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In this paper, the existence of analytical M ichal-Martin type
solutions [2] of Briot-Bouqect differential equations with Fréchet
derivalives, is discussed. These equations are gencralizations of equations
studied by .. Reich [31 in Banach spaces. & majorant method has been

used : [ormal solutions for the given equations have been determined. and
{hese solutions are majored by analytical solutions of corresponding scalar
differential equations.

1. Homogeneous Polynomials an Analytical Functions in Banach
Spaces. Definition 1. [2] Let X be a linear nornted space and Y a Banach
space. defined over the sante field of sealars I'. A function P, {x) defined on
X hawving wvalues in Y is called a homogencous polviomial of u-th degree if
there exists an n-linear function h{x,.., &), defined on X™ with values in
Y, symmetrical in ¥y, Nope X such that Pu(x)= h(x..., x) for any x& X.
Bo{¥eeo. Xn) is called a polar form™ of the homogencous polviomial Pu(x).

Proposition 1. [21 The polar form Ji,(y...., Xa) of a homogeneous poly-
nomial P x} of the n-th degree 1s wnigiee. If P,(x) is continnous in the origin
of X then Ialxy..... x,) fs confinuous in ihe origin of X",

Remarks 1. A homogencous polynomial (v} 1s continuous on Y
if and onlyv il its polar form J a0 N i continuous on X",

2. A specific norm can be defined in the casc of continuous and homo-
gencous n-th degre palynomials, namely © |,/ = inf {u!. such that [,(x... 2
<ullvt. Yae XN, Generally  the following relationship between [[17,[] and

t 7"
hl: 1€ —— < —, holds,
Pl on!
If the fivld of scatars is € {the ficld of complex numbers) then Iali = 1 £2%ll, 127,

In the following. we shall denote both the polynomial and its polar
form by the same letter. The norm of a polvnomial to be used is the norm
of the polar form of the polynomial.

3. Let f{vy.... v} be an p-linear function defined on X and having
valves in Y. Then Py =/flx.... v} is a homogencous polvnomial of u-th
degree whose polar form s
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By, ...., .r,.)=-1— Y Sxe e ),

'"! (S0 Fares !'-|

(#1, -, 3,) being a permutation of the set {1,2,..., n}.

4. Let f(x;...., x,,%) be a function defined on X* x ¥, with values
in Y, s+ 1-lincar and symmetrical with respect to the variables x,,..., %,. I
Py(x) is a homogeneous polynomial of the k-th degree, defined on X with
values in Y, then Ay =f(x...., ¥, Py(x)) =f(x", P(x¥)) is a homogencous
polynomial of the k+s-th degree and

Ripel(%:, Xaaen, %) =
st &kt
k49! )2

y e I., |.+lp-|.; I.+‘I

S, &, P2y %0000,

where {i,,..., 4}, {is+1,..., fpts} are subsets of the set {1,2,..., k+s}.

5. Let y,=Y and I(x) be a linear functional defined on X. Then P,(x) =
=[/(x)]" », is a continuous polynomial of the n-th degree. VWe have the

following equality P,(#;,..., %z) ={x1) §(x2)...0(%a) Y.

Proposition 2. Let f(x,,..., %,, 3} be a s+ 1-linear function, defined on
X*x Y, continuons, symmetrical with respect 10 Xy, Xq, .00y o Consider the
equation

(1) S, 6%, x8)) = Axadx) + Pex'),
where ;

a) x,=X, 1,#9,

b} Py is @ continuous polynomial of k-th degree,

c) 4 :Y Y ds a contintious linear operator, having A7 :Y Y,
d) A, Y=Y, Aev=f(x;, 5), has an inverse Ag': Y=Y and

k!
-(—k—::s—)!; IAEI [} A= 1.

Then, the equation (1) has one and only one solution yy in the set of conti-

nuous, homogencous polynomsals of k-th degree.

