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abordarea unor aspecte aplicative ale matematicilor, punindu-le in valoare
prin lucrdri proprii sau prin lucrdri inspirate de d-sa membrilor colecti-
vnlui catedrei de algebrd sau doctoranzilor.

Activitatea exemplard a profesorului Ion Creangi in toate domeniile,
didactic, stiingific, politic, insufletiti de un profund patriotism, angajatd
in efortul constructiv al intregului popor, s-a bucurat de aprecierea cea
mai inaltd a partidului si statului, Profesorul lon Creangd a fost decorat
cu numeroase ordine si medalii ale RS.R., a fost, din 1959 pind in 1972,
deputat in M. A.N., a fost membru al Consilinlui de Stat al parii. Este
profesor emerit si om de stiintd emerit.

Universitatea din lasi. pentru propdsirea careia profesorul doctor do-
cent lon Creangd si-a dedicat intreaga wviatd, l-a inscris pentru totdeauna
in galeria marilor ei profesori. Intreaga Facultate de matematici, pe care
profesorul Ion Creangid a onorat-o ca distins membrn al corpalui ei pro-
fesoral, i aduce prinosul de stimd si recunostingd, wrindu-i, la trecerea in
al optulea decenin de viapd, sdndtate si puteve de munci, pentru a con-
tribui in continuare la inflorirea matematicii iesene.

Mirela Stefanescu
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LINEAR TOPOLOGICAL SPACES WITH
FAMILIES OF PSEUDONORMS
BY
OVIDIU CARJA

1. Introduction. Among the possibilities of developing the functional
analysis on locally convex spaces there is also the possibility realised with
the help of seminorm families. [5] is a full illustration of this way. As a re-
sult of [1], any linear topology can be defined with the help of a family of
pseudonorms. It follows that some results of the functional analysis on
linear topological spaces can be obtained by using a family of pseudonorms,
This is the real aim of this paper. Among others, we point out the possibility
to extend the notion of pseudotopological union at L(X, Y), when X and YV
are some linear topological spaces. Another general approach to the pseudo-
topological union at L{X, Y) has Leen developed in [9]. This notion was
introduced by G. Marinescu ([2], [3]), when X and Y are locally
convex spaces, and then, extended and studied in [7], [8] for general
topological spaces.

2. Families of pseudonormes. Let X be a linear space over I'(I' may
be C or R). We definc a family of pseudonorms on X, as a family 2 =
={pi: X>R; iel}, I being a set of indices, that satisfies the following
properties :

(iy pix)20, for all i=], x< X,
(ii)  pdrx)=|n|px), for alli =], rel’, x€X,
(iii) for every ¢ €1, there exists j¢ €7 such that
Di(x +y) € py(x) +p5(y), for all x, y €X.,

As it is known (see [1]), any topology of linear space can be defined by
means of a directed family of pseundonorms, a fundamental neighbour-
hood system of the origin being given by

(2.1) S{0, e)={x; pix)<e}, e=0, i &],

Such a topology is Hausdorff if and only if the family of pseudonorms is
saturated. The pseudonorms which define the topology described above,
are not continuous at any rate (excepting the origin).

Lemma 1.Let V be an absorbant and balanced set of the linear topological
space X, with int V=£@, and let p, be the Minkovski functional atached fo
V. Then the following statements hold :

(a) intVe{x;pz)<l}cVcixpx)s1}<ClV,
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(b)  {x: pulr)y <= or.

he § e

(©)  {v:pudr)<1}= ) 0V
=1

. Proof. 1f x=int ¥, there cxists a neighbourkood W, of the origin.
whlch iIs absorbant and balanced. so that FH =7 there exists >0
with gx €W and sox+pv eV, and v I{1+p)V . Then p(«)<1/(1+5)<1
and x e{x ; Pe{x) <1} If % s{x; px)<1}, we have 8x =V with D=0, 1)
and so x =C V. The other inclusions or equalities result from the defini-
tion of Minkowski’s functional.
. Lemma 2.7/ V is a convex and balanced set and g 1§ a nonnegative func-
tional and absolutely homogencons on X, salisfying the condition

(2.2) fvi g <tielefx; ¢v)<1},
then q(x)=p(x) on X,
Proof. We have  {x; ¢(x) < le{v: pa)g 1} and

o p(n<tie{s: o<},
From herc it results that, if g(x)<1, then for any e<(0, 1), we have
Pe(x)< 1{{t —e)and so p.{x)< 1. Thus P+(r)<g(x) and analogously, glx)<p{x).
Theorem 1. 4 topology of linear space is given by a family of pseudo-
norms condtnitons cverywhere iff there exists a Sundamental balanced neigh-
bourhood system @, of the origin, which satisfies the following relations :

(iv) for every Ve, there exisis Ve, such that
V! + V1C I
(VYint V=UOV; QAV=N 0V : for ali Ve,
Bx>1

LB S |

Proof. We point out that the Minkowski functionals attached to a
balanced neighbourhood fundamental system of the origin satisfying the
Ielatllon (iv), represcnt a family of pseudonormes which defines the same
opology.

