normal almost lnear subspace of TM.

As an immediate corrollary we have: :

Theorem 1.3. (Liebeck [6]).7f the group (TM, 4 ) is Abelian, then the
sum TM=zTM+ulM is direct.

The following theorem is fundaumental, giving a structural characte-
rization of K-almost affine spuaces :

Theorem 1.4. (Radd [13]). Let 2T M be a K-zero almost lincar space and
uTM be a K-linear space. Then ¥6€ Hom(uT M, Aut}zTM)), there exists
the semidivect sum :TM +oyuTM=TM, given by the sel {(x, y)]|x=2THM,
yeul M} the veclor operations are: (x, v)+{x', ¥ )=(x+0(3)(x), »+2'),

ak(x, v)=(0, axy). Defining i,: 2TM T M andi.: uTA - TM by i,(x)=(x, 0),

and 12(y) =(0, v}, the maximal zero-almost lincar subspace of TM s i,(zT M),
and the maximal unitary almost linear subspace of THM is 1,(uTM). Up to
K-isomorplisms, every K-almost linear space can be obtuined in flus way.
On the basis of this last theorem, algebraic models for the structure
of the K-almost affine space can be obtained.
The notion of almost affine subspace is introduced naturally in the
following way : Ict M be a K-almost affine space and M* be a subset of M ;

consider the set of vectors TM*={ABeTM:4, BeM*}.

Definition 1.4. The subset M* of M is called an almost affine space,
if the following condilions are satisfied :

a) The restriction of the mapping =to K x TM* is valued in TM*;

b) For the pair (M*, TM") both groups of axioms are verified.

Proposition 1.2. There evisls a unique almost affine subspace M* of
M, which contains a fixed point A, €M and has a given associated almost
lj:teﬂ; )s;‘mce TM*<TM (TM" is called the divector almost linear subspace
0 i

Definition 1.5. We sav that the almost affine subspace M.+ @ is para-

g;l“t?utke almost affine subspace M, if TMycTM,, and we denote this by
1 2.
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The relation || is reflexive and transitive. Let Mo# @ be an almost
affine subspace of M and TAM, = 7M. Then. through cach point A4 €Al
passes a unique almost affine subspace M, parallel to M., having TM,

as dircctor subspace.
Definition 1.6. 4 family (F =(M)ier of almost affine subspaces of M

is called a foliation of M if:
ay viel, M#J.
b) YAeM, 3, =l :AeM,.
) vi, jelI, MM,

An clement M= is called a loaf of the foliation 7 .
Proposition 1.3. There exists a single foliation (F in M with the properiy
that all its leaves have the same director stbspace TM' < TAM.

The two foliations ¥, and 7,, having as director subspacces «TAM and
tant role in the study

ces, as it is obvious

u«TM are uniquely determined and play an impor
of the geometrical structure of the almost affine spa
from the following fundamental theorems.

Theorem 1.5. (First fundamental theorem). Every K-almost affine space
M is generated by the set of points MoV M,, where M, eF,, M,eF ..

Theorem 1.6. (Second fundamental theorem). The quolient almost affine
space M,l'f}'o s isomorphicio a fixed leaf M, eF,, and M,isa K-affine space.

Theorem 1.7. (T'hird fundamental theorem). The K-alntost affine space
M is the divect sum of a fixed leaf M,eF, witha fixed leaf M,eF, if and
only if Fyisa normal foliation (that is, uTM is a normal subspace of TA).

2. The Real Three Dimensional Almost Affine Space.In this section we
most affine structure, starting from a three- dimensional
projective space P,. The construction given below can be extended to pro-
jective spaces P, of any dimension #2 3, and to projective Desarguesian
planes. The main idea of this construction is to choose two distinct planes
of P, as the absolute of the almost affine space to be defined.

Let =, @, be two distinct planes of P, and d, be their common line.
Tt is well known that excluding from P, any plane, together with all its
points and lines, we obtain the real three-dimensional (Euclidean) affine
space Pifr, which is isomorphic to R?, having as absolute points (or points
t the infinitv) the points of the plane =.

We shall consider now the set A= P 4rUre}. The set mim, will be
called the absolute of A,, its points will be the absolute points, and its lines,
the absolute lines of A, The line d, will be the line of double absolute points.

