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By virtue of (3.30) and the obvious inequality
-

(3.31) tim{ 1@ty @t =0
Q
we deduce (3.25) from (3.11) and (3.29).

Letting A= 0 in the equation
¢ H

(3.32) n(t) + S (Axtta(7) —Gasin(7))dt = v, + S f(x)dx,

i) 0

which is equivalent to (2.14).-(2.15), we obtain
! t

(3.33) oty + S (w(7) ~Gu(z))dt =1, + S f(x)d=,
0 0
where the limit is in the sense of weak-star convergence in L*0, T'; W’).

Let ®=CY[0, T]}, ®(T)=0, ¢ W.  Multiplying (3.33) by (—®.)
and integrating over Qr, we get (1.12) and (1.13). This completes the proof
of Theorem 1.1.

Remark. The problem obtained by taking f{¢, a, 1) instead of f(2, x)
in (1.1)—(1.3) has a local (i.c. for T sufficiently small) solution in serse of
Theorem 1.1, if f(, x, 1) is measurable as a function of (¢, x) €@y for each
1 e R continuous as a function of #< R! for a.e. (¢, ¥) €@, and if, in addi-
tion, for each N >0, there exists Cx>0 such that |f{¢, x, 4)|<Cy,
for a.c. ({, #) €Qp, and |#|<N. We can prove this conclusion with the met-
hod used in [10].
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ON SOME NEW INTEGRODIFFERENTIAL INEQUALITIES

BY
RAVI P. AGARWAL and E. THANDAPANI

1. Introduction. In [5], we have obtained several new integrodiffe-
rential inequalities involving higher order derivatives. These inequalities
are directly useful in studying several properties of the solutions of diffe-
rential equations, sec also (6] wherce essentially these inequalities arc used.
The discrete inequalities involving higher order differences share same
importance and are discussed in [1]. In this paper we shall give Opials
type inequalities and use these to derive another new class of intcgrodiffe-
rential inequalities. An application of our results is also given.

2. Main Results. Lemma 1. Lef y €C* 0 [a, b] be such that y{a) =0
for i=0,1, . %~ | where n=1. Let y™ YV be absolutely continious and
b

S | ¥™(s) ¥ ds<oco. Then

x

(1) {1 796y(6) | s Ralx—ay 1 77) 124
where ’ '

1 n—i e
@) K= =9 !)(m EPYS 1) '

Proof. In view of the assumptions on ¥, for any s such that a<ss< x<h

5

1 - .
(0 — s t)"" 1}.(“)(3)dt'
S e 1):3(
Therefore, n(s) s
: I}] H 5 S n-i—y r(n) 1
(g 4t2) g —2—Yr A\ (s V() | dt,
5 9(s)"(s) ) (s—6)

[
and, by Schwar z's inequality, .

(6 (n i l..."m)(s) | {s — tl)m_’_l“) P » 12 .
| YO(s)y™(s) | (nﬂ,_l)[(2”_21._1)112(S|) ) t]

“

Thus, integrating from a to » and applying Schwarz's inequality to
the right side again,
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L x | w1 ;‘
[ inl i R~ 2 ' n | v 4 ()™ -“) 'Id‘r» CP(O) o
§ 1542505000 5 e (Zn_2£_,).fz( flo—apvas) x 7 e =N () |+ e %}“ ()™
: ! V2 Using lemma 1, in (7) one obtains ¥
x (S [ y(n)(s) '2(S ytn) (t) 12 dt) ds) — nel ) n—fg ey (2 de
| ® e 370 el B Ry 16 |
1 (x—a)™* ) is lecreasing, it follows {rom (8) that
= = M(s) |ds. iee |y | €o(x) and o{x) 15 nondecre f,
(n—i—1)! (2n—2i—1)¥2(2p —Zi)"’ﬁg EAG Since | () | <7(%) o-1
a ’ i ol x -i X “—[+1?2 _,1‘;1_
The above is, in fact, (1). This completes the proof, (9) 2'(¥) <f(x) (3) + a(x) ?_;‘UI\ (x—a) (
Remark. For n=1, =0, v=b (1) is Opials original result [4]. )
For n22, 1=0, x=b (1) is sharper than Willet’s inequality (7] and Since 9(x}=0, (9) can be rewntten as
reduces to the same as obtained in [3], also for the best bound in this x iy
case see [2], L 4 b exp(Sf(s)ds)l < Q(x) exP(Sf(s) ds) :
Lemma 2. Let p, g be boih positive satisfying P+g9>1. Let v be as in (10) e ?(x) i
’ a )
lemma 1 and letg | ¥(s) ™" ds<oo. Then Integrating (10} from « lo ¥, w¢ find X .
3 1 , _
S : 1 exp ( Sf(s)fzs] + =< {0fs) exp ( Sf(f)fh) -
. : _ f?("ﬁ) a
B 10 21y 19 ds< b (s a0 (| sy (s, : : i
bzl i ) A which e . ht side of (6).
() C ‘Ihe above produces an estimate for o(x) “,hlc.h 19 same as HEnt S |
where Now the result follows since | -"{")G) | é?(};‘ { fix), g(x) and ¢ be as in
(4) Y o—_— {n—1) (1_—_&) i “’( )0, e 1 Theorem 4. Lei p, g, ¥ be as i Jewma 2 and flx), g
"l (n—7—a) ({r =) 3 _P-i-q. theorem 3, for which the inequality

