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Then the proposition follows, _
The five term exact sequence given by Furtado- Coclho
(2, p. 6007 is a particular case of the one obtained here by taking @' =€.
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PERIODIC AND QUASI-PERIODIC SOLUTIONS
OF ABSTRACT DIFFERENTIAL EQUATIONS
BY
LEOPOLD HERMANN and OTTO VEJVODA

1. Introduction. The aim of this paper is to investigate the existence
of quasi-periodic solutions to the following cquations

(1.1} ' (4) + Anft) + cn(t) = gff).
(1.2) —u" () + Au(l)y + cult)y = g(t).
{1.3) 0ty dan'(y+ Au(t) + cu(t) = g(!).

where 4 is a lincar (in general unbounded) operator in a Hilbert space H,
a, ¢ are real constants and g is a quasi-periodic function. Let us recall that
an abstract function & R ~f{t) € H is called quasi-periodic with basic fre-
quencies v, ..., v if there exists a continuous function (0, ,.... ) E R™—
=8, ..... 8,y € H of period 2= in B, ... 0n such that f*(vid ... vul) =/{t),
teR.

A similar problem (together with the corresponding weakly non-
linear case) for '

is examined by M. Yamaguchi who looks for a solution either in
the space of analvtic functions {[ 0], [11]} or in a subspace of continuously
differentiable functions that are characterized by certain convergence
properties of their Fourier expansions [137. In all above papers the time-
space-Fourier method {see [9)) is used. In (127 he makes use of the space-
Fourier method and the spaces of ,.mixed” tyvpe to treat (1.3) where a=0
and 4 is an elliptic operator of the form

(1.4) A= - ,-,?E', ;i—_j(a,,,(x) ;i:]-{-aa(x).

(In the present paper, we work in the Sobolev spaces of abstract func-
tions and this enables us to weaken the requirements on the smoothness
of the right-hand sides). The weakly non-lincar problem corresponding to
(1.3) with 4 given by (1.4), a0 and with 1 small perturbation of the form
¢f(t, v, 1) is treated by V. B. Mosecnkov [5], [7] also in the fra-
mework of Sobolev spaces. In [6] the same author deals with the case a—0.
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Let us add that the equation (1.1) with H=R"” and A an # x# matrix is
studied by some Kazakh mathematicians, see eg. V. H. Harasahal
f11, [2], D. U. Umbetfanov [8].

2. Preliminaries. In what follows we suppose that
{2.1) H is a (complex) Hilbert space,

(2.2) A:domAc H-H is a linear operator that is selfadjoint,
positive definite
(i.e. there is a y>0 such that (Aw, #)Zy|#}? #=dom A), and A" is
compact.
Denote by {i} ., the nondecreasing sequence of (positive) eigen-
values of A and by {#}; , the corresponding system of eigenvectors that

forms a complete orthonormal set in H.
The domain dom A*(sZ0) of the s-th power of A is considered a Hil-
bert space with the norm

| e = (1A 8]y = ( M (4, m 1=]”=.
A=1
Let meN and put
I=(0, 2n)m
If reNUJ{0} and X is a Hilbert space, then we denote by P(I; X)
the closure of the set of functions # : R™— X that are of class C* and %{9, ,...,
oers B 27 ., B =w(0, ..., 0., 68,), /=1 ..., m in the norm of Wi{I ; X),
that is

I4lwer, x, =(I§= S | D= 6)iZ dﬁ]“’.
=T 1

If uePo(I; H) we can write
@3 “(8)= 3 s o0,
Lk
where

= (27) "‘S(u(ﬁ), )y €=+ db,
I
F=(j1 s im)s (4. 0)=710:14+ ... +7n0, and ¥, means the summation over

Hk
j&Zm and ke N. The inclusion # e P’(I ; dom A°) holds if and only if
Y 0+ 17170 [up |2 <o

N
(17 1=+ ... +j2)¥?). The square root of the series defines an equivalent
norm in P'({ ; dom A’). This offers an opportunity to define P'(I ; dom A4°)
even for » € R* non-integer.
Using the expansion (2.3) one can obtain the following embedding
theorems (cf. [4]).
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Lemma 1. Let r,s,p= R* and p<r. Then Pl ;dom A*)n P'(I ; H)
1s embedded into PP(f; dom AU-eir)

Lemma 2. Let r,s€Z+, peR* and p+mf2<r. Then PoI;dom A*)n
N P(I;H) is embedded into C°(I; dom As1-le+miry