Let A, BeA,, A#B. We shall denote, as usually, by AB the line
(uniquely defined in P,) containing the two points, from which we exclude
the absolute points ; this will be a line of A, The following classification
of lines in A, is obvious:

a) lines which, in P,, have a double absolute point ; they are the lines
coplanar with d, in P;. In A, we shall call them z-[tses.

b) the other lines, named u-lines in A, ; they are the lines which, in
P,, contain two distinct absolute points (the lines skew to do)-

shall introduce an al

S e ‘-... -
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The notion of co'lincarity of the points i inci i
ncariti- B vk i31f1 (}): e points in A, coincides with the colli-
et A. B, C=4, be three distinct i
B : A, 1 non-collinear points, W
};}' .tilfi‘g] tI;c planc of P, passing through these points, u:?iqunelq\' dltce:i(])?:etg
by b L\ , from which we exclude the absolute lines ; this will be {
in A,. )chl;ave two nalural classes of planes : - @ plane
a) z-planes, that is, plancs whi i c i
e ) zplanes, (hat is ;Eling; which, in P,, contain d,. These are the pla-
b) all the other planes called
. _ T ] , Ca planes ; these are the pl i
in PS'IF}?ntaT' two distinct absolute lines, and a single doubleeagsi?ﬁew}éli%}:,
e ]e notion of coplanarity of the points and lines in 4, coinridefwit};
%plana}f.’;lty ;f the same elements, considered as elements of P
introdu‘cé . a‘;mo:;s:{ fg::;]; ?\f Jthuoms /,1 Torsion ; Translations. In ao-rder to
ce st a riucture on A, we need first (see Definiti
an equivalence relation on the set 4 x;l f ] e
The following two remarks will 1 Y L iien ol aesm e
] elp us to int iv .
First, let us consider the affinlz space PI:-"rr:(.)durc Fich an equivalenge.
and the equivalence ,~" of its segments defi-
ning the affine vectors (see fig. 1).
Let AB~CD since in an affin N
e space t
parallelogram (Raschewsky’s) axiom is }f)uﬁ’({l'szlc
we have 4 B:-CD:-AC—-'BT)—. For the corre-
sponding lines in P, this mecans ABNCDexn
ACN BD ez, We call the configuration in fig. 1
a w-parallelogram, and the following result is

obvious : 5/
. Proposition 2.1. Tuwo oriented segmenls are / ‘
equivalent in the affine sense if and only if lhey i
are opébosztedsrdfs in a w-parallelogram. i et
econd. it is well known a remarkable resul jecti
_ ) ' sult of the pr e -
;r{m.egniy ];lcg_ectwe n-space (n = 3) is Desarguesian. and ?éogfgt;\]ltiiezﬁlg
glr)eate; tr;(;u 2mdg planes. So. the study of the projective spaces of dimen::im;
grea distinlét frOorgs 'Sﬁat Il)ia(; t%.georl;etlzlc% properties which are fundamen-
3 operties of the Desarguesi
trary, for non-Desarguicsia el S
, for gucsian planes we can obtain very different ies
cqu iv:Ia{e::ce lotc_)li hfor a geometrical configuration defin}ing the alnl'fczg%) er?i%é
eauivaen e of the oriented segments {analogous to the =-parallelogram i
- ]ceilﬁle),\ve must notice that Raschewsky's axiom is replaced (s .
s O(;rfcr_. ) ;t)y the triangle axiom. In this axiom, we are concerned \\(llf}?
Configurati?r?g\i;’ii?] v;'e are directled to consider a special type of IDesargues
a . 1 is a natura generalizalicn of th sma sarg
;l:lgo%fgll B'cg't(hehaffme case. In fig. 2 we have AA‘;.B?Ef;FICnEI'l zféﬁfqét}fﬁ
where || is the affi ism’ s, b i
Dosarenks theoren th.l';],t ACLZ‘%'me parallelism}). It follows, by the small
Def’ wa ¢ ' ) N
tripile (Altg(t:l)on(j;};.’éﬁt A: B.C. A, B'.C' €A, ke six poinis, so that the
s pobnrs fow;fr B form two proper distinct triangles. We say that the
ﬂBB'ﬂCC'—Pa _(.»n, w)-Desargues configuration, if in P, we have : AA'N
—P,en, and ABNA'B'n=P, BCNBC'==P, CAN
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NC'A'Nm=P,, where P,. P.. P, arcthree collincar points o =. We denole
hie welation by (ABC)AA'B'C') (see fig. 3).

