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SIMPLICIAL METHOD AND BAER-INVARIANTS
BY

C. RODRIGUEZ FERNANDEZ and L. FRANCO FERNANDEZ

Introduction. The Baer-invariants of order 0 and 1, as derived functors
have been introduced by Frohlich [1]. Modi [7] introduces those
of higher order by using the simplicial method of derivation of functors.
Furtado-Coelho 2] considered them in Q-groups and gave a five
term exact sequence. In this paper, following M o d i, we extend to -
groups the higher order relative Baer-invariants and we obtain a long exact
sequence of those Bacr-invariants, We give an interpretation of the first
6 terms of this sequence and, in this way, we obtain a generalization of the
one reached by Furtado-Cocelho.

Preliminaries. A catcegory of Rinchart is a based category (€, €),[8,
p. 296]. in which the following statements hold :

iy If Iy, Pyoare e-projective, then PIEDP, (coproduct) is e-projective ;
) Eovery morphism of = has u kernel :

i) /n a diagram with exact rows and i€ ¢ (i = 12) B< B if and

K, =B, B A
G 8

! B
B, oA

.
\

'

only if aee,
Let (€. ¢) be a category of Rinchart. We construct (€, ¢,) with |€,|=¢.
A morphism of €, is a pair {k,, k,) which makes the square commutative,
a={h=(ho )€ @,(a, B)hysz. Ker hy— Ker b, s e},

(€., e,) is a category of Rinchart [7. p. 931
Let £ (€. ) -/D be a functor, where (€, €) is a category of Rinchart
and let 70 be a category with kernels. We define @ F, 1 (€, ¢,)— D by ¢

Fila) = Ker Fla)
Folho Iy) = F(h,) Fi(a).

. Let @he a variety. of a given type. of Q-groups and e the class of
surjections of @, Then (@, ¢) 1s a category of Rinchart,

!
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P ition 1.1, Lef 0 F' = Fo "= 0 le u cxucl sequence of func-
roposition 1.1. L : 3
tors (€ 5-»(0 and F' carring € in e Then
0-»F, +F,=»F/ =0
‘ (€, 5)—=T.
3 cf sequence of functors ¥y, & g ‘
N I:Zm ositi(‘im 1.2. If (€, ¢) is a calegory of Rinehart, thent, ;v::%ﬁ(}fifz
of & karso l:m augmented simplicial ¢ resolution and fwo augmenie
e-resolution have the same homotopy ty ;:.
' te struction o
Proof. A complete construc fvan
simplicial {heorem of comparation are given 1

nstruction of the two first terms. Let
", e-projective. We construct :

an André e-resolution and the
n!7, p. 64 and 72]‘; Here we
J:,>F G —0 be
explicitate the co —E

exact, with I, F

iti ’ ' a variely - . Every simplicial U-

Proposition 1.3, Let @ be a wvariely of Q-groups. Every . :
object s It)i pointed Kan complex and every surjective simplicial ©-morfism
is]a fibration [3, p. 11,21]. We havea functoral and commutative diagram

.C]'SF - K AN *
T T {nz1} To
n n/

i <~ [P s Se"*

i icit 3] implicial @-morfism
s¥ s the category of simplicial @-objects and simp .
\t‘i}tlaetreuf-)c fii)srations aé;xd}KAN* is the KAN complex category with base

oint and {ibrations. )
! For a simplicial @-object

0 —_—
i N 4 s e ————re
- V__..___-—n-—
- n d 1

we define the Moore complex

(MV) by (MV)= () Kerde(nz 1), (MV)o; Vo, 8ai =doliay,
} [

e —

3 SIMPLICIAL METHOD AND BAER-'NVARIANTS 97

n-1
(M'V) by (M'V),= N\ Kerdi(n 2 1), (M'V)y =V,, 8, =d

1= 0

Proposition 1.4. With the above notations MV and M'V are chain
complexes in @(Im 8, is an ideal in Ker §,_;, resp. 8,) and, further,

(V)= HM'V) = H,(MV), (3> 0)

L .1!'\')*

[9. p. 37-39].
Let (€, ) be a category of Rinchart, @ a variety of Q-groups and
F 1@ - a functor, such that F(0) =0. If 4 and B are objects of @ and X = 4,

