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TABLE 1

The constituent terms terms of the formulation ; 4 in 107* calfday/em? ; B in
cal/fdayjem?f® ¢! '

X c 4 B @

0.0872 6 140 339
0.1737 6031 326 gg; g?
0.2588 5015 508 2460 5.6
0.3120 5734 185 1438 5.4
0.4226 5402 152 6656 52
g.gggg 5287 417 8911 5.2
0.5736 5028 380 10 051 51
06428 1823 341 12 622 51
07071 4363 293 13 423 5.0
01660 4055 243 13 431 5.0
08192 3718 207 12 966 0.1
X 3270 164 11577 5.1
0.9063 2828 123 9622 5.0
0.9397 2375 87 7 381 5.0
0.9650 1996 57 5 187 5.2
1744 35 3358 5.8
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SEMANTICS IN COMPLETE LATTICES FOR RELATIONAL DATABASE
FUNCTIONAL DEPENDENCIES

BY
VALERIU BREAZU

§ 1. Functional dependencies were introduced in relational database
analisis and design by Codd [1]. The functional dependency calculus
(FD calculus) as an abstract manipulation of functional dependencies was
axiomatized by Armstrong [2] and Beeri et al. [3]. The surprising
relationships existing between the FD calculus and the study of certain
particular boolean functions asociated to the functional dependencies first
appearsinDelobelandCasey [4}and is further cleared in F agin [5],

Like the propositional calculus the FD calculus raises two problems :
a proof or deduction problem of syntactical nature and a truth or validity
problem of semantic nature.

Let U be a finite set whose elements are called symbolic atiributes
(this is the syntactic appearance of the concept of attribute). By set of attri-
butcs we mean a subset of U. A functional dependency statement (FD state-
ment) between two sets of attributes is simply a pair (X, ¥) of
subsets of U, that we write X« Y and read ,, X depends on ¥Y". The deduc-
tions in FD calculus are based on the following axioms (the set {A}=4 is

denoted simply by 4):
Al. YAeXcU, A« X ;
A2, VX, Y,ZcU, from XY and Y2 deduce X2 ;
A3. VX, YcU, from Ae«Y for all A€X deduce X<7Y.

Note that only A is an axiom scheme while 4 2 and A3 are inference
rules.
Given a set = of functional dependencies called premises, a deduclion
from = is a finite sequence of FD statements so that each of them is either
a premise or an axiom from A1, or can be inferred using A2 or A3 from some
of the FD statements preceding it in the sequence. We say that the last
FD statement in the sequence may be deduced from premises = (or that
= syntactically implies it). Denote by Ded () the set of FD's that can be
Jeduced from =. Note that A3 works as an inferrence rule only because U
is finite. In order to check for the validity of a FD we use two kinds of mo-
dels for U : table-like models and 2-value models.

A table-like model @ consists of a set of endries {rows), E, and an inter-
pretation that maps every symbolic attribute 4 into a fable attrtbule {column)
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defined for every entry in E, that is, a map A4, with range rg (A,): (this
is the semantic appearance of the concept of attribute). These tables are
a small generalization of database relations because two rows can have
identical values in all columns. The FD statement X« Y is vulid in the
table-like model ¢ if

Ve, €E 1f VAEY Afe)md,(¢) then VAEX A (c)=d,(c).

Given a set = of FD statements we say that the FD statement d is a fable
consequence of m (or that = semantically implies d) if d is valid in every table-
like model in which all the FD statem nts from = are valid. Denote by
TCon (=) the set of table consequences of .

A 2-valte model consists of an interpretation that maps every symbolic
attribute into one of the values 0 and 1, that is, a map B : USB (where
B ={0, 1}).

The FD statement X« Y is valid in the 2-values model 8 if the boolean
expression : boolexp (X)=sboolexp (Y) takes the valuc ! when the variables
from U take the values assigned to them by B where

AW oo VAL Z={A,, .., Aq}
0 if Z=¢j.
Note that the finiteness of U is essential in the above definition. The con-

cept of 2-value conseguence is defined analogously to that of table con-

sequence. Denote by 2 Con (x) the set of 2-value consequences of the FD
statement set =.

The FD calculus enjoys the following property :
1.1. Double Completeness Theorem. For any set = of FD statement

Ded (x) =TCon (n) =2Con (=).

boolexp (Z} = {

The proof of this theorem will be given in § 4.

