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(3.5). If this condition is satisfied, then the quasi-periodic solution to (3.7)
can be wrilten in the form w=v+w, where

U(t) = 2 d;g C""J“ Uk,

5, R ESA

d; are arbitrary constants and w is the unique quasi-periodic solution such
that Paw"=0.

Remark 2. The corresponding weakly nonlinear problems can be
dealt with as well : by means of the Banach contraction principle if Sy= ¢J
or by means of the alternative method and the implicit function theorem
if Sp# & (cf. [3]).
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EXISTENCE FOR A PARABOLIC EQUATION WITH NONLINEAR
BOUNDARY VALUE CONDITIONS
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ZHOU MEIKE

1. Introduction. In this paper we are concerned with the nonlinear
boundary-value problem of the form

(1.1) -;%B(u(t, x)) ~Au(t, x) s ft, x), {t, x) €00,
(1.2) —a—?ii—t;—ﬂ +o(u(f, )= glx, u(f, 2)), (I, x) €y,
(1.3) B(u(0. x)) = ve(x). 2 €.

Here Q is a bounded and open subset of the Euclidean space R™ with the
boundary §; #u/én is the ouiward normal derivative of # ; § and ¢ are
maximal monotone graphs in R? (possible multi-valued) ; f, ¢ and », are
given functions on @ = 0, T+, Sx R and Q respectively ; X,=10, T[xS,
Problems of this type occur in the heat radiation (see c.g HB. Keller
1)), the absorbtion of gas in a liquid (see ¢.g.C.V. P a o [2]), the termostat
control problems (see e.g. G. Duvautand JJL.Lions [3])and in des-
cription of other physical problems. For instance, if we consider the follo-
wing boundary control problem governed by the Htefan problem (sce
Ch. Saguez [4]}.

£6(8) _Ap=o, (¢, x) €O,
ot

-C-'E +0{0—0e)=u, ({,a)€Zy

on

G(0(0, x))'> vo(x), xEQ,

where G is a maximal monotone graph in R? & is a positive constant, 6,
and 7, arc given functions, the existence result which will be given below
allows to implement a feedback law of the following form

ult, ¥y =g{x, u(l, x)),

where ¢ satisfies conditions (g), (g). given below. For other results concer-
ning problem (1.1)—(1.3) in the case g=0 we refer the reader to the works
of JL. Lions [51 and Ph. Benilan [6]
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110 ZHOU MEIKE 5

We shall suppose here that the boundary S of 0 is smooth, and it
B __
consists of & disjoint parts Sy, i=1, ..., &, such that § = US+and Sin S;=¢¥,
=1

1€1<j<k, and there exists for each S¢ 2 cartesian coordinate system y =
=Tx such that

(1_4) S[ N Vi =k[(§), ? P(_')-'], oo Ym l) ED'!
(1.5) YB={P;Yy; yeD; O<ym—hdy)=1121cQ,

where D; is a bounded and open subset of Rw-1: J;,
differentiable function in D;, and its g
and sufficiently small.

As regards the maximal monotone graphs B8 and ¢ and functions /.
£ and v,, we shall supposc that
() 0e€q(0), Dia)=R!;
(B): 0=p(0), R(BY=R' and int D)= 0 ;
B): for each N=0 there exists ay =0 such that
(Bu B (n—v)2 ay(1—v)2, for u, v D) with |u], |v|<N ;
(&)1~ g(x, #) is measurable as a function of 1 €5 for each ne R,

and continuous as a function of # € R for a.e. v 5. In addition, it is assu-
med that for cach N =0, there exist My>0, Ly=0, such that

lg(x, n)|< My,
&(x, 1) —g(x, v)| < Ly|u—u|,

a.e. x€5 and u, y € B! with [2], |2l V ;

(8): there exist %,<0, k,>0 such that [k1, k5] cint D(B) and
g(x, u)u<0 ae. xS and u & [k, k]

(f) feL¥0, T ; L~(Q));

(o) v, € HYQ) n L=(Q),
where H1(Q) denotes the usual Sobolev space Wiz(()),

We shall denote by H =L2Q). Let W'=(H"Q))" be the dual space
of W=HYQ), i.e. W' is the completion of H under the norm

Is a once continuously
radient is bounded on Dy ; A is positive

(1.6) |l = sup (w", u).