Proof. For simplicity, we shall consider s =1. From the proposition 1
and the remark 4, we conclude that the equation (1) is equivalent to

1
Zf(xl’ yk(xﬂ‘“'s Xy, "ID)) +f(.1", Jt(xlr T I 1) x“)) +

(1)

+ .. +lf(-'\'j, jk(x;l,...‘ Xr-1, 10)) =A_’}'g(x1, Nayerey x,,) +P;-(.T1, B0on xk),

V(xl, " T xx) & X*,

Denote vi(x5) =vy. (s, %71 =vs{x1) e, ¥el&nsee, Xg_1) = Vg% Froa)-
The equation (1’) is then equivalent to the system
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.I.(_l'u, 'Un) = .lvo + ‘Pk(ﬁ'g),
]L]_lf(ifn, ‘Ul(xx)) + éj(ﬁ:x, ‘Uo) = Avl(xl) + Pk(xl, AE"I),
14

2 v, wal, 2) + L[St ) + S, walr)] =

@ :
= AvZ(xl: .‘Vg) +Pl:(xla X, xﬂ—a))
1
_k [f(xn Va2, X))+ +f(xk1 LT E 2T xk-l))]=A}'k(x1.---.xk) +
l + I)k(xl, cann xk).
Indeed, taking in (1) successively vy =X,=..=%; =0, then x;=x,=..=

=, = Xp,..., then X =%, We obtain the system (2}.

Conversely, if (vq, v1,..., ¥ » i} is a solution of the system (2), we
have the following equalitics v,(%o) =va, va(¥a, Xo) =¥2(X1)se0s ve(X1, Xapees X,
Ko) =¥pa{X1, Xz,eey Xxoa)- Obviously, taking ¥ =x, in the sccond equation
from (2) and substracting from it the first equation, we obtain
E—

k

ons of the proposition, we get first v4(xo) — Vo= g

l [f(xu,vl(xo))Ff(xo, Ug)] = A(vi(xa)- ), whence, under the assumpti-

k 1 A A (o (x0) — vo) and
then v,{x,) —1,=0.

In order to obtain the equality z.(x,, xo) =v1{¥,), we substitute in
the third equation (2}, x:=2x%, and we apply a similar method. The fact
that v.{xo) =7, should also be kept in view. Thus, step by step we conclude
the whole statement,

If we substitute in the last equation (2)

vk-1(x2,---, xk) '—'J’k(v’fz,---, Xk, -'1'0);-'-, Uk—l(-“-"h---, xk—-l) =_'\'J.-(-‘71,~-, Xg.-1, xo)

we obtain (I') and the proof of the statement (1') « (2) is now complete.
By the assumptions, (c) {d) the system (2) has a unique solution. This com-
pletes the proof of the proposition 2.

Definition 2. Let X1, Xs,..., Xy be normed linear spaces and Y a Banach
space over the field of scalars. Consider the spheres Bi={xdxie Xy, mill <74},
1’=1_,7e, and let f(%1,..., %) be a function defined on B= B, x B, x...x By,
having valmes in Y. The function fis called analvtical on B if the folloving
equaltly holds

() f(x1, x2,.ees xh) = Z Do %y, Koy e Xg), 0 which Peu..n 15 @

"1..... =0, =

coniiniotts homogencous polynomial of i ~th degree in xy,..., Of the i, -th degreein
%, and stuch that

z Hpire . el AL B <00 for meT, [Mi<ry, i=1k,
i ....,-‘,=ﬁ

X

10 Matematica universitdiil
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Rewarks. 1. An analvtical tunction f{vy. xao... v )=

= Y oy ooty (¥1yee, 1) 18 Fréchet differentiable any number of times

i1.~-.n ik=“0.oo

in the convergence domain B and we have:
St f(8; %y, Xa, .o, Xp)

Doy iyl Xn, 1) = . o
¢'1%y ... Oy

Hence it follows that if /'(xy,..., A,) (£ =1,2) are analytical in the neighbour-
hoods Bii =12} of the origin of X, x X, x... x.X,,

f'= Y P (v )

1'1.. |t--=0,m

(i=12) and fi{x,..., x)=f%x,.., ) in a neighbourhoed B,c B,n B,,
then p! ... (x5, ..., %) =$% .. (X100, 3
1 '7Y 1 !