Fig. 2 Fig. 3
If we take by definition (A BC)AA BC), we have the following signi-

ficant result: ‘ )

Proposition 2.2. The relation A

" e S A i .

7 Prt}j)b:;o; ??qulfg l:Zﬂg‘iivitﬁ\' and the symmetry resuit stl‘aightf'or\\'ar;{l éréalg

the definiti.on. In order to prove the transitivity, letrus CC?HSIE%{%A'B')Q
A(A'B’'C") and (A'B'CYA(A"B"C") - sec fig. 4. We have

is an equivalence relation on the sct

"

R
le)

Fig. 4

Iy et ‘A’ C”A”=Pze
AA"B" =P,=d, BCNB'CNBC! =Pyed and CAQCE (o, Joet

ed, where the line d belongs to the plane =. We also have 4

B B'OC'C" =P, emn, 1f we consider now the tri-
;éjlﬂese’.(:j‘iAa'jid“)A ?Br};'%”js),qu (CC'(?"), 0thc conditions of Desargues

theorem are satisfied :

e B - 'B'MA"B" =P, AA'NBB =
" for (AA’A")and (BB'B"): ABOA'B') B L Py en,, with

_p,cr, and A"A"(\B'B" =P, &m,; therefore, AA"(\B
the points Po, P;, P, collinear in To.

Be—

|
|
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— for (AA'A") and (CC'C"), it foilows in a similar manner that
AA”NCC" = P'" ex,, with the points P, Py, P collinear in w,.

But P, =AA"Nx,=PF", and the proof is completed.

D:finition 2.2, Let A. B, A’. B e, be four poinis with A4 B, A'£ B,
We say that the oriented scgments AB, A'B'ed,xA; are in the rvelation 8",
if YCed, CeAB, 3C' =4, so that (ABC)A(L'B'C'). By definition, we
lake AA 8 BB, vd, BeAd,,

Proposition 2.3. The relation § is an equivalenee,

Proof. The reflexivity and the symmetry are immediate. In order to
prove the transitivity, see fig. 4. Let us consider AB 84'B' and AB'S
ATB" . 1f two of the given segments {or all three) are identical, the property
ABSA”B" is obvious ; ¢lse. let € = A, be any peint not collincar with 4, B=
= 3C' € 4,. so that (ABC)A(A'B'C’}. The point C’ 1s obviously not colli-
near with 4'B’, hence AC" = A, <o that (A'B'CIA(AYB"C"). But the re-
lation A is transitive, which means (A BC)A(A"BC"”), hence ABSA"B"
q.c.d.

We denote now TA,=(A:x4,)/8 and let p: A, xA, =T, be the

natural projection. We denote p(AHE);/IB and say that AB is the vector
determined by the oriented segment 4 8 with respect to the equivalence §
Obviously : AB3CDe=AB=CD.

Theorem 2.1. For the set of points Ayand the set of vectors TA,, the first
group of axioms of the structure of almost affinc space (see defimition 1.1) s
salisfied.

Proof. — Axiom T,. Let A4, and A'B’=x (sce fig. 4); we denote

P,=AA'Mn, and P,=A'B’N=. The lines PyB" and 4P, are coplanar, so
they meet in a point B. Let us prove that A B3A'B'. We consider € &4,
C# AB. We denote P,=ACN= and P,=BC=; the points P, P, P,
are collinear, brlonging to the intersection of the planes = and 4 BC, Then,
if C"=A'"P.N\P,C, by the Desargues’ theorem, we have BCNB'C' =P,
and this means (A BC)A(A'B'C’), q.e.d.
_ -- Axiom I,. Let A, B, A"ed,, with AB=4"B. By dcfinition, ABS
A'B=vYCed, CeAB, IC'e€A4,: (ABCYA(4'BC'). But homologous
sides in A-equivalent triangles meet on = (or are collinear). If 4, 4°, B were
not collinear, it would follow ABMA'B=Be=, which is absurd, because
Bed, Hence A, B, A are collincar. In  the same manner, from BC3BC’,
we deduce that B, C, €' are collinear. Now, if A#£ 4", it follows AA'MNCC' =
= B ex,, which is impossible, because B4, Hence 4 =4",