Bhliyy
Here (., .) is the usual inner product in H and will be also used to denote
the pairing between W and W'. The norms in H, W and W' are denoted
by [ s [ and |1y, respectively. As usual, H{Q4) denotes the Sobolev
space W¥(Qr). Let X be a Banach space [ we shall denote by C([0, 7] ; X)
the space of X-valued continuous functions on [0, T]. L0, T X), p=1,

denotes the space of functions {— k() measurable from [0, T] to X {for the
measure 4f) such that

7

(Sl;ﬁ(f).ﬁr dz)”' =l e, iy < +o0, (ot o),

'lr--ld—l-

24
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ess o sup [y =hles 0, v < 00, (p=+0)
tew, 71

Let A : W =T’ be the operator defined by

Au={w' eW’'; 3IzelyS), Z(x) €a(n(x)) a.e. x eS such that

(1.7) (w", ¢)= Sgrad 1 grad g dx + Sstfads, Vi E_W}
8

forueD(Ay={uelV; Austb}. ) - |
’ For( u)'-‘ IV such that g(., #(.)) =€L¥S), we sct Guel¥ defined by

(1.8) (G, ) = ‘ g, w(x)Y(x)ds, VbV,

b
Let B: H - H lie the operator defined by
(1.9) Bu={veH  v(x)eB(n(x)) a.c. x&l}

for e D(B)={ueH ; Bu#6}. As it is well known, B is a maximal mono-

; erator on _ ‘
o '(;I})lircfore problem (f.1}—(1.3) can be written under the following
form

(1.10) (Bu(f)) + Au(t) —Gu(t)= f{t}. <10, T,
(i.11) Bu{0) = v,,

' "=d|dt. _ .

“here'l‘hedmain result of this paper is the following theorem. .
Theorem 1.1. Lef conditions {o), (F)i-e, (€)1 (f).and (E.,OZ (Z;e %azfiis{/“f)en.

Then problem (1.1)—(1.3) has a solution ueC([0, T3, H)? t(E’Buj(t) mn

n L2(Qr) in the sense that there exists ve L0, T ; H) with o(t) L.

te]0, P[ such that

(1.12) %(v(t). 8)+ (Au(ty —gn{), ) =(/(1), ), a.e1=10, 0L,

(1.13) 9(0) =v,, for all =W,

The contents of this paper is outlined below. Inl ?ectu;-r?5 2 \?}i 21}112]1{
construct an approximating problem associated with g )t—£ f.m): e shal
prove the existence and we shall establish a priori gs 1tnila 93
ons. The proof of the main theorem is delivered In Section H Y detined

2. Approximating problem. Let A, be the operatltzr“ - g e
by A yu=Au\H for ueD{Ady)={nsW ; Ann f{?ﬂ} : is ea:l?{em
that w* =4 4u, if and only if u is a solution in H*(Q) to the pro

(2.1) _An=p*, rQ,
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(2.2) (—u+c(u)_=.z 0, x5,
on

We shall denote by j: Ri—R! a convex lower semicontinuous fune-
tion such that =25 and 520 on KR!, where dj denotes the subdifferential
of 7. It is well known that such a function always exists (see, e.g., [7, pp.
59—60)).

Therefore, A y=--A, where D(A wy={usH Q) ; —dufdneo(n) ae.
¥=5}, and 4 4=20, where o is the proper convex lower-semicontinuous
function from H to ]—c0, +o0] defined by

%S|grad #|*dx+ Sj(u)ds,

Is’
a 5
(23) (p(#) = l if 1t EH‘(Q) and j’(“) EL‘(S)’

+0, otherwise.
(see [7, pp. 63—67]).