Proof. As in lemma 1, the result follows on using Hélder's ine-

& " n—1 ;
LAY 2] (Y|4 ds ] ds
quality instead of Schwarz’s inequality two times with proper indices. 1) 3y | <o+ Sf(s) M(s) | ds + Sg(s) (?:0 S |y (=) 1715 (5) )f
Remark. Forn=1,i=0, x=» (3)is a sharper resuit similar to Y a n g's { ' ' : a a
(8]. For m21,i=0, x=b (3) reduces to that obtained in [3]. nolds. Then .
Theorem 3. Let y be as in lemma | and let f(x), g(x) be nonnegative LR
continuous functions on [a, b], for which the inequality c E’XP( Sf (S)ds)
x L - -S [
(5) .y“"(x) | <c+ Sf(s) | yt® (s) | ds + Sg(s)[ Z 3 Iy‘”('r) ytﬂ)(._-) | d,] ds “2) ..‘)"")(“) | < f s i) ds VPl
. ) | ; ) » :‘rk =0 [l_cpw 1(P+q_1)8R(s)uxp[(}b+q—1)8f(1')wr) |
wolds, where ¢ {s a posilive constani, Then ; a
i petili<e P ( Sf(S)dS.] // [I _CSQ(S) P (Sf(T)dT) ds] | as long as 1—e9Hp+q- I)S R(s) exp (("P +g—1) S_f(‘r)d‘f] B0
a a @ . =] .
! 1 ’ \ dx ; 0, wh v ' —i+1 l , ﬂil M (T__“)(n—npn_
as long as 1 - cSQ(s) exp Sf(*r) P 450, where ()(x) =g(x) §0Ki(x_a)n ) % ihere R(x) '_“c‘r(x),--uj i

: ¢ : ‘e slmi hat of theorem 3.
Proof. Define ¢(x) as the right side of (5), then Proof. The proof is similar to tha

Ll LAl
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]\)F.”!Lir)‘,\' [: = -
. . ol P f/ ]. l(‘lll]ll‘.l 2 l'('(lu(' bt Ny -{
]l . ) 1 ; : ' es 1o l(,”.”]u i .'l]l(l 1[1('01‘(‘1“

to Pfc::,‘.’ig‘:l uzlll)léilc:;tlfﬁatlji{; ‘:'IC Shal]l give an application of our theorem 3
TP e g t 1w solutions of the nonlinear integrodiffe-

(13) _’}""ﬂ)(x) =F(x, y(ﬂJ(A-)’ S /‘.',(z', s, }'(S), _}"(3) et J“""”(S))}"’”(.s}ds)

satisfying the initial conditions

(14) ¥ a) =0, 0<ig
' 3 =0, O0<ign- 1, v u) =
w115cre F is continuous in its arguments, }ancgd) o
(15) | F(xw,2) [<p(v) | | +g(x) v |
n—1
(16) I A(x, 8, 3(8). 3'(s) ooy ¥ 0(s)) | L 33 | 39 (s) .
im0

The functions p{x) and ¢(x if
1 x) and g(x) are contiiuious and ive i
negative constant. Any solution v{x) of (13) ((1-':])OIx.]jlltelfg?ltcls\L b o

X

(17) 52) =+ [ Fls, 326). M. 2. 902, 3 (5) s 370() 330 () .

Using (15) and (16} in (17). it follows that
(I18) | 3™ x) < ||+ P(s) | 3 \‘ ( Cae
: b f ¥ S) ! ds+ L ] 3 S \ VN ot o .
) JESIPIE (5 =) ds.

Incquality (18} is sumni 5) wi
3 ilar to (5) with ¢ = :
th . with c=| 2 f. flx)=p(x), g(x) =
fusgtriconx;lqs'll?ll;m 1dg‘s an upper estimate for | -\"”’((;r)) {,{)1(1 20131(1:;)01'1%(0\}{' lhl'ls

s, e estimates for | 347{x) |, 0<7<# —1 can now be obt'lim}:lml‘)iT

direct integration and making usc of (14)
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ASYMPTOTIC DOSING PROBLEM FOR EVOLUTION EQUATIONS
IN HILBERT SPACES

BY
G. MOROSANU

0. Introduction. We proposc studying the so-called asymptotic do-
sing problem for first-order abstract differential equations of monetone

type in Hilbert spaces.
The idea of writing this paper
6], who considered the asymptotic
sional case. However, both our assumptions and the
are completely different from those of [6].
The main result we state in this paper.
the well-known O p ial's lemma and on a tec

loped by Baillon and Haraux [I]
The last part of the paper (Scction 2} is devoted to the study of exis-

tence of solutions to abstract evolution equations which include a measure
as an inhomogencous term. This subject is closely related to the dosing

problem.
1. Asymptotic
product and the associate

originates from a paper of Turinici
dosing problem for the finite-dimen-
methods we use here

Theorem 1| below, relivs on
hnique similar to that deve-

dosing. Let H be a rcal Hilbert space with the inner
d norm denoted by (...) and | .1, respectively.
Let A be a maximal monotone operator from H into itsclf, whose domain
and range arc denoted as usual by D(A4) and R(A), respectively. Consider

the sequence of Cauchy problems () :

dit, o
220y + Auf) = f(2), 0<t=T,
(P4 2 )+ Anlt)> f1)

1y{0}) =x,

du

, tiy s Au s i), nT<t<{(n+1 E

- )+ A )= 1) (n+1)
wuly =1, {nT) +d,.

for n=1,2 ,....

where T =0 is fixed ; v e D(4) (the closure of D(A)) ; (d.) is a given sequ-

ence in H;
(4 felic(0, oo ; H) and fis T-periodic.
By ,d/dt" we mean the ordinary derivative with respect to i
A a first remark, the sequence (Py) 18 well-defined only if each of

the initial data of problems (Pa) belongs to D(A). The assumption