Y —» B are augmented simplicial e-resolutions, then, FX and FY are simpli-
cial @-objects. We define :

LF(A)=T1,(FX), (n 2 0).
H f:A—Bis a morphism in €. L,F(f) = I1,(Ff), (n 2 0), where £ is a lifting
of /.

o Proposition 1.5, i) If F:€ @ is a functor such that F(0};=0 and
GG €<, then theve exists an exact sequence

oo LaF (@) > LaF(G) > LyF(G") ~ Ly 1 Fy(2) ... LiF(G") = 0
[7.p. 97].
i) If 0—>F' —»F =F" -0 is an exact sequence of functors € —@ such that
F'(0)=F(0) ;=F"(0) ; =0 and G is an object of €, then there cxists an exact
sequence

ooe LaiF'(G) 5 LyF(G) = LuF"(G) = Loy F'(G) .... LyF"(G) = 0.

Proof. Tt is an easy application of (6, p. 8.

Baer-invariants. Let € be a variety of Q-groups and @ a subvariety
of . Then, we have an exact sequence of functors € =@ ;

0= Voleg-»0V-0

where VG is the verbal subobject and @G =G/VG.

If G’ is an ideal of an object G of €, we define V(G’, G) as the smallest
ideal of G which contains the set

VG, G)={D(g,+81 ... &x + &5 —~@0g1,....8:)8: =G, gic G,

t = 1,.,k @ law of @}.
[1, p. 225—226].
Proposition 2.1. Let @, @' be two varieties of € and let the Junctor
W,y
@ Do be given by (U', O)(G) =G[VG. For a short exact sequence G' -G —
—G" in @’ we have a long exact sequence ... Ly(D', 0)(G) - L (V' , OHG") =
> L, (0", V)y(a)....Lo(T, @)(G")~0. Further Ly(0)", D)y(a) = G'[OV(G', G)
and L,(T', ©),(a) is a conormal quotient of Ron Kon VF, where K,= Ker
(FooFYy) and Fo—Fy is a presentation O'-free of a.
Proof. The former afirmation is a consequence of Prop. 1.5.i). By Prop.
1.1. and Prop.1.5.ii), since «€|@;|, we have an exact sequence :

wLa(lor)i(@) > Li(@', ©)(a) > La(Vig)a(@) = Lo{lap (@) = Lo(@", @)y(a) 0.
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1 in Iy (Pr 1.2).
Let us consider the André z-resolution of « in 17y (Prop. 1.2)

________ +=0
Ko }
i '
! l
s

0 t d |

m ¥ 0 '
Pl 4'?., G
X1 — FO"‘-..._{ ///

ds Fo X 677

Gll Vs
7y
g it o / - o
o, 0 0t /-

N P d.
/fdg\ .’ ] L__Gu
" - e

Sy e

1

i je iv CXiStCnCC Of
i — i [. b 'U K —VG' 1S & clive 00, hC
SlnCC Pu I‘u’é'-G 15 su ]LCtl C, 0 urje t i ]
]

§ such that ad =d," is a consequence of the character @'-free of Fq'.

: 1A ,
Gl R (Vo)) )
LolVior) ) = (73 1y do) (Ker (Vo lds. d7)
VF,n Ko

B dof{Kerd, n Kera, n VX))

Let 5(xy,..%) be in VFon Ko, Then : @(baots, . atnta) = 0o @0, *a)) =
=0, Thlls

do(v(%1,..., ¥a)) =V(doX10ees dova) =0 (YoXy.., YoXn) € I (G', G), since —
—dagxi+doxi €6 (t=1.....n). |
Since K,—G' is surjective, is also so LO(VICV‘),(oc)—» V(G',G) and, since
Ln(llcy')‘(o:)=(;', one has
G
V(G'.G)
On the other hand Li(lgs):(%)=0. Therefore
VFE, MK, —»G')
do{Ker dy Y Ker NVX,)
Ry N\ Ko NVFe
= Au(Ker dy () Ker e VXL

Proposition 2.2. Lef @ V' be two varielies of€,Ge|T' and Ro—F,—G
a @'-free presentation of G. Then

L@, @)=} =

L', D)) = Ker(

w
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i) L, (D', @)G)=G/VG.
i) L0, ©)(G)=(R,n VF)|V(R,, Fo),
i) Lol ) (G) = VEJV(R,. Fy).