— Axiom I,. Let us consider 4, B, C, A', B', C' € 4,, satislving A_§—
~A'B', BC=B'C". lf the points 4, B, C are not collinear, AB3A'B', BC$
BC=(ABCAA'B'C)=ACIA'C'=AC=A'C". 1f C=AdB, I us take D=
sS4, DeAB= 3D, with (ABD)A(A'B'D'}. This implies BD3B'D" ; but
we have, also BC3B'C' therclore we have (BCD)A(B'C'D'}y=CD3C'D";
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together with ADSXD’, the last relation implies (ACDYA(A'C D'y ACS

ACmdAC=AC, ged, N
e Z;’fo(l:)os;titfn 2?14. The additive group of tlke w‘mﬁl’sb tl)f the set Ay 1s not
an ; - of the vectors of any s-pldne 1s Apeirai. .
Abelm;r,o;jl:e I‘itltjgxrfloig)A ;,fand dg, deo two clistinct_u-lmes through A . Let Be
=¥ B#:fi and Cede, C#£A (see fig. 3). We denote P,=ACN7, an(}
v T PLABA=. Let D=BP,OCP; it follows

that ABSCD, but it is clear that AC and

BD are not in the relation 8. 1f we denote
—-_— - ——
) AB=x CA=y D=AB+
|/| AI‘B_jx,CA =y, we have AC+C -4
4 BD, in other words, 3 +x=x+ BD, with

" BD#y. The second part of the proposition

&4 ;Elfrir)nediate ; we must remember that the
| z-planes arc those plancs containing in P,

/—_Y J the line d, of the double absolute points. It

\/ is casy to sec that the set of the vectors of
Sl a z-planc is a subgroup of (T +). Let =,

be any z-plane ; repeating the above com-

hence the configuration so obtained 1s a
the relation 3 coincides with the
nts, hence the parallelogram

struction, we obtain P, Pyed,, 1
w-parallelogram ; this means t}.lattm1 T,

i uivalence ~ of the oriented scgments t ! :
?;cfllgr?ielqs satisfied. By the proposition given in thre. first sgc:;gnii;r‘:ai:clﬁli%
that for Ii-Weylean almost affine spaces, the group .(IM, +) is Abelian,
implies the commutativity of the addition of vectors. i

Proposition 2.5. If x=A§=CD, y=;1__>C=I_1’£)", then i(x_,g;):l?‘_{).
Proof. AD=AC+CD=y+x, AD'=AB+BD' =x+y=D'D=D'4+

D= AD +AD )+ (A definition 1.3).
$AD=—AD +AD=—(x+y) +(y +7) (sce . o
Proposition 2.6. A subgroup TA,; of tke_gmu;b (TA,, +) is Abelian if

f i - ishes, d.e. 1(x, ¥)=0, Va,y=T4q
Jv if ils torsion vanishes, i.e. t(x, v) =0, yyeT4, .
e O;Sé)fi:{ition 2.3. The mapping tz: As—dq, for which t,(Ay=A", x
=AA' €TA,, is called veclor & trc_mslation.
The following results hold in any stiuc
u f axioms (see [91}: ‘ . '
gro pPl?oposition 2(.7. Let T be the sel of the translations of A4 then
i) Every t,&C 1s a bf'jecti'im.
i) Vi, ty =T o A) mAemx =0 4(A) = A" A7) = A, VA S dsmic=
iit) Euvery 1, =G is well defermined by a fixed point Ag=ds and by 1ls
image Ag=t:(A,).
1v) fole=lpty ] Ipt=1_,, Vi, 1,=T. _ ‘
Theorem 2.2. (T, o) is a group isomorphic to (TAs, +).
Propositions 2.8. AA 8BB et (A)t(A") 81(B)x(B YV, =7T.

ture which satisfics the first

'ﬁuﬂ‘-u-
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Based on this property, we can define the mapping TV, . TAd, - TA,,
given by TL{(AA")=1{A)},(A"), VA ed, VAA' eTA,

Proposition 2.9. T1.(y+z) =Tl (2} + Ti(s), VI, =T, Vy,zeTA,.