2. If:a) st{xy.e, X)(i = 1. p) are analytical in a neighbourhood of the
origin of X; x X, x ... X A, having values in Yi(i =1, p) and #({0) =0,

b) f(#s,..., 1tp) 15 analytical in a neighbourhood of the origin of Y, x
x Yo x ... x Y, having values in ¥, then there exists v, .., 2 =
=f(t(x,00, Ki)yorn, {5,000, xp)), analytical in a neighbourhood of the origin
of X\ xX, x..xX,.

3. Taking in (I) py ..y, (K1 0) = L) o f{¥i) ey oy, Where li{xe)

(1=T1,k) are lincar functionals continuous on Xy, and yi ..., €Y,/ is an

1
analytical function in a certain neighbourhood of the origin of X, x
x Xy x...xX,.

2. A theorem of uniqueness for a Briot-Bouquet differential equation
in Banach spaces. Let X be a normed lincar space and Y a Banach space
defined on the same ficld of scalars 1.

Consider the equation

3 1 ) =t 4 Bulary 420 ),

where :

a) s,n are integers 2 1, s < #, 1, € X, xo% B

b) flxy, Xapery Xs, ) is a s+ !-linear function, continuous, defined on
X*x Y, with values in Y, svmmetrical with respect to the variables xu,

¢) « is a continuous lincar operator, defined on Y, with values in Y,

d) B, (x"y=8,(v. v x) 1s a homogeneous continuous polynomial
of n-th degree. defined on X with values in Y.

e) P(x.v) is a fvnction analytical in a neighbourhood of the origin
of X xY, having the form:

Plaovy= % pu(a ¥

[ R L
[ B
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We shall use the following notation :

Aot =f(xo. 1), 4 E Vv, and assume that

(i) <y and A are invertible, with A3 Y=Y and A YSY,

| .
(1) =4 Ao li< 1.

Then we have ‘ ‘
Theorem 1. Under the assumptions (i) and (i.), the cquation (3) can

have only one solution analviical of the form

{(4) p(r) =y X) F )+ U () I

where vprp{ =0, 00) are conlinuois polynomials of n + k-th degree.
Remark. The equation (3) represents a generalization in Banach spaces
of differential cquations having the felloving form :

(") 7" d;w = aw + 02"+ Yz, w),
dzt

where = C. a. b=C and Q(z. w) 1s a powel serics in £ and w, convergent Ina
) ot

ncighbourhood of the origin of € x C, such that ord{Q(z, £*) = 1, s and u being

integers = 1, s<n. . 2 : analvtical solu-
In case a#n-s, n=s + 1. then the equation (7) has a unique ana ytical solu

tion of the form
w(z) = =" + PRTRELE L S S gk 13 th. 1]

Proof of the theorem 2. 1f:

(4) ) = () 4 (X)) +o + ypsp(A) +o
is an analytical solution ol the equation (3), then we have
L g ! s
(5) (¥, Yo) SICED) = = sl X", ag) + -—-——-—(” all) |3.',,+,(:\'“+1 A+
flg (i —s)! (n+1—s}! .
Substituting v(x) from (4} in (3). taking into account (5}, it follows
1
It . f(i\"', }"(."u s’ xao)) . AJ'”(J«'") + B”(I"),
(n—s)t’
t
(u(,—:- : s) lf(-"‘- )'MTHHH_’: af)) = Ayea (¥ F
(©) Lt pusn(0) + pule, (),
_(1_1 *2): F{x" yae AX"7E, 9)) = A}’ﬂﬂ("’"“) +
{(n+2-—s}!