Let (D={_¢b¢)¢e;, be the family of continuous pseudonorms which
determine the topology of the linear space X. Tor ¢ and ¢ we denote V =
={x; pux) <<}, and using Lemma 1. we obtain A={x; px)<1}=JOV =

. - . . 0 e<
=int V, where p, is the Minkowski functional for an open, absorb;nt 1and
balanced set ¥. We have also :

fx: p(x)< 1) = ":: Vein; pilx) <}

Denoting W =1/eV and using Lemma 2 we deduce pi(x)=3p, (*) on X,

From Lemma 1, it results CIW = {x . p{x)< 1}, and therefore ClV —

={x; pr(x)< e} = efx; pulx)< 1} =aﬂ’8£W =pGV. We demonstrated that @, =
> 1

={V; V={x; pi(x)<e}, il €>0} is a fundamental balanced neighbour-
hood system of the origin satislying condition (iv) and (v). Let us prove the

L
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wonly i part. We have {x; p(v)<i]= {J 8V =int Vand {+ ;p(x)< 1} =
101

CiV= M 0V, therefore {v; p(+) <<} is an open set and v ; pr(x)< e} is

G 1
closcd for everv e = 0. The proof is complete.

Remark. Because in any topological linear space there exists a funda-
mental system of balanced and closed neighbourhoods of the origin satis-
fying condition (iv). it results that the topology of any linear space could
be defined with the help of a family of lower semicontinuons pscudonorms,

Let X and ¥ be lincar topological spaces with directed families of
pscudonorms % ={plie; and ()= {g:tser respectively. The following propo-
sitiens are given in {1].

Proposition 1.4 necessary and sufficient condition Jor the convergence
of a sequence (x,) to x.1s that for any psendonorm pi =D, the seqiienice pi(x, —

Xo) converges o zero.

Proposition 2. . necessary and sufficient condition SJor the set A< X
10 be bounded is thatl for any psendonorm p: <P there exists a real number
M such that pi(x)<Mi. for v =,

Proposition 3. A necessary and sufficient condition to the linear map
T:X Y lo be continuous is that for any pseudonorm g, 0. there exisis
pi=D and M;;>0, suck that g (Tx)< M, pix) on X.

3. The pseudotopological structure for L{X,Y). From Proposition
3 it results:

Proposition 4. A necessary and sufficient condition Jor the linear map
T X =Y to be contin uous is that for any pseudonorm g3 =Q, there exisis pis

e D, such that

(3.1) pilx)y =0 tmplies g(Tx}=0 and
(3.2) @ {T)=sup 2(T%) <

plaiet pelx)

Proposition 4 allows to structure the space L{X. Y}, when X is a li-
near topological space and Y is a locally convex space.

Theorem 2. Let X bea lincar topological space with the directed family
of pseudonorms D ={pilic;y and Y be a locall N oconvex space with the directed
Jamily of seminorms Q={q};e;. Let o: ] T and L (X ;YY) be the set of li-
near maps from X dnto Y, for which py(x)=0 implies g{Tx)=0 and
Open(T) < o0,

LPhen L (X, Y) is a locally convex space with the directed Jamily of semi-
Norms {Gpqun} where § =1{j1, fa,....7u} rtin over the set of finit parts of J and

(3.3) g T) = sup {0, 40 (1) e @z (D))
Proof. We consider
. o Tx) .
onan(Th = sup LTI i)

Pai)lri=0 P fa)

I is easy to check that they are seminorms on L,(X, Y}, which is a linear
space. Consequently {wg, 4 (T)} in (3.3) are seminorms on L (XY}, too.
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Moreover, they represent a directed family of seminorms on L_{X. V).
If @ is saturated then (3.3) are saturated too.