Let Ay=Ayu(1 +244)"" be the Yosida approximation of A4,. Next
we shall approximate the operator G defined by (1.8) by a family of Lip-
schitz continuous operators on H. To make all what follows meaningful,
let us briefly describe the physical situation from which this approximation
originates,

It is well known that if problem (1.1) —(1.3) describes a diffusion
process of heat in a domain Q, u(, x) denoting the temperature of a point
x <0 at time ¢, then the function g 1s a part of the surface density of the
heat injection through the boundary S of £ into its interior. In other words,
the heat injection, which is given by surface density g in unity time through

an clement AS of surface S, is equal to integral \.gds. The function f is the
As

volume density of the heat injection directly in interior of Q. In other words,

the heat injection, which is givcn by volume density fin unity time through

an element AQ of volume Q. is equal to integral Sﬂlx. Let ¢ be a function

A0
defined on Q and satisfying the following conditions

(2.4) Supp < i Qf
=1
A k A
(2.5) SgdS =3 Sgdx'
a .=1“{

where A>0 is sufficiently small and

(2.6) AQf={xef; ¥ eASn Sy,
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=' being given by
(2.7) x' =TT ix. hi{Tx)),
i.c.. the projection of x on S¢in the direction of y,-axis. Then it is physically

obvious that the problem obtained by substituting f and g ll)y 0 and f+§
rccpcvt‘i\'t']v. is a natural approximation te the original problem.

To this aim, we set

AV2g(E uhni(x), x e, ue R,

238) Eralx, 1) = {0, otherwise

&
(2.9) alx, )= Y g.dx, ), x€Q, ue R,

=1
where o e

™12k =—
dx)=|1 — T,x))] .

(2.10) () [ + ?:“l(ay,(
We define the operator Gy : H—H by
(2.11) (Gyn)(x) =ga(x, u(x)), a.e. x=Q

h that Ln{))eH, ) )
or “’(féhi{sa:‘cor each fk>(0, (w)e consider the approximating problem

(2.12) (Bir ()’ + Axtin (8 —Gatir (85 f(8), £ €10, T,
(213) Bu;(O)E V.

We have the following lemma, o
Lemma 2.1. Let assumptions (), (B)iz. (g1, (f) and (vo) becsagzséi%d.‘
Then, problem (2.12)—(2.13} for g=2 hasa wunique solution u, & ([0, X
L"(Q)’) nL®(Qr) with u, € L*(0, T ; LI(Q)) in the sense that there ]fxists z;; <
eC([0, T]; LYY n L*(Qr) with weL~(0,T ; L*Q)) such that »{t)
eBu,(t) a.e te]0, T and
(2.14) w(t) + damn(t) =Gt () = f(#), <30, TL
(2.15) »(0)=v,

i
Proof. We define gz, 4), x<S, W<,

g(x, N), x€S§, u>N,
g(x: '-'N)! xesn u’<_N:

(2.16) g (x, u)=

A V2g¥(xt u)ne(x), xreQf, ue R,

N =
{2.17) ghslx, %) {0, otherwise,

{2.18) ¥ (%, u)=£ gz, w), x€Q, uesR*

iml
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and thc operator GY : H—H by
(2.19) (GY u)(x) =gl (x, #{x)), a.e. x=Q

for each ueH.

Let By=Pp +ély, where

N
| & Y.
+ o0, otherwise.

Then, By is 2 maximal monotonc graph in R, because 0 € int D{ély) n D(B)#
# 0 (see [3, p. 46]). We define By : H—H by
(2.20) Byu={veH ; v(x) eBy(u(x)), a.e. x€}

forueD(By)={ueH ; Byu#0}.
First, we consider the problem

(2.21) (Byuf () + A, 0l (1) —GYuil(£) = f(1), t<]0, T,
(2.22) Byud (0)= v,
or equivalently
!
(2.23) Wl (t) = Bl-vl{uﬂ + S(f('r) — Ay uf (1) +GYufl (z))d=}.
1}
Since for #=L%Q), ¢=2, the problem
(2.24) y(x)—ry(x) =u(x), x€Q,
(2.25) %’Q‘l +oly(x)=20, xeS
n

has a unique solution in H2(Q)n L(Q) (see H. Brézis [8, pp. 58—597),
1t fqllows that (1 +xd4 )"t is nonexpansive on L), and therefore, 4,
is Lipschitz on L%(Q). Noticing that B3, G¥ are also Lipschitz on L%(Q),
it follows by standard arguments that problem (2.23) has a unique solution
w¥ eC([0, T]; LY(Q)) with (ufyeL=(0, T ; L%Q)).