Proof. i) 1s a consequence of Prop. I.1, using the André resolution
desciibied in Prop. 1. 2

i) follows from i) and Prop. 2.1, since L (@, @) (Fo)= 0, for
F, is @' -frec.

iti) Let us consider the André resolution of Prop. 1.2. Then

VF VF
Lo(Vior) (G) = - " =
V(d,) (Ker Vd,) dofKerd,n V(F,I1 F,))

VF,
do(Fyn V(F,UFy)
where F, is the smallest ideal of F,[jF,, containing f"l.
Let 3=(): FollF, » F,lIF, and v(xy,..., x,) €F, n V(F,IUF,). Then v(x,,...

e X)) = v(x ) — (B, ..., Bx,) € V(F; F,IIF,), since
F=1,.... n). Then V(}?.,}“",I_II*",)=77l n V{F,F,). Thus

VF, VF, VF,
Lo(Vjar) (G) =

d(V(FLFoIF.))  V(doF, dy{F IFy)) V(R oFo)
Let @, @’ be two varieties of €. We define the relative Baer-invariants

of higher order :

e, (v, @): e~e,

eV, @):e-8e, (n20),

€,(V", D)G)= L, (@, DY) GVG),
V', V)(G) =LV |9)(GIV'G),

for Gee,

By using the above calculations :

+

Bri 4+ a1 &

eV DYG) = e 0,1, V)(6) = et VEe
VG +V'G V'Fy+V(R,,F,)
eV, V)G) = (R.,+I:’Fo)n(VFU+VF,,) ‘
V'Fo+V(R,, Fy)
where Ry—F, -G is a @-free presentation of G.
As a consequence of the long exact sequence given by

0— Viq;r —>1cy-' ~ (Q)r, (0) ad 0,

we obtain :
1) €,(0", D) G)=e, (V' Vi(G),»n 2 2 and
)

i) 0-€,(@’, WNG)— €,(V", PG VGH(VGa VG~ 0
is exact.
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Special instances of the above Bacr-invariants are thosc considered
in [4. p. 1087 and [7, M o d i. p. 102] by taking as € the category of ordinary

groups, and [2,p. 399] in Q-groups.
Proposition 2.3. If @ < D' arevaricties of €, then,

i) e.,(@', V)(G) = Coker (L,@'(G) = L,V(G)),
ii) 04(V', V)(G) =Coker (L,V'(G) =~ L,V (G)).

Proof. Let R,—=F,=G be a @-free presentation

i) Coker (Li@(G)~ La@(G)) = — o VEFReLs)
(Ron V'E(V'Font V(R Fy))
(R VEV(RyFy) __ Ryn VF, B
(Rin V'E) + V(RuFNV(RFs)  Ron (V'E,+V(Ry o)
_ (_@ﬂ_,VFﬂ) +(V'Fo+ V{(R,F,)) _ VFEon (Ry+V'Fo+ V(R Fo))
V'Fy+ V(R,, Fo) V'Fy 4 V(Ro, Fo)
_ RAVEINEAYEY o 0 a6y
V'Fo+V(Ro Fo)

VEo/V(R, Fo)
V'Eo(V'Fon V(Ro, Fu))

B VF, _ V'Fo+VF,
V'Fo+V(Ry Fo) V'Fo+V(RoFo)

The second isomorphism theorem and the modular law has been used.

This results allows us to include. as particular instances, the relative
Baer-invariants introduced by Frohlich in [I, p. 230], taking as €
the category of associative algebras over a field.