Theorem 3. Let the hypothesis of Theorem 2 be satisfied. Then L(X.Y)
is the pseudotopological union of the locally convex spaces L (X, Y), where
@ rtins over the set © of the mappings from ] into I. -

Proof. From proposition 4, it results that L{X, Y) =L (X. V).

@

€
For 9,, .,=®, we consider ¢, = ® so that ealf) =1, wher:; NETES
and b T i 3(7) Po (7)) < pilx)
For any j&J and PeL(X,Y) we have

(3.4) o, o T) €05, 0 (T,

(3.5) 0 ean (T) S5, 5000(T),

so that

(3.6) L, (X.Y)cT, (X,Y); L, (X, Y)cL (X, V).
From (3.4) and (3.5). it results :

(3.7} e, o5 (L) € pogun(T),

{3.8) @50, 0501 { ) € 040, qu4n (T),

which implies the continuity of the identical embedings
LofX, Y)»Lo(X,Y) and Lo (X, V)L (X, V),

and the proof is completed.
If ¥ is a normed space then the expressions

oi{T) = sup el }
pxino pufx)

are generalized normes and consequently L(X,Y) is a pseudotopological
union of normed spaces, i.c. a polinormed space. We refer to 2. p. 54],
(3, p. 66], for the concepts of pscudotopological union of linear spaces and
polinormed spaces. {see also [9]). Particularly, we have
Theorem 4. If X is a linear topological space and L{X, TY=X" is non-

zero, then X is a polinormed space.

.. Theorem 5. If X is a normed space and Y is a topological linear space
with the family of pseudonorms Q= {g;},e; then L(X, Y) is a linear lopolo-
gical space with Q ={w;};e; as the family of pseudonorms, where

(3.9) w(T)= sup 242
e f|x]!

Proof. o, is nonnegative and absolutely hamogeneous for every je
€J. For j=], there is j,=] so that:

gT1x + Tox) < ¢1,(Tax) + ¢, (Tax), 25 X,
and therefore

o (Pr+ Ta) € 0,(Ta) + 0, (Th).

Analogously, it is very easy to verify the fact that the family Q is directed.
If Q is saturated, then Q is also saturated. The proof is completed.
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4. The uniform boundedness principle. The uniform boundedness
principle known when X is a Banach space and Y is a normed space was
generalized by G. Marinescu [3], for locally convex spaces. Next, we
shall give another generalisation — and as a consequence—we will genera-
lize the Banach-Steinhaus theorem.

Theorem 6. Let X be a lincar topological space in which every family
of lower semicontinnons pseudonorms is a family of pscudonorms continuous
in the origin, and Y be a linear topological space. Consider a family {T,;
ae Alc L(X,Y). Then §1 .38, o= A} is bounded at each x =X, if and
only ¢f im Tox =0 uniformiy twith respect to a=A,

-0

An equivalent formulation of Theorem 6 : Let X be a linear topologi-
cal space tn which every family of lower semicontinuous pseudonormis is a
Samily of psendonorms continwous in the origin and letP ={pici beadirected
Jfamily of pseudonorms which defines the topology of X. Let Y be a linear
topological space with the divected family of psendonorms Q={q,};e; which
are lower semicontinuous. Then the sct {fT, xf; o= A} is bounded at each
xeX if and only if there exists a map ¢ 1 J =1 such that for every j =], there
is M ;> 0, such that oy, i (Te)s My, for ecvery a€A, and:

Don(x) =0, implies g (Tox) =0 for every as A,

Proof. Let (F={f: X>R; j=J}, be a family of functions defined
by fi{x) =sup ¢;(T,x) ; j= J. Taking into account that the family {§T°‘x§‘.
aEAd

ae=A} is bounded at each x £X, we have f{x)<oo. For every j=], f; is
nonnnegative and absolutely homogenous. On the other hand, for j =/, there
exisls §, €] such that

g Talx + 3)) € g4,(Tox) + g Tarx), for all x, yeX.

Then fi(x + y}<fi(x) + fi.(y), for all », y =X, It is easy to see that f; are
lower semicontinuous and then, they are continuous in the origin. This
implies that

lim fi(x) = 0,

z—0

Hence lim Tyx =0 uniformely with respect to « € A. This ends the proof
x=0
of the necessity. The sufficiency is obvious.

Theorem 7. Let the hypotheses of Theorem 6 be satisfied. In addition
let the pseudonorms ¢ j= J, be continuous on Y. Then, if the sequence
{Ta}cL(X,Y) is strongly convergent to T, then Toe L(X)Y).