To conclude the proof of Lemma 2.1, we shall show that for sufficiently
large N, i

(2.26) lae® ()l iy <N for all £<[0, T] and A>0.
Let

t
(2.27) W {£) =v, +S (f(=)— Ayud (1) + GLuf (=))d~.
Then of € Byu?, of eC([0, To ; LY(€))) and
(2.28) ¥ () + Ay (t) —Gluy (8) =f(2), a.c. 110, T,

(2.29) v (0) =v,.

.ﬂ=h---“-.'..__-:-.‘.h:. =
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It is easy to show that

3
. g 1. 1
(2.30) SR o ()| 10f (=) (o (7)) 'dxds = = flof (&) et — P [ER[ER
] q
0

i f

esn V@ (A slet izt
U] B [}

Using proposition 1.1 in [7, p. 183], we may infer that

!
(2.32) SSAWQ'(T)WJ{(:)|v~=v§’(r)dxd¢> 0.
o0
By virtue of (B),, (g): and taking N>max {—ky, ki}, we deduce
]
Ssgi‘(x, ufl (x, %)) o (v, 1) (v, )dxd=<
o0

(2.33) ;
< ¥, aizimes Q4. C, sup ni(x) .CE%,
=1 rEﬂ{

where C,= esssup |g{x,#)|, and Cg= sup B(ts) .

(x4} €5 X [Rysks] w E[k),k]

Multiplying (2.28) by [#(#)|"™ ¥ (£) X integrating over ¢,, and using
(2.30) —(2.33), we get

t
(2.34) Nl (Ot < (1odlfem + CqCi Y +¢ S I Meaen {1 R (PMeq))d=-
0
According to Gronwall’s inequality, we obtain
g (4)100,0y < (lodlEey + C9CE +4llSf Nersszen) -

(2.35) quIIL:(o,t;L‘(nn).

(1 + gl fllero.eiacm - €
Taking g-root and letting ¢— 4+, it follows that
(2.36) o (B)lle= @<,

for all 170, T], where b=(1+Cg+|lvdlz=@)(1 +eM@Ta®@ny is indepen-
dent of N, A and ¢.

From (8);_,, we see that 7% is locally Lipschitz on R*. Noticing that
B-1v|> |Bg'e| for all v& RY, we see by (3.36) that

{2.37) el (#) o (@) < max {B71(2),~B7H{—b)}
for all te0, P).
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Taking N>max {—k, k,, B1(b), —B (—b)}. we obtain (2.26)} as clai-
med. For this IV, letting v, =), we sce that «, =¥ is a solution of problem
(2.12) ~(2.13). This completes the proof of Lemma 2.7,

In order to establish a priori estimates for the solution #; given by
Lemma 2.1, we need of the following lemma.

Lemma 2.2 If neWn L=(Q), then weL=(S} and ||ull.=s <t q).

Proof. For xe)y, we denote (for simplicity)

u(y)=u(y, ya) =1(Ti" y)=u(x),
where y =P x. For ¢=2 we have

(3, W31 = (5l +0 | (3, BIT(, 8 i“-gr—m dE<
1.‘;5‘-|+1/JT o
<lu()*+g( 1z B ~”—‘§E—E’ | dE,
k15
and therefore,
BT VR
39 wE NS (g | 2 ay.,
8y m

Byl

Multiplying (2.38) by »{T;'y), integrating over D¢ and using the boundness
of n: 1t follows that

