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By using the inequality (167). we obtain

N Po(2) + Po{3) + o+ Puln) +
(17) (12 2
+{1 (2!+3j+"'+(.,;__1)!)]("+le’ ).

H—

The incquality (17) and the equalily )] =| impliy the theorem.

aoe (n—1}1
The expression (14), the inequality (16)) and the above theorem lead
to the following remarks:
a) Il there exists a number Ty>3 such that
T—2
T

(18) s (o +cye Ve” for T=T,,
then, the function N(T) has a maximum point T'=[2, T,]. ]
b) If there cxists lim CusrfCn and 1im ¢,y fe, =1, then the {unction
N(T) is bounded. . 8
¢) 1f there exists a number ¢<{0. 1) and a natural number #, such
that ¢, =ge, for nzu,. then the function N(7} is bounded. )
d) If ¢,#0, ¢,#0, the sequence {c,] decreases and there exists a number
11,2 3 such that
2
Cap = 110_" f'""(t-'o +["16_1),
1yt
then, the function N(7T) is maximum for < u,. o
¢) If P,(n)=0 for n>u,, then the function N(T) is bounded for any
time. ' '
f) The average number of the occurences of the event in the unit
time satisfies the inequality

N{T) . P2y + ... + Pg(T) +l L 2 PR
T r T 20 3!
(19) T2 i
(F—1)!
Therefore, if there exists im N(u)fn and the scquence Pa(n) is convergent,
then we have "

(20) lim N) < lim P,(n)s 1.
N " ]
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THERMAL INFLUENCES ON THE SHEAR ACCELERATION WAVES
IN INCOMPRESSIBLE SIMPLE FLUIDS

BY
C. FETECAU

1. Introduction. An cxact theory of the growth and decay of surfaces
of discontinuity in non-linear, incompressible, simple fluids with memory
undergoing steady planc-rectilinear shearing flows, is developed in [1], but
no account has been taken about the dependence of the constitutive func-
tional upon the temperature or entrepy. Thus, most of those results are to
be thought appropriate to circumstances when cither @ or 4 is kept constant,
or to fluids for which the response functionals are insensitive to changes
in these variables,

In this paper we shall consider nonsteady shearing flows and we shall
allow our constitutive funclionals to be affected not only by the history
of the strain, but also by the histories of the thermodynamic variables 6
and g'. The main results obtained here are:

1) a homothermal shear wave propagating in a region undergoing a
nonsteadyv shearing flow, is damped out or it blows up' (i.e. its amplitude
can become infinite in a finite time).

2) a shear wave in a lincar simple fluid undergoing a nonsteady shea-
ring tlow, cannot grow, but it is always damped out.

2. Constitutive equations and smooth assumptions. The fluids to be
considered here, will be characterized by constitutive equations of the form
|2 -—-41.

(S. 4, ) =(S. 4;0 (G (s), 0(s), g4(s),

q=q (G(s). 0°(s), g(s)), G()=F(-)TF()— 1.

s=0

2.1)

in which S, ¢, 5 and q are respectively, the extra-stress tensor, the frec energy,
the entropy and the heat flux, while F*(-), 0°(-) and g'(-) are the histories
of the relative deformation gradient, of the temperature and of its spatiai
gradient. By gi{-) we have denoted the past history of gh(-).

For a rectilincar shearing {low, whose velocity field in a Cartesian
co-ordinate svstem x, y, z is given by

(2.2) v=0, y=z(x.1), =0,

1 ¢f, Ceoleman and Gurtin [1], for mechanical waves.
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these constitutive relations may be written under forms
(S, 4, WS, b, DA S 0),

q= q (As); 0,2), AT=(a, 0, &),

i=0

(2.3)

where

t—s
a!(s) = S B.0(x, 8)d3, g=2,0
¥

and 8 was implicitly assumed to be a function only of » and £

In the following we shall assume that our fluid obeys to the principle
of fading memory. In order to state this principle in our context, we con-
sider a fixed influence function, i.c., a positive, monotone-decreasing, mea-
surable function with sh(s) squarc-integrable on (0,00) and define the
norm of a real-valued function f{-) on (0,00} by

w

@24) i71-1§ f(s);k(s)zds}“ -

Denoting by & the collection of all measurable functions [ : (0,¢0)—
— R, whose norms (2.4) are finite, and by H=%x®x®, the principle
of fading memory asserts that for cach value of 8 and g, our functionals
considered as functions of A* are smooth functions over H with respect
to the norm

(2.5) IAT = 1 e I+ 0001+ N ge Il

i.c., they are continuously Fréchet differentiable. As functions of 8 and g
they are also assumed to be differentiable. For our discussion it is sufficient
to have continuous differentials up to the third, second and first order,
respectively, for &, T and 4, q.

In view of the above assumptions, we can casily show that the motion
equations (when the body force is conservative) and the energy balance
reduce to ([4], § 2.3).