Proposition 2.10. Let TAj3 be a subgroup of TA,. Then Tify)=y,

Va, ye€TA; if and only if t{x, y) =0 (that is, the subgroup T, is Abelian.

Corollary 2.1. On z-planes, the conditions of the above proposition are
salisfied.

{2.2. The Second Group of Axioms. We need now a multiplicative
operation with real scalars of the vectors defined as in the above paragraph,
cuch that the second group of axioms is satisfied. To this end. let us consider
d, a fixed w-line, arbitrarily chosen in 4, We denote Py ==,(0d in the affine
space Pyfr. On the affine line d U {P,}, we choose a point 7,# P, the pair
(Po. Py) is called an affine coordinate system on the given line and, by a
classical construction, we can associate uniquely to every point P, of the
line a real number, x, called the affine coordinate of the point.

If we consider now four points, 4, B, C, D=d, having as affine coor-
dinates, respectively, the real numbers a, b, ¢, and d, distinct from zero,
we have AB3CD<bfa=d[c ; hence, we can associate uniquely to an orien-
ted segment of the line 4 an ,almost affine measurce”, equal to the quotient
between the affine coordinate of its extremity and the affine coordinate

— —_— —
of its origin. Then, to the almost affine vector equality AB+BC=A4
will correspond the relation &fua.c/b=c/a between the almost affine measuies
of the considered vectors. Therefore :

Theorem 2.3. The mapping ¢ Fd—R[{O}, from the additive group
of the almost affine vectors of the line d, to the multiplicalive group of the real

numbers distinct from zero, defined by cp(f? B)=bla, where a, b, are the affine

coordinales of the poinis A, B, is an isomorphism of groups.
—

It is clear that 9(0)=1, and ¢(-x)=1/p(x). Let us notice that the
almost affine vectors of d belong to two distinct classes :

e
_ ~ vectors with ¢(x) =0 ; if x=AB is such a vector, then, on the affine
line di {P,}, the point I, is not between A and B.

— vectors with ¢{x)<0; if x=4B is such a vector, then the affine
segment A B contains F,. For such a segment, if M is a point getting over

AB, from 4 towards I3, then (M B) decreases from o(4B) to — when M
gets near to P,, and decreases from +oo to 1, when M moves ofi It

Let us consider now the mapping ¢ (R x Td — T'd, defined by efe, x) =
= ! {sign(p(x)).(lp(x) }*), Yas R, VYreTd.

Proposition 2.11. The group Td, together with the mapping e, form u
Stratcture verifying the axioms of the siruciure of vector space over R, except
the distribulivity of the external multiplication with respect 1o the addition of

scalars. If we vestrict oursclves to a P -half-line of d, we olfain a R-vector
space,
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Proof. 1. Ya& R, Yi,ve Td L ‘t( :
8 1Y) = o (sign (2(¥)a(x)) - (| p(0(x) DY)
.tif;)r{()@()y)) L (@En )(3)‘;)@ (sign(a(x)) - (12() )

= o) + L) . 7 = 81 3. x
i a._“i;)ezc, yeTd : then g(= +1, ») =9 (sign (‘;(*)) (2(x))

o Bianiot (S0 (GO 7 i ) (Rl se (0]
([2(x)1)?) = o~ Ysign {p{2)) - ( o)) + 2 Slgn(?("l‘i with () <0. 1f we
i;zl(f)x) “This axiom is not satisfied [f({)ir(thoseﬂ.«;.te ]1rilf\;i:1c C'O,';mini.ng P,

AT ) ._\'_._‘ i D> ;]f—l' e 0 C'g" : ‘ ) -4 o i
1‘icstr11§t(lo§\1 b;‘l‘) C:{htc? aaxiinunhi; obISiousiy verified ; let us notice that Td* 1s
denoted bY d7),

@ subgroup of 7% v ela elB. ) = el o H(sign (o() -
g e R vyeTd, we have: efe elB, %) : ’ glx) -
o e eigite igatol) (7)) (o2 Haign(ale)  (#(ANI)