S -1 | &u ! _
”“Hgﬂ(.spic (7\ 2|y iq(ﬂi) +q |”.|;q_2-:q-1.l_g{, ! 3 'L_ . ) .
ym ! In;\]

Using the inequality
4 1,007 ivi— .
lu!l&qlﬂiﬁ"q“'Lz.'i—’i'm{) (mes Qf)1-9/2la—1)

and taking g-root, we infer

”uHLf[s‘.l‘gC]."a'()\—l-'z (mes Q{)l—wjﬂq-—-f)]”“HLz(q-l}(n{] +
2.39
( ) du |

+g—
Ty nf

Vg oo
) g
Letting g— +o0 in (2.39), we complete the proof of Lemma 2.2
Lemma 2.3. The solution u,. given by Lemma 2.1, satisfies the follo-

wing estimates :
H

(2.40) MA@l +n@l + | @) hae<C,

0

Tn.-
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(2.41) | itaas<c,
(2.42) (e i< C,
(2.43) A g3 (t)"w'f—;C,

where y(t) =(1 +2d g) e (t) and C is a constant independent of A>0 and

0, T]. _ ) )
et ’Prloj. Multiplying (2.14) by 15 (f), integrating over Q, and using the

equality (sec [7, p. 1897).
. d : :
(A (t), ua(t)) = Et%(t) a.e. t€]0, [

where o, (t) = 1/214 gu{t) |5 +o((1 + 24 g)u(t)), we denote, by assumption
(B)e:

EZES- () hd T + ot (< zlf_llflli-[o,) + at0) +
An
(2.44) T
LY Sgg{‘(x uy (7, x)pa(w, x)dxdz,

oot
N —il
where 1,= B~ v, (it is easy to sce ‘that uy=15(0)). As #;, %o, Wz giand AV
mes % are bounded, it follows that

{

ls Sé’{i'(x, (T, %)) (7, y.c-)dxd T

H )

(2.45) P S S_‘i-s aizgl, (v, E)dEdwdx

nfo o
ul(r,r}
S S wiz g (x. B)dEdx|<C.

0f wyiz)

=jp"lz

i : < locallv Lipschitz, we infer that u, = WAL=(Q).
Si o= WML“(Q) and p1is locally Lipschitz, we infer o
B; c:'itgue of Lerrgm)a 2.2, it follows that unﬂL“(S). From this, we dEdF‘fe
that j(u,) €L*(S), and therefore, 1o € D(p). Using the well-known 1nec%uat ﬁ 3{
(see, e.g., [7, P- 571} ;a(w)< p(u), we deduce from (o), (2.44) and (2.45) tha
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2.46 Uy P NS e A 2 ! 2

(2.46) 5 |2y (7} Fr A=+ £|A,,zq (t)|H+—2-|gradu; (Ha<sC.
0

Since (1 +2A g)! is nonexpansive on H, it follows that

(2.47) (e} n<C,

(2.48) V() r< i () &

From (2.46), (2.47) and (2.48) we get (2.40) and (2.41).
As (1 +rA ) s nonexpansive on L7 (Q) forall g>2, it follows that
]-%’x4(§)|,:,w < N. Noticing that y, () €W and using Lemma 2.2, we obtain

Finally, we shall prove {2.43). Since — ey () fen € o(ry (1)), it follows
from (2.42) and assumption (o) that / LR

N r
(2.49) |20} <c. ?

| oan i

Thus, from the equality
14 2Ol = jUgi(A ay (8, ¢)="¢S"upl(8( grad ya (#)-
w w a

i 20 5). |

an

s
we deduce immediately (2.43) as claimed.
3. Proof of theorem 1.1 By virtue of Lemma 2.3, it follows that

(3.1) {y,} is bounded in L=(0, T:W),

(3.2) {y3} is bounded in L0, T ; H), '
(3.3) () — (1) HECH,

(3.4) {Ayt} ={A gy} is bounded in L=(0, T ;W’).

By the Arzela-Ascoli theorem, we obtain that on some subsequence con-
vergent to zero of A (for simplicity denoted again by A) we have

(3.5} ya—u strongly in C([0, T]: H).