(2'6) azszy+b=PBg?),
and
{2.7) Seyfat — 8z —péie +pr =0,

while the entropy inequality implies
Say=—588; 4:0(1\'(3); B/14s)), 5= —-395:,?0 (A'(s) ; 9),

(2.8) g-g< ob%, c=—%[3a 3 (AMs) ; 0/2,0%(s)) +

s=0

+80 B (M) 0/ + 3 4 (AG) 3 0N,
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where & is the diriving force per unit volume in the y direction,
(2.9) e=1y + Oy

is the internal energy per unit mass, » is the heat supply, Af(s)=1 for 0<
—s=o0, and ¢ is the internal dissipation.

3. General theory of shear-acceleration waves. In the sequel we shall
study the propagatlion of singular surfaces across which the derivatives of
the functions » and 0 have jump discontinzitics. Such a singular surface,
which will be at cach moment ¢ a planc perpendicular to the x-axis of the
fixed co-ordinate system in which {2.2) holds (see [5] Sect. 191 or 195),
may be called a shear wave.

Definition 3.1, Ve say that x=x, ({ SR) is e shear-acceleration wave
or simple a shear wave if .

a,) v and 0 are confinuous functions of x and t, while therr partial deri-

vatives v=2¢p, ¢,0, 0=2.0 and 9,0 have jump disconiinuities across x=xy,
but are contintons in x and t jointly, everywhere dse.

aq) o°(x, ), Ox, ) and gix, ), are siwootl functions ([6], § 3) of x and
 with respect lo the norm (2.4) for all x and t.

Denoling now by # =u{f) =dxfdl, a=[¢]* and ==[8], respectively,
the velocity, mechanical and thermal amplitudes of the wave and using
a well known Maxwell’s theorem {sec [5]. Sect. 173 or [6], §3) we have

(3.1) a=—u[dv], T=—ul[d.b],
and
(3.2) [Sry) =—1410:Say], [g=] = —1:[ag:].
From (2.6) we also obtain
(3.3) [0Sz =pa,
while, from (2.7) in the natural assumption [r] =0, it results®
(3.4) p8[n) + [92g:] =0.

Now, evaluating the jumps of 2.5, 4 and &,q, and introducing them
in (3.3) and (3.4), we attain to
(3.5) (o1 —E )a +1teg7 =0,
(Q,—pueBH ya —1u(go—preOlg) T = — 25q. (0],

where E, = =84 Spy (As) 5 O/14(5)), 0 = % Sy (A'(s), ©) and Ha, b, Qu
se={) s=

o are similar quantities corresponding to % and g¢..
Remark 3.1. For special fluids, whose first component of the heat
flux g, do not depend of g, i.e. 9,4, =0, the cquations (3.3} reduce to a li-

% Hlere, [.] is the usual notation for the jump of a function.
2 Indeed, in view of the smooth assumptions from the second section and of the defi-

nition 3.1, we have [LEJ] =1fp S,,[B,v]—r,[b] which together with (2.7), {2.8)g,4 and (2.9) lead
to (3.4).

11 — Matematica universitatii
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near and homogencous system in the vnknowns ¢ and <. This system will
have nontrivial solutions if and only if the velocity u of the wave ia a solu-
tion of the equation

(3.6) (pn*—E.){ga— p1bhe) +0g(Qy —ptebH ) =0.

If furthermore ¢5 =0, i.c. the functional S,,(-) do not depend of 8, then
the mecanical and thermal waves propagate separately with finite speeds
given, respectively, by
(3.7 pur— I, =0, and gg—puliyg=0.

4. The velocity and the amplitude of homothermal waves. As it was
defined in [7], a shear wave is homothermal if
(4.1) (01 =[3,6] =0.

From (3.3),. we have
~ Theorem 4.1. The intrinsec velocity u of a homothermal shear wave is
given byt (see (1] the relation (6.18)).

(42) i =]fEa.-'I5,
while the jump of O ¢s related o a by
(4.3) R0} =(Qy— prtCH )a, k= —a,q,.

In order to find a formula for the rate of change of the amplitilde a
we use the relation (6.29) from [1], ic.

(4.4) — (pua) = (e85, + du —nld,i.v] | ptt,
di di
and follow the same way as there. So, evaluating the jump o {47S,, we find

[67Ssy] =(Ea+2 Eyb,0—2F ;2 ,—2F,, —

(4.5) . )
—26260) (2] + Eu[ 503+ Eu[é0] o (c0— E) (0],
where
Eux=bua Say (3(5) 5 O/1()14(5), B 80a Sy (M) 5 0/11(s)2u0'(5),

ffza=8¢05ﬂ,o(‘\‘(s); O/ 1(S)/02(S)), Cap =08 Say (AF(s) : O/1(s))
LE s=y

and E,, E; arc similar quantitics te G'(k, 0) from [1]. § 6. Inserting now
(4.5) in (4.4) and 1zing (4.2) and (4.3) we altain to

Theorem 4.2. T'hic auiplitide « of « homothermal shear wave in a heal
conducting tucon pressible sim ple fluda obeys

f - rery 2
(4.6) 2wl =a ()]
! it i

4 Here (e Uaormal influesee apon the 7elosity o is included in the modulus Eg.
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where n=mte+ta+he with 1,=F, 1,=20:E,,—2E,, and 1g=—2L, —
—2E.0—2000— (teo—E Qo — pte CH} [k and p=—1Lg,,