‘ .
Applvng successively proposition (2) to the equations of the system
(6), we find that the system has a uniquely determined solution. -
Kemark, T P(x, ) =pPuess ol )+ Pario o ¥)- then the equation (3)
has a unique solution of the form

+ Pureal )+ Praf¥s Nara) P332,
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F00) = 5(5) + Yral®) + oot Faal0)

3. Briot-Bouquet Equations with Analytical Solutions in Banach
Spaces. Let {{x) be a continuous linear functional defined on X, such that
I(xy) # 0. We shall study equations of the form

(37 [l(x)l‘fi%—’x") =Ay +B,(x") + P(x,5), where By(s") =[(x)]"by, b€ Y,

P(x,y)= Y, (0¥ pu(s), pi{y) being continuous homogencous poly-
i, f=0,0
i+ajn

notnials of j-th degree, defined on Y with values in Y, such that

pX ol for », pe T, |2 <7, pi<7s, and A:Y-Y is a continuous

linear opcrator.
Theorem 2. If
. (n—1s)! !
(is) ( 5) .
n! IHENTY
y(x) of the form
(4) () = [H{2)Ten + (1)1 Cag 1 + ey With Cupi{k=0,00) €Y.
Morcover, if the operator A is inverlible with A7 VoY, and
U | l
] — —
) (xa)
the form (4).

Proof. In this case we may determine a unique solution yu(x}, yas2(2),...
for the system (6) with y,..(x) of the form yueu(x) =I"**(2)Cas, Chrp € Y
For this purpose it is sufficient to detemine ¢+ € Y such that:

| A || <1, equation (3') has only one analytical solution

)< 1, then y(x) from (4) is the only solution y(x) of

n!
e P (x5)ey = e + by,
(n—s)! ()
(4 1}!
- _——l‘-n [ =ACII +n :+ nls
(6") (n+ 1—s) (o)ons s s+ Pavs o+ pules)
n+ 23!
“"‘("'—)‘ l‘(xﬂ)cn+'.' =Acy e+ Par oo ""Pu(cnn) + .?521(%),

(#+ 2—s)

By assumption {i,), the system (6') has a unique solution. Moreover, if there
exists A7V : Y =Y and (i2), then we can apply theorem 1. Thus it follows
that (4') determined by the system (67) is the unique formal solution of the
equation (3) huving the form (4).

In order to prove the convergence of the solution (47) obtained by sol -
ving the svstem (6') we notice first that(6") leads to @
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. (n—s)! 1
call < All liealt +1i6all]
i B DA el 1
: +1—35 1
wrll € L L A s+ ol il el
- e+ 1)L ()]
enrll € PEZZI L A eyl + [ Bms el Ul lowsal +
| (nr2)! iz
+lpall leal],
Consider now the scalar equation
. d'w 1 n .
(39 . (1A e + | 8alle” + P*(z, )],

z = :
dz" |l(xo) |*
where P'(z,w)= Y, [pille'e’

l',j'w[l-,;
f+nj>n

The equation (3*) has a unique analytical solution w(2) of the form
{49 w(z) = 2" + Cuyy 2" L

We obtain c,’,+,‘(k=6-,-§) from the system

Pl LR S Y X
n!  l{x)l

. (n+1—s)! 1

" e A | ; + n+ 10 + ;’
(8) Cn+1 A0 Uz (14 licn+1 + [Pas 1aoll +1 2aalle
. (n+2—35)! 1 i . .
Chya = s [iA ||5n+2 + ”Prﬂ-:-n“ + "?n”cn-i-l + "P“"Cﬂ'

(n+2)1 i)l

........................

From (7) and (8), by assumption (i:), we get ||cassll Scus- This completes
the proof of the theorem.

4. Briot-Bouquet Equations with a continuous linear functiona! which
generalize the equation (3’) from 3. Theorem 3. Lefm, n,7,s be infegers,
mzl, nzl,s21,r20, s<n
Consider the differential equation

(g yr-nmsrss XD yiyp (ym) +
9) dx

+ ()] Pma(y™ =) + ()] 2 Pmaaly™ 7} + e F

+ [Ux) ] p(y) + [(x)])*™"Do + P(x, ),
where :
(i) o€ X, 3o%# 0, and }(x) is a lincar functional, continuous on X, and ixe) #9,
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(i) peli =0,m) are continuons honogeneons polynonials of the i-th degree,
defined over the space Y and with values in Y,
(is) P(x.3) s analyvtical in «a neighbourhood of the origin of X x V¥, having
the form