It is well known that (3.1) (3.4) imply that

(3.6} vy~ weak-star in L=(0, T ; W),
(3.7) Ay, = Ay, »w weak-star in L7{0, T, W)

respectively. From (3.3} and (3.5) it follows that
(3.8) w, —»u strongly in C([0, T] H).
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Combining (3.8) and the boundness of . we infer that (on somc sub-
sequence of )

(3.9) w—v weakly in LH0, T H).
(3.10) o{t) & Bu(ty a.e. 150, Ef:
Now we shall prove that

(3.11) yy, =1 strongly in c(jo, T); L%S)).

It is well known that the embedding operator from W into L2(S). is
compact. Thercfore, from (3.1) it follows that for each 7= o, T,

(3.12) {y.(t)| « is compact it L¥S).

Using the inequality (sce 19, pp. 47 —49])

(3.13) lielleas) < Blgrad #ly +Csltt| .

where $>0 is arbitrary small, we deduce

(3.14) o (0) = (hossr <31 grad 3(t) — grad 3O+ Caialt) =l
By virtue of (2.40), (2.41), from (3.14) it follows that

(3.15} lyle) — ya{s)lessy S C{B +ViE=s1Cs)

for »>0, ¢, s<[0, T]. This means that {y,} is equicontinuous in C{[0, T ;
L*S)). Combining this and (3.12) according to Arzela-Ascoli’s theorem,
we obtain {3.11). .

By virtue of (3.11) we can prove that

(3.16) w(t) = Au(t) a.e. £€10, TL.
Indeed, if follows from (3.7 that for each $=LY(0, T,; W),
T T
(3.7 ((4sa00), )8 § (), W
and therefore,
T T . T
(3.18) S(grad yu{t), grad $(O))dt + )S _ o0 gy 5Sdt - S (w(t), b(E)) dt.
; 2 an !
From (3.5), (3.6), we may infer that for ¥=L¥0, T ; W)
T T
{ o), denat— {(ute), v
o o



120 ZHOU MEIKE 12

T T

S( yalt). () dt + S (grad y,(t). grad $(t)) dt -
0 0

N S (u(t), $(0)) dt + S (grad w(t), grad $()) 4,

and therefore

(3.19) S(grad ya(), grad U(£))dt — S (grad u(f), grad (#)) dt.

Because —3y,(t)/8n=o(y(f)), and {3} is bounded on S, from (3.11)
1; follows that there exists a subsequence of A (again denoted by 1) such
that

(3.20) ~ 22 7 weakly sn LY(Eq)
on
and
(3.21) #{t) =o(u(t)) ae. t<)0, T[ .
Combining (3.18), (3.19), (3.20), we obtain
T T T
(3.22) S (grad u(?), grad &(t) dt + SS 2()d{t) dSdt = S (w(2), b(8)) dt,

for each ¢ &L1(0, T'; W). Since ¢ was arbitrary, we have

(3.23) (grad u(f), grad ¢)+ Sz(t)¢d5=(w(t), $),

for each ¢ =W and a.e. t€]0, T'[, i.e. (3—16) holds.
Now we shall prove

(3.24) Gy =G weak-stay sn L3O, T ; W),
ie. ;

T
(3.25) gﬂ(c;,u;(z)-cu(t), $(#)) &t =0,

[1]

for each L0, T ; W).
Forst, we remind that Gu is well defined because u L= (0, T ; W)N
ML=(Qr), and so w=L~(Zy).
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It is easy to see that
]

{3.26) (Gu(t), $(1) = S’t V1 (!, w(t, 7)), Z)nd(x) dx,

peml

(]
i

and therefore,
k

(Gutn ) —Gu(t), WD)l = | T {2Vl mlt, e, %) —

$az]

£
0

<3 CS aiie [Ly(lw(t, %)= m{t, 2)] +
03
Flalt, %)=t T + e, 7 e, TG, 2)] +
1 g(F wit, B0, 1) — 4t 7 Ini(x)dx.
Using the following inequality
(3.28) ll#(x) — (2 Mlenesy CAY? grad #iaal), Yu=W,