3. Main results. Let us assume that
(3.1} Vi,..., ¥m are positive numbers rationally independent, that is
vifit . +Vafa=0, (/i ,....Jn) € Z™ holds only if j,= ... = jun=0,
Let us denote

" 3 m " 4
Dy = W o— Df = Vi Vi .
o= X 28, =X Y g

We consider the problem
(3.2) pa Dgu(0) + an Dore(0) + Au(0) +'cu{0) =g(8), v U,
where

A=Por A=E or A=T or A=W,
(3.3) r2l, pp=0, —pg=pr=pw=1,

adp= I, ageR, GTER{O}, aw=0, ceR
and

p={u; uePyI; dom A")n PYI; H), Dyue PYI; H)},
Ug=Ur=Up={u;ue Pl ;dom A"y n P* V(I ; H), Dgue P (I ; H)},
These spaces are equipped with the norms

el = (A [y gy + 08 o1y gy + 1D [ )
and (for A=E, T, W)
lHoellyr = (A% 1Buy gy + 18 a1 7, gy + Dot pze—nyr )2,

respectively.
If we write geP%J; H) in the form

g(0)=Y g ey, g;r=(2ﬂ)“"‘§(g(9). i)y e U0 dB
b .
7
and if we look for a solution in the form (2.3), we obtain the following sys-
tem for the Fourier coefficients :
(=pal(vj)*+iaa(v, /)t M+ Jup=gn, j Zm ke N,
Denote
SP= {(0, k) ke N. )\k=—5}, Sx= SP if ap#F 0

ofr Se={{(7,k): (R)EZmx N, (v, 4+ M+ c=0} if ay=0,
Sr=Se Sw={(4.k): j,R)€Zrx N, — (v, ))*+ M+ c=0}.
The following estimates are valid {cf. [9]}:



LEOPOLD HERRMANN and OTTO VEJVODA 4

106

(v JY+ %
(v. i)+ (st )
(v.7)' + 7
((v. [+ 2y 4 )
(v 1) + Wi

(= (V) + 2t )
Ee={(j. k) (A R)EZ XN, ltc 20,
(v, g} | =0( )V, ve (1—¢, L+¢)}

A

const., (7. h)e (£ x N}~ Sp,

sconst., (4, k) (2 x N)N_S,.

Sconst,, (. k) (Zm x N) N =

{z is an arbitrary positi\'c number, <1},

(.3 +2%

<const. [(v, /)| #2 %, (x =0, 1))(7.k) =E*" S1,

B
il e zceonst. (v, H)|FAF T 1%, (@=[0, 1]}, {7, A €25\ Sw.
(= (v )2+ 2+ o)
where we have assumed that 320 is such a number that for some C>0
il (V,j) | "'()\k+“)”2| z ¢ jl-fs’ 7 e Zm'
ke N, +e>0, | (v,/)| # (ut o)t

As a consequence of these estimates we obtain

(3-4)

(4 D)) BT U0 e (17204087 Y), (7, k) S (27 x N) S,
(v. 1)+ (1 + )

(L (v LY+
(v, )+ M+ e)*
(L+ (v /)1 [P+
(= (V)P4 Mt )
(L (v, N0 + 0
(—(v, N+ re + )t +ap(vg)?

<const. (|7 POV +2), (G, k) € (2% x N) L tS

Sconst, (|7 V42200, (jR) e (Z0x NP\ 2,

Sconst. (v.7)*(] 7 " v+ ;“f_(r-n)‘
(7, k) €2 Sy,
(D 4+ (v i) 71 Y+
( ) (v’.j)!+)\k+ t‘)z

= const, (V;) i j"f’( 7 14 )_;%qr—l))’

(_7'. I'\‘) = E‘ g Su'.
Denoting
Ge=DI;dom A" Wn Pyl H),
Ge=Po(I ;dom A" Y)n P2 (] ; H),
Gr={g:g Desg =Gl

Gh=1{g ;g Ge Dygs PH(I; dom A1) n P#+#-0(] ; H))

- ——
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(the norms are defined in the evident manner) we arrive at the following
result.