—o(sign(o(x)) - (13 =7

—
R —

)
g

G

(sign(a() - (90) %) =c(o8, -

g Ay =g lo{x)=x, q.cd. o
T _e(i, . _-_1(? ﬁbll%l:c(i(?l)g i(‘)@t(ﬁlnne:cssﬁy)of an]important rCStI”Cd“'cili
i o lastil.(.su { t1(1c des‘ired R-almost alfine structure ovcrv.‘l‘a. ‘n ;g}
f Corl_strubtlop oihc considered set of vectors Td, there are \-ectois S .
3 .notu:e tltllatslflmc the vectors having as x'cpl'cscntzlt1\'c§ the ‘se'bmcn b
%}%t llth_tvhc(_ ;;:Zi;ts A, B symmetrical relative to the afline origin Py

i ' -1 i is cons-
5 1 cector space, il and only if this space &
+h a property holds ina v ector space, 11 Gl ] LS o
LR pl()If)"l% Hich is an extension of Z,. \j\ ¢ “15}} to introd ' .
tructed over a fiela W oW O enec, we mu

< < C\.t(_]l:l
tuciu LS t 1\ 18 “(]t LN}
]*"RtllC: OuI C()]l.‘:tluctl(’]l t() Lh(. ,,[)051[1\(- ll(l.lf ]1110 C‘)Il.:ld(.le(_. abok C, all(l,

itive” -o A+ determined by d+. We shall
mtly sitive” half-space A, de 3 :
conrﬁq%Lz?s‘l}\{'iltlohz};'ee ,"1p£ttuc{ure of R-almost alf]tmc space, and on the w hole
sec that A3 a sl s
3! ’ « verified. except Lo ‘
Ay t'{l'e ?\210?‘}.::\11‘1; bEL.'l\g'_ We call the projection of the jbo:;tt ;1‘1 C(;:;Stizic
{ Da'EfldILlnloTcd b'y.prd(‘l) the pornt 1n which the z-plane iﬂfoz:b; y .
n-line d, A3, 1

L g+ led
Definition 2.5. We call {he projection of d veclor x=ABeTAf, denote

T ora( 1) € T+ (see fig- 6)-
v prdl(xlf)i'igfe;eiii: 111);2(’[125 gélk))wing noiat101}35
let =4, =& 1’)c the z-planes Throug(? i& a;
ppd(A)':::_,lmd; pro(B) ==sNd ; \t’;}{ -—e?’jiﬁr
usually, Pu:dﬁ:n,yb=dﬁn. lhen_ﬂg—- (Y,

B, =PB (=, and we have Adg = BB =
= pralA)pre(B) =pra(d By N N

’ dbefinition 26. Lt x=TAYf, ou—';]\ lekfi,
the external multiplication s : (%, ) fEI\ x T4;
LoaxyeTAT is defined by +(a, )= ak X -—ch(olc, e
pra{x)), where the mapping eis dqmedal-n;bmj?. o

Theorem 2.4. On the set (Tds, +, *),] zf:i s

axioms of the second group of ax10%is for the sb
space are vertfied.

Proof. — Axiom IT,. asx{x + ) =e(on Pra(x +ay) =cfe. pra(x) +pra(y)) =

=e(a, pra{x)) + e(a, pra{y))=owx+axd.

of R-almost affine
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— Axiom I, (x4 Bpev=e{a+ B, profx)) =e(a, pra(x}) +e(B, pra(x)}=
=axa ¢ B+ v, because o(x)>0.

— Axiom II,. ax(Bxx) =e(x, pra(B+x)) =e(x, pra(e(B, pra(¥)})) =¢(2, (B,
pra{x))) = e(aB, pra(x)) = (abjx.

Let us notice that the axiom l+x=x is not verified, because, generally
X7 pra(x).

Now, our three-dimensiocnal model for the structure of the R-almost
affine space is completely described. Let us notice that :TAF is the set of
the vectors of an arbitrary z-planc, and ©T A} is the set Td* of the vectlors
of the half-line d* considercd above. The foliation %, is the pencil of all

the z-planes of A7 . and the foliation 7, is the pencil of all the #-lines of A7,
parallel to the given line o,
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