Pla, )= % D(OT poly):

i =0
ko mudr

(i1) Suppose that there cxists a vector ¢, €Y, a solution of the equalion
(10) [l()io)-l‘-ﬂ,,— Pm(‘;n) - pm-l(ﬂn)_ e T Pl(cn) - Pﬂ= 0,
stch that
n+ 1—s)! . -

(i 1) "(_-l-—‘i)_' (’n .Pm |En AL +(”1_" 1)||Pm-1n “Cn”m ? +... +”Pl“) < IE

(n + 1)1H{x0)
Then the equation (9) has an analytical solution of the form
(+) () = ()16 + TRV 600t + e

Remarks 1) This theorem is a generalization of theorem 1 from [3]
over Banach spaces.

2) For m=1,r=0, the equation (9) becomes {he cquation (3) from 3.

Proof of the theorem 3. The proof of this theorem is similar to that of
theorem 2. Substituting (4) in (9) and equalizing the coefficients which
we obtain for [L{x)]™*™*¥{k=0,1,2,.) in both sides we get for €, Capreess
Cptp,.re, the system

onl [U(x0)1Cn =PmlCh) +Dm-s(eR™T) + o T Po
(n — s)!

|
___(“_+ ik ;.l(xo)\-"cnh = um(C',’,"l, Catr) + (e I)Pm--l(r:‘-—g’ Cuta) +
(n+ 1— s
1) | P+ Folens )
k) ;
(1 + &} [(xa) T Cnte = P ulCr s Cpar) F oo pr{Cnrs) +
(n+ k—s)!
-+ F;—(Cm..., Chsk—1 1 Pl! ---pm)r

Fi{n, Crateeos Cnpio1 s @ Proeens Pmog) ATC finite sums of terms which
are values of the polar forms of py; from the development of the function
P(x, y), in some vectOrs Cp, Cag1reees Casko1, 25 well as values of the polar forms
of the polynomials ..., Pm-1, into the same cy...., Catr-1. 1he polynomials pi;
from the development of P(x, y),involved in the determination of ca.x are
denoted by ,a".

By the assumption (i), the system (12) has a solution Ceer, Caenpess
uniquely determined, corresponding to a solution ¢a of the equation (10).
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To prove the convergence of the solution (4'), obtained by the system
(12), we shall form again a scalar equation which has an analytical solution,
majorant of the series ¥ | curr || 2rHE.
k=0,m
From the system (12} we obtain

B (Jb— 5)s ! -~ im | m-i |
pll < il [1’(1")]‘ (11%""”"1:1 + |Pm—1H ”Cu” S ooo lpo )'

(n+1-— S)' m—1 Al |
(1'1 + ]) [ |£(3~o) % [(mlp"‘” “C"“ + .. +le ) ”cu+1!| +

i3y + (el al

!.Cu+|“ g

(n+hk—1s) 1 ¢ i
n.-! 'uIiMI e 1L 5,,;1.'
bl gl D]

+ Frilleall. ooos llewsralls a*, \pall, - [ pmli)s

ley H.'.l <

. . . N .

F; in {13) is oblained from F;, by substituting for the terms of this sum,
the products of the norm of the respective polynomials and the norms of the
corresponding  elements ¢y, Cupnyeee [hus, we substitute [l leain- for
Praltapa). Now consider:

1 N : T n!

Y ([t mll leall +1malllleall™ +-.. + Bl -
o) | (n—s)!