Proposition 2.4. Let @, @' be two subvarieties of € and G'=G-G”
a short exact sequence in €. Then, there exists exact sequences

) @, DNG) > BV, D)(G") = Loo(V', D)D) oo™
- @, (T, V)HG")— 0,
i) (Ko+ V'Fo)n (Ro+ V'Fo) n (VFo+ V'Fo)
AL .
(Rt VF)n(VFo+V'Fo) | (Ri+V'F)n (VES+V'E)
V'Fo+ V(Ry, Fo) V'F{ +V(Ry F)
G+V'6 N
VG + V(G,G) VG+V'G VG +V'G”

ii) Coker (L,V'(G)~»L,V(G))=

=&,(V’, V}(G).

=0
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where K, = Ker (I'y -~ Fy), Fo— Fy is €,-free presentati =
il (Fo—y(_;) wnd R =0’Ker EF&'—:G“). 1free P ation of @, R, =
Proof. 1) By applying Prop. 2.1, to @'a:G/V'G-G"[V'G".
ii) The last five terms are a consequence of i) and of the others 0
and [ Baer-invariants interpretations, since

L@, D)(V'a) = —— LT 0 V) SN /(N ——
VGG n V'G).GIV'G) V(G .GOHV'Gn V(G G)
__G'+Ve
o V'G+V(G,G)
Having in account that
Kpmrm—m— G’
R, _’P;o _‘é
T
& x
g ;
R; ~Fy -G

is a €,-free presentation of «, it follows that R,— Ry is surjectiv i
it f e. By applvin
the functor @ to the presentation, we have the foollowing] diagram’ ppine

Ko/(Kon V'Fo) -»G'/(G' N V'G)

' i
Rif(Ron V'Fy) . FJVF, ~GIV'G
T'e, D',

oo b . i
Ro /(Ro n V'Fo’) %Fé’/V’Fl;’ _.Grrl'[l/rcrf

Eherefpre @'a,~ @'« is a presentation @;-free.
y using the Prop. 2.1. L@, @),(@'«), is a conormal quotient of

K, . R, nV( F, )___

K.nV'F, R,n V'Fo V'F,
_ Ko+ V'F)n (Ro+ V'Fo)n (VF,+V'F,)
V'F,
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Then the proposition follows,
The five term cexact scquence given by Furtado-Coelho
(2, p. 600] is a particular case of the one obtained here by taking @' =€,
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PERIODIC AND QUASI-PERIODIC SOLUTIONS
OF ABSTRACT DIFFERENTIAL EQUATIONS
BY
LEOPOLD HERMANN and OTTO VEJVODA

1. Introduction. The aim of this paper is to investigate the existence
of quasi-periodic solutions to the following cquations

(1.0 W)+ Au(t) + cu(ty= g(t).
(1.2) —u"{t) + Au(t) + cie(t) = g(t).
(13) (@ ' (8 + Au(t) + culf) = g(f).

where A is a lincar (in general unbounded) operator in a Hilbert space H,
a. ¢ are real constants and g is a quasi-periodic function. Let us recall that
an abstract function € R—f{f) e H is called quasi-periodic with basic fre-
quencies v, ...., v if there exists a continuous function (0, ..., 8)e R~
=78, ,.... On) € H of period 2m in 8, ..., 0, such that f*{vif,.... vul) =/{f),
1eR.

A similar problem (together with the corresponding weakly non-
linear case} for '
2

Qo

A= ¥
f=l

is examined by M. Yamaguchi who looks for a solution either in
the space of analyvtic functions ([10], [11]) or in a subspace of continuously
differentiable functions that are characterized by certain convergence
properties of their Ifourier expansions 13]. In all above papers the time-
space-Fourier method (see (91} is used. In [12] he makes use of the space-
Fourier method and the spaces of ,mixed” type to treat {(1.3) where a =0
and 4 is an elliptic operator of the form

at

int]

(1.4) A= - ¥ -—a—(a,,,(\')—?— - ao( ).

IRES (‘..X'j ﬁ.l'k

{In the present paper, we work in the Sobolcv spaces of abstract fune-
tions and this enables us to weaken the requirements on the smoothness
of the right-hand sides). The weakly non-lincar problem corresponding to
(1.3) with A given by (1.4), a#0 and with a small perturbation of the form
ef(f, v, ) is treated by V. B. Moseenkov [5], [7] also in the fra-
mework of Sobolev spaces. In [6] the same author deals with the case a—-0.