(3.27) —d(E, XHg(x', u(t, X)) ni(x) dx

it follows from (3.27) that .
[Grtna(8) —Gu(s), $(NI<C Y [La(MH A uyal)n +
(3.29) +llgrad y(Olne, ) - Wb(Ollrady + Ml grad dlenaly (mes Q)] +
+C 5 2z lh) ~t)esy W Exly

For ueW and x<Qf, it follows by the inequality

IV
K
i< tu, e+l | 22 dy,
b7 "
that
B (7 +VA B4 VE ,
[ insael (w5 b 2] 1| G i)
»(5) k()

Multiplying this inequality by niTi'y) and integrating over D we get
fillzoasy < Y Mleliosy +llsliv)-

Using the inequality lis#l| sy < Cllwllw, it follows that
(3.30) edlnialy < CHBully, VieeW.
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By virtue of (3.30) and the obvious inequality
b

(3.31) 1;\in3§ IY(llanaly dt =0
0
we deduce (3.25) from (3.t} and (3.29).

Letting A—0 in the equation
¢ !

(3.32) (L} + S (Aasa(r) —Gasia(T))dT =vo + Sf(‘r)dr,

which is equivalent to (2.14}--(2.15), we obtain
t !

(3.33) w(t) + S (w(x) —Gu())dc =1, + S f(z)dx,
[ 4]

where the limit is in the sense of weak-star convergence in L0, T ; W').

Let ®=CY[0, T]), ®(T)=0, $eW. Multiplving (3.33) by (—P4)
and integrating over Qg, we get (1.12) and (1.13). This completes the proof
of Theorem 1.1,

Remark. The problem obtained by taking f{f, x, #) instead of f{Z, x)
in (1.1)—(1.3) has a local {i.c. for T sufficiently small) solution in serse of
Theorem 1.1, if f(2, x, 1) is measurable as a function of (¢, ¥} Qg for each
1t € R continuous as a function of #e R! for a.e. (¢, ¥) €Qpr, and if, in addi-
tion, for cach N =0, there exists Cn>0 such that |f{¢, x, #)|<Cy,
for a.c. (f, x) €@y, and |#|<N. We can prove this conclusion with the met-
hod used in [10].
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ON SOME NEW INTEGRODIFFERENTIAL INEQUALITIES
BY
RAVI P. AGARWAL and E. THANDAPANI

1. Introduction. In [3], we have obtained several new iptegrod}ffe-
rential inequalities involving higher order derivatives. These inequalities
are directly useful in studying several properties of the solutions of d1f1:c-
rential equations, see also [6] where es_scntmlly these‘ inequalities are used.
The discrete inequalities involving higher order differences share same
importance and are discussed in [1]. In this paper we shall give 0 P 1;{{1,5
type inequalitics and nse these to derive another new class of integrodiffe-
rential inequalities. An application of our results is also given.

2. Main Results. Lemma 1. Let y €C®* v [a, b] be such that Yy (a)=0
Jor i=0, 1,.,#0—1 where nzi. Let y‘"‘” be absolulely continuous and
[

S | yM(s) |* ds<oo. Then

x

(1) [ 1790656} | ds<Rafx—ay = 177() 14,
where ’ ’

1 n—i 2
@ Ko=) !)(2;-;—21:— 1) '

Proof. In view of the assumptions on ¥, for any s such that a<s< x<h
5

S )=y L,
Y =0 1)18( )
Therefore, s
Lot )|
AN e artn} g ——— 21\ (st L) | Al
| 50(s)y"(s) Y (s—1)

a
and, by Schwarz’s inequality, s

T (n -_}'m)(S) i (S e u)fn-i 1) Uy (5t Va .
|y s)y™s) 1€ T 1)!(21:—21‘—1)1'2(8 V() )

&

Thus, integrating from a to x and applying Schwarz's inequality to
the right side again,