Theorem 1. Lel the asswumptions (2.1}, (2.2), (3.1}, (3.3) be salisfied.
If A=W then, moreover, let (3.4) be satisfied. Let g &G,

1) Let Sy= &. Then the problem (3.2} has a unique solution u and

Il 4, S const. fig [l

2) Let Sp#* @&. Then the problem (3.2} has a solulion if and only if
Pog= &, where

(3.5) P, is the orthogonal projection of P*(I ; H) onto cllin {&' %%, ;
(7, k) = Sal.

If Pag=0, then the solution of (3.2) can be written tn the form u=v+w, where

=%

i, MES 5

Il}l‘ Bitj'e' Uy,

d). are arbitrary constants, w is the unique solution such that Paw=0 and

|| w HU‘,\ Zconst. | g HG:\.

Remark 1. Under the assumptions of Theorem 1 the following in-
clusions {that can be useful when dealing with the corresponding weakly
nonlinear problem) can be obtained without difficulty. If A= P then
u, Au, Do eGh, if \=F then u, Au, DfeG and if A=7 (or Wand B=0)
thenw, AV, Dy sl

Now, if g is a quasi-periodic function with basic frequencies vy ,..., vu
then the above theorem can be applied to its corresponding function g*.
In this way we obtain a function #* which is a solution of (3.2} ; it is con-
tinuous together with Dg#® and Dju’, respectively, if we choose » suffi-
ciently large, namely

{(3.6) r= };L +2if 4 =P and r :13 + 2.

in the other cases.
The function #° represents the corresponding function te a quasi-
periodic solution of the cquation

(3.7) patt” () +ant' (1) + Au(t) +cult) = g(1)

Theorem 2. Let the assumptions (2.1}, (2.2}, (3.1), (3.3), {3.6) be sa-
tisfied. If A=W then, moreover, let (3.4) be satisfied. Let g be a quasi-pertodic
Sunction with basic frequencies vy ..., vy and the corresponding function g*
belong lo G,

1) Let Sa=&. Then the equation (3.7) has a munigue quasi-periodic
solution with the busic frequencies vy,.., V-

2) Let Sa=@. Then the equation (3.7) has a quasi-periodic solution
with basic frequencies vy ..., v, 1f and only if Pyu"=0 where Ppis given by
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(3.5). If this condition is satisfied, then the quasi-periodic solution lto (3.7)
can be written in the form u=v+w, where

W= XN dpetiin,
(5, ) ES A

d, are arbitrary constants and w is the unique quasi-periodic solution such
that PAw*=0.

Remark 2. The corresponding weakly nonlinear problems can be
dealt with as well : by means of the Banach contraction principle if Sy = &
or by means of the alternative method and the implicit function theorem
if Sa#@ (cf. [3]).
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EXISTENCE FOR A PARABOLIC EQUATION WITH NONLINEAR
BOUNDARY VALUE CONDITIONS

BY

ZHOU MEIKE

1. Introduction. In this paper we are concerned with the nonlinear
boundary-valuc problem of the form

(1.1) -a%ﬂ(u(t, x)} - Au(t, x) = f(t, ®), {1, x) €Qr,
(1.2) _a_gi%t;_'rd)_ +olull, x)) > g(x, ult, x)), (¢, x)<sZy,
(1.3) B(u{0, v}l vy(x). x€Q.

Here  is a bounded and cpen subset of the Euclidean space R% with the
boundary §; dufén is the oulward normal derivative of # ; § and o are
maximal monotone graphs in R? (possible multi-valued) ; f, g and », are
given functions on Qp = |0, [+, S x R and Q respectively ; E,=10, T[xS.
Problems of this type occur in the heat radiation (see cg HB. K e ller
17}, the absorbtion of gas in a liquid (see e.g.C.V. P a 0 {2]), the termostat
control problems (see e.g. G. Duvautand JL.Lions [3]) and in des-
cription of other physical problems. For instance, if we consider the folio-
wing boundary control problem governed by the Htefan problem (see
Ch. Saguez [4}).

26(0) —AB=0, {t, x) €Qr,
ct
o0 +h(0—be)=u, (¢, r)€Zy

én
G(6(0, x))'> vo(x), x€Q,
where G is a maximal monotone graph in R?, & is a positive constant, 6,

and z, are given functions, the existence result which will be given below
allows to implement a feedback law of the following form

w(t, x) =g{x, u{f, x)),
where g satisfics conditions (g}, (g). given below. For other results concer-
ning problem (1.1)—(1.3) in the case g=0 we refer the reader to the works
of JL.Lions [5] and Ph. Benilan [6].
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