Obviously, this equation may be wriiten as a differential equation
of Bernoulli type

= I
(4.7) d—-c+-,fc+vt‘3=0, t‘=(;]/'u, *,'=—L, u.—_-—-—J'q— .
! 2E, 2E u¥?

whose solution (see [1] the relation {6.35)) enables us to sce that the ampli-
tude a of the wave can decay to zero or, if the conditions are right. it not
onlv increascs, but it can become close to infinity in a finite time. Ferther-
more, the term v = —1nyf2F, shows us the infloence of the theimal difcets
upon the growth of the mechanical amplitude while v, = — 2,/2Z,) =0 for
a steady shearing flow.

5. Waves in linear fluids. The lincarized constitutive equations of
the fluids above considered, as they was deduced in [4]. § 1.3 are given by

S = —Zp‘\-C'(s)G(s}ds, q=—k{0)g— g k' (s)g! (s)ds,
(5.1) o . °
Y=ot o(0)0+ | ()0 (5)d5 + S E'(s\tr[G(s)1ds, 7= —2(0),
0 0

in which g*(-} =F'(-)7g'() and ¢, k and « arc relaxation material functions
satisfying

(5.2) L'()=0, L0)=0, k(0)20, k(oc)20, acc)za(0).
For such fluids we can casily prove that H, =0, =¢y=ly=¢y=0, whic¢
(3.3) E.=2p s U'(s)ds =2¢8(0) = 0
o

such that from (3.5) it results _
Theorem 5.1. In a Ilincar incompressible simple fluid for which ® k({0)#
£ 0, the mechanical waves only, can propagaic will « constant velocily

(5.4) u =}27(c0).
Now, cvaluating [¢85.,] i.c..
(5.5} [88S2y) = — 260 (0)[&0] +2pL(00) [éF20].

and using (3.1), (4.4) and (5.4). we atiain to
Theorem 5.2. The amplitude a of a shear acceleralion wuve propagaiing
into a linecer tncompressible stmple fluid. obens
fa (0
(5.6) da _ _ THO)
dl 2Z{co}

5 If £(0;=0, the thermal waves can propagaie, too, bui with undeiermined speeds.
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and then
(3.7) u=a(t) —rr(O)cxp(———- ) t) .

28(0)

Remark 5.1, As {'(0)/2l{c0}= 0. it results {from (5.7) that a(f)—0 for
{—00, 1.c. a shear acceleration wave in an incompressible Iincar simple {luid
is always damped out.

Ackunowlegement. The author s indebted to Professor A, Radu [or many helpful
discussions about a presious draft of this article.
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CHARACTERIZATIONS OF BOOLEAN FUNCTIONS
BY
R. A. MELTER and SERGIU RUDEANU

0. Introduction. The concepts of polvnomial and algcbraic function
in universal algebra reflect the fact that in cvery algebraic structure it is
natural to work with functions related to that structure. Thus a polywo-
mial of an arbitrary algebra 4 is a function ¥ : 4" A which can be ob-
tained from variables by superpositions of the basic operations of the al-
gebra A, while analgebraic function is obtained from a polynomial by sub-
stituting fixed clements of 4 for certain variables ; cf. G. Gritzer [3].
The concepts of simple Boolean function and Boolean function arc obtained
by specialization of the above general ideas to the case of a Boolean alge-
bra B. A simple Boolean function f: B*— B is built up from variables by
superpositions of the operations of disjunction, conjunction and negation,
while the more general concept of Boolean function includes all the func-
tions which arc obtained from simple Boolean functions by substituting
fixed elements of B for certain (possibly all or none) variables. Suppose
B is a Boolean algebra and let \V/, -, ‘, + denote disjunction, conjunction,
negation and ring sum, respectively : thena Boolean function f: B—B.
can be written in the form f(x)=axV bx'=(a +b}x +b, where a=f(1) and
b=f(0} are fixed elements from B. Thus there are | B |2 Boolean functions
of one variable and only four simple Boolean functjons: 0, x, x'. 1. Note
that the Boolean function f{x) =axV bx' issimple if and only if a, b = {0,1}C B.
The distinction between Boolean functions and simple Boolean functions
has been emphasized in a previous work by one of us [5]; in the literature
on Boolean algebra the term ,Boolean function” usually means a simple
Boolean function, while Boolean functions in our sense are often disregarded.

For other characterizations of Boolean functions see e.g,, Griatzer
.'ll’ !2]‘ ’

The aim of this paper is to obtain various necessary and sufficient
conditions for a function /: B—B of one variable to be Boolean. Thus we
obtain several characterizations of Boolean functions in terms of identi-
ties involving the functions (Theorem 1). Then we associate with each
Boolean function f the orthonormal vector consisting of the four minterms
in f(0) and f(1), that is

(1) (SO (1), O, AOf(1). FO)AL)),
which we call the orthonormal characieristic of the function f. Several pro-
perties of a Boolean function can be expressed in terms of its orthonormal