Then, the scalar equation

d*w 1
amemerts 0 L g lom b 2 p o™
©) &= Wl

+ 0| 4+

[¢all-

(14) o=

1
{xo)|*

Ipoll — 00) 2™ + P(z, @),

where

Pz, w) = e E || pillztw?

and p.-;*belon‘g to the expression of P(x, y), has an analytical solution
w(z) =caz" + 1 2" o Ot 2tk 4 with ¢t =|ica]l {on account of the way
we chose 6o) and Capiseees Cagiesrees satisfying the system
(n+1—s5) 1 .
Cpy1 = wtllprlea 1+ + 1l . en, a*
1 (ﬂ. + ) )I Il(\.o) !R [( _Pml. " + I.Pln)ciﬂ-l + FI(Cm a )]

{15) [+ '-'"r:ﬂ’-i-k__s)! l ¥ 1 'm_l A .
o {1 +k)! ll(ﬁfo)" {(m f’m!_f,‘ ot ”P;j | Cpuie +
+ -F]: (C:.,..., C,:...k_x. a’, |iP1n, :Pm”)],

(3, th. 1].
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From (13) and (15), because of the inequality (11), we get |leanifl<ensn k=1, 00.
The proof of the theorem is now complete.

Ramarks. .l) The so]'ution (4') corresponding to a ¢, solution of the
equation (10), is unique in the class of analytical functions of the form

(&)= o+ Ux)ay + ..+ ()] Fa + ..

whereas the solution (4) from the theorem (2) has been proved to be unique
in the class of analytical functions of the form y(x) =y, +3:(¥) +... +a(®) +..
where y,(x) are any homogencous polynomials of the k-th degree.

2) The systems of differential equations of the form (30) from [3]
can be likewise generalized over Banach spaces, and we get a result similar
to theorem 3.

4. Differential Equations in Banach Spaces, Generalizations of the
Equation
L d‘
(") 2 —z:’ = N2 + P2, w), 1<s.
¥4
Theorem 4. Consider the equation

(16 SR s+ P .

where x,€ X, x,#0, I(x) is a continuous lincar functional defined over X,
such that Ix,)#0 ; £, 7, s are integers 2 0,11 <s ; b,eY, b#0, and P(x,y) is
analytical of the form

(17) Plr.y)= 5  [n)put 5 U] pu3).
i 1,0 im0, =
j=ije
Then the equation (16) has an analytical solution of the form
(18) y(x)=[U(x)]"ea +[HF)]* L eppr + . where n=7—L+s.
Proof. Substituting formally (18) in (16) we obtain
- H '_ T -+t 5 (”’ + I)' n+1—s5+¢ 5.0
e BB et B U B
=[{x)T'b + P(x, y(%).

This equality leads to the system

#n! .
(n—__;i—!— [I(xo)] Cp= br:
1!
(19) (,5_1?-35[1(%0)]’5”_‘_1 = -Fl(cm a)'
(';.(%% [Hx)]"Cnsc = Fa{61r-00s ns-s 9).

11 BRIOT-TIOUQUFT DIFFBRENTIAL EQUATIONS IN BANACH SPACES 149

The meaning of the expressions Filego, Cagr-ns a) is similar to that of the
expressions introduced in the prool of theorem 3.

The system (19) determines a formal solution of the jform (t8). The
convergence of the formal solution (18) obtained from the system (19) 1s

proved by means of the majorant scalar equation :

o _IBUE | ) her
(20) 5 > Ton, + P*(z, w), where
Plrw)={ T _lpuls'+ B ool ) 'z(xi W

k3

t
f=

The equation (20} has an analytical solution of the form w(r)=cp "+

ety 2 4 L with n=7—5+? (3, th 4].
The same arguments as those used in the theorems 2 and 3 show thatljle,,all<
< C,:+k, k=01, 2, ..

5. Briot-Bouquet Equations in Banach Spaces in which the Fréchet
Derivatives are not Fixed on a Direction x,. We shall consider for sim-
plicity an equation which is a generalization of the equation of the form

(") z‘% — aw + bz"+ P(z, w).

Theorem 5. Let us consider the equation

@1 U= Pz ;‘;"“’ B (). i) (Ay + IM(2)be + P(%, 5)

in which 1, A, by, P, s, n, have the same meaning as in the theorem 2, and
hll hlb"‘r ha = X-
Suppose that

(i) (_’f’_:_;_sr)_l 4] < 1.