Proof. Since the sequence {T,} is strongly convergent, it is strongly
bounded, and from Theorem 6 we may infer that

(4.1) g{Tax) € M pyu(x), for every xs X, ne N,
Fixing » & X and taking the Iimit in {4.1) for # — o¢, we obtain
g Tox) < Mipgn(x), for every v e X,

We have obtained that T’y {which is linear) is continuous from X into
Y. The proof is completed.
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The following theorem gives an example of a space X which satisfies
the hypotheses of Theorem 6.

Theorem 8. If X is a linear topological space of ihe second calegory,
then every family of lower semicontinuous pseudonorms, Q = {g,},es, is a
Jamily of pseudonorms continuous in the origin,

Proof. Let P = {pitier be the family of pscudonorms which defines
the topology of X. For every j= ] and n < N we denote the set Xi =
={x,q,(x}<n}, which is nonvoid. For j= J we can write X = U Xi On

#HEN
the other hand, for every j =], there exists j, =], so that )

(4.2) gs(x + ) € q4(x) + gp(y) for all x, ye X,

Since X is of the second category, it follows that there exists keN, such
that X' contains an open ball Si{xe, 8). We get pu(x — x,) < 8 implies
75.(x) < k, hence

{(4.3) Pe(x) < & implies g, (x +1.) € k.
Irom (4.2} and (4.3} we have
{4.4) Px) <8 dmplies qfx) < k4 ¢, (x)) = M,

where M, depends on j and is independent on x,. If Pi(x)#0, then 1" =
=(8/2)x[p((x) satisfies p«(2') <8, and from (4.3) we have ¢4(8/2) x/pix)<
5 M, that is ¢,(x) <(2/8)M ;pux). If pi(x)=0, it follows that for cvery e =
> 0, we have po(xfe} = 0 and from (4.5) we obtain g¢,(x)< e ;. This fact
implies ¢,(x) =0. Denoting L, =(2/8'M ,, it {follows thal for every jej,
there exists 1=/ and L,>0, such that ¢,(x) . L p«x) for alla =X This
implics that ¢, is continuous in the origin, as claimed.
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A GENERALIZATION OF BREZIS-BROWDER’S
ORDERING PRINCIPLE

BY
MIHAI TURINICI

Concerning maximal elements in an abstract ordered set, a {undamen-
tal result obtained in the last years is, undoubtedly, the so-called Brézis-
Browder's ordering principle [3] that may be considered as a countable
version of the classical Z o rn’s theorem [19, p. 33]. Taking into account
the great importance of this principle to a serics of questions pertaining
to nonlincar functional analysis (see, ¢.g., I. Ekeland [16] as a quasi-
complete reference on this topic} an extension of it may therefore be of
interest. It is the main aim of the present note to demonstrate firstly that
Brizis-Browder’s ordering principle mayv be expressed essentially as a quasi-
metric maximality result and secondly that — from this new vicwpoint —
it can be effectively included into a general maximality principle on quasi-
metric spaces comparable with a similar author’s onc [29]). A number of
applications, especially concerning mean value theorems in Dieudonné's
sense |11, ch. VIII, §5] as well as differential inequalities in Bebernes-
Meister’s sense (2] will be given in a forthcoming paper.

Let X be an abstract (nonempty) sct and let < be a guasi-ordering
on X. For any (nonempty} subsct Y of X and any x€¥, Y{r, <) will
denote the subset of all z€ Y with v <z, A sequence (v, ; # €N)in X will be
called monotone iff vi<x,; whenever <j, and bounded above iff sy, all
neN, for some y =X teamed an upper bound of this sequence. Further-
more. supposc d 18 a guasi-metric on X. A scquence (&, ;e N) in X will
be called quasi-asym plotic iff for any e>0 there exists n=n(e)e N with
d(x,, V)2 also, an clement z =X is said to be d-maximal iff Iy
implics d(z, v) =0. A satisfactory motivation for intreducing these notions
will be offered later ; for the moment, we are only interested to state
and prove the main result of the present note, a result that may be for-
mulated as {ollows :

Theorem 1. Stippose the quasi-metric spece (X, d) and the ordering
< on X are such thal :

(i) any monolone scquence tn X is u guusi-asymiplolic one,

(1) any monotone Cauchy sequence in X has an upper bound.

Then, for every xeX, there 1s a d-maximal clement z =X with yv<z.

Proof. Firstly, we claim any v € X has the property :

(1) Jor every e=0 there exists yzx with d(y, £} <<, for all cdlements z y.