Then the equation (21) has an analytical solution of the form
{22) y(x)= [{x)]*cat+ ... + ()] *eusr + o
Proof. Substituting (22) in (21) we obtain
[11(9‘:)]'((;-"’:!m [Tl . B Yon + &(—j_i;%_)-‘& U 1"£(h,)...l(h,) +

4 ) =R B . LR AT 00 + (&))" Years + o) +[H2)]"0a + P, (%))
We get a formal solution of the form (22) if ¢y, Capa,... Verify the system

n!
(n—s)!

{n+1)!
(n+1—s3)!

Cop = Acy+ by,
(28)
Cus1 = Acn-n + Parnio + f’n(cu),---
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U i i), t
nderAthe assumption (i), the system (23} has a unique solution,
s a majorant scalar equation we can consider the cquation

24 sd"w ﬂ %
(24) e =Aw +b,2" + P*(z. w). where
Pz uwy= 3, lIpylee’.
i j=0, =
i kimn

o Y6 l!?-erlcrt-Bouque‘t'Differential Equations in Banach Algebras. Let
St Otlall\comutat‘nc Banach algebra with unit. In this case. we can
SR have(.r eclpjaltlons \\'h.lﬂh gencrallzc the equations from [3] and
i analytical solutions in the sense of the definition 2 frem 1.
e shall give, for simplicity. a generalization of equation (7).
Theorem 6. Consider the equation |

5 L dyt{x. %)
(25) Eadpe I;;_..L =Ay+x"b, + P(x,7), where
18
a) x,e X, x, with inverse x7’,
b) s and n are infegers = 1, s<u,
c¢) A is a continwons linear operator. defined over X with values in A

) F (x '\') is an anal \'tf"ill H ] ] ]
d ) . [ A chtiorfr "M L { i i
Qf ):3 wztk lu i ” f ; j‘f}u 43 1!11,_]!{)0“} hood O_f s ortgn

P(x, v)= 2_ vyla,, with a,= X being constants valtes.
( B
— 5!
If G 75! - .
f {5 e s W IA| < 1, then the equation (25) has a wnigue analytical
solution of the form
(26) 3= ey gt

The p’i:ogf is similar to that of the theorem 2.
his paper has been carried our under the kind guidance of Prof. dr. doc.

Ado]f H 1 101 . R !
ey aimovici. 1 would once again like to express my sinccere gratitude
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ON A STOCHASTIC PROCESS WITH DISCRET TIME AND IMPOSED
' LENGTH OF TIME

BY
C. AMIHAESEI and P. MINUT

In this paper we propose & model suggested by many situations we
meet {requently in practice. As for instance in the viticulture and fruitgro-
wing. An event (the appearance of a fertile offshoot) occurs from time to
time (herc and there on the cord) and the length of time (the length of the
cord) is imposed. The probability of such an event is a function of time ¢
and the total length of the time. T (the length of the cord).

We consider that an event may occurs at £=0, 1. ... T and we denote
by Pr{f) the probability that the cvent occurs at the time £ TLet Qr(f)=1—
ZP{!) be the probability that the event does not occur at the time ¢ We
consider a random variable X, which associates the number 1| when the
event occurs at the moment £, and the number 0 when the event does not

occur at the instant /

(1) X,( : 0 ‘ {=0,1, ... T.
Pot)  ©Qz{0)
The total number of the occurences of the event until the moment T is
%
o Er= Y X
t=0

We suppose that the following property holds
(3) P(X,=k|Xn=in m=0, 1, .. i)y =PX.=k), R im=0. 1.

that is, the appcarance of the event at the moment / does not depend on

the occurences of the event at earlier instants.
An important problem is to determine T such that the expectation

of £y be maximuin. This expected number of £ 18

(4) N(Py=M(Ey) = TgOM(XT)- )E_.O Pr(t).

The practice shows that the probabilities P () are increasing {unc-
tions on an interval [0, {1, and decreasing on [to, T, where t,€[0, T].

We will consider two expressions for the probability Pr(f).
Case 1. We suppose that

(5) PT(t)= '—ﬂg-tz‘l-bi-t-}'f:r,