§2. Lattice models for the functional dependency calculus. Consider
again the FD calculus related to a finite set U of symbolic attributes. Let
¢ be a table-like model with set of entries E. One can check that X« Y is

valid in ¢ iff: () ker 4,2 M ker 4, where ker 4, is the equivalence rela-
AEX AgY

tion on E determined by A, :ker A,={(e,¢') €E xE|Ad,(e) =A,(e')}. The
set of all equivalence relations on E forms a closure system on P(E x E) and
therefore a complete lattice. \We denote by (E,(E), 2) the dual of this
complete lattice. If ker, : U—~E,(E) such that ker o(4)=ker 4, then X«
<Y is valid in ¢ iff ker,(X)=ker,(Y), where ker, : D(U)—E,(E)} is the
unique extension of ker, to a join complete homomorphism (see Bir k-
hoff [6]).

One can also check that for any 2-value model § : U =B the FD X «
<Y is valid in B iff B(x)<B(Y). where 8: P(U)-B is the unique extension
of B to a join complete homomorphism. Note that this equivalent definition
of validity in 2~-value models does not require the finiteness of U in order
to have sense.
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A lattice model p. consists of a complete lattice (L, <) and an inter-
pretation p : U—L. A FD statement X« Y is valid In 1 if

w(X)<u(Y)

where u: P(U)~ L is the unique extension of u to a join complete homomor-

P he FD d 1 sequence of = if @
Given a set = of FD statements the is a conse

is valid in every lattice model in which all the FD statement, from ﬂdalie

valid Denote by Con (r) the set of consequences of . The 2-value models

are obviously lattice models. ‘ . o

An equivalence laitice model is a lattice model in which the lattice ;s
the dual of the complete lattice of the equivalence relations on some ?et.
To each table-like model o with entries E we associate the equwalencid;}t -
tice model ker, with lattice (E (E), 2) and we have seen that vali Ilg;
is the same in these two models. On the other hand every equivalence lat-
tice model can be asociated to a table-like model 1n the above mam.nerI
because any equivalence relation is determined by a function (the Canotll?'cak
surjection onto the equivalence class set, for instance) which we can : in
as a table attribute, the set of entries being the set in which the equivalence
relations are defined. Also every 2-values model can be regarded as an equi;
valence lattice model because there are exactly 2 equivalence relations on<
and there exists an isomorphism of partially ordered sets between (B, <)
and { E,(B), =), the validity being the same in the two models.
We can now state: ’

Lemma 2.1, For any set = of FD statement’s

Con (n)< TCon () =2 Con ().

The proof was indicated in the above considerations. .
§3. Semicongruences. In this paragraph we shall conserve the termi-
nology of § 1. However, the finiteness qss‘umptlon for UJ is not necessary
in the sequel. We shall use it only since it is necessary to see how our new
concepts generalize those already introduced. . . .
Definition 3.1. A binary relatione on P(U) is called semicongruence if

iy vdeXgU, A« X;
(i) vX,Y,ZcU,if XeYand Y2 then X«Z (transitivity);
(iiiy VvX,YeU, if A«Y, v4<X then XY,

istincti tement
R % 3.2. One should make a distinction between the FD sta
XY \f’;’)tii; means just the pair (X, Y) and the set 'theory statement X «
«Y which means (X, Y) e« when« is a binary relation« E@(.U )£ X @(U)
Remark 3.3. The name ,semicongruence” has the following ]‘lls.tlflf:a-
tion : let us call congruence an equivalence relation ~ on P(U) satisfying
viXd, {Y}, iel, X, YicU if X~Y: Vicl then iLeJIX‘” UY,

igl
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Ol;e ;:an c}.leck that therc exists a one to one correspondence between the
set of sem
o emicongruences on P(U) and the set of congruences on P(U) given
Nt .
- Y(lz)mé) ;r}_y};’emlcongruence + corresponds the congruence X~V iff
U Y--(;fl') to any congruence corresponds the semicongruence X« Y iff X |
N'ow, in order to connect semicongruences with the FD calculus, ob-
%%rve flrsththat the set of all semicongruences on P(U) is a closure system
relzt;::r? t grefogedspfzak about the semicongruence generated by a binary
ining : enoted p* which is the intersection of all semicongruences con-
Lemm'a .3.4. Suppose that U is a finile set. Then =" =Ded () for any
set @ of FD'sd.e. for any binary relation = on P (U).
If (L, <) is a complete lattice and &: P(U) is a joi
(L, : . - -+L is a join complete-homo-
Tgrghls.;m, then the binary relation < on P(U) defined]by X+ 1}; iff k(X)?é
<h(Y)isa semicongruence, as it can be checked, which we shall denote by scgr
Proposition 3.5. For any set = of FD's )

a) Con (r) ﬂ=¢o r§_ gru — where p ranges over all lattices models and
= SCgt

u is the unique extension of p to a join complete-homomorphism.

by2C = B
) on (=) Trgfs"}gr;cgrp; where B ranges over all 2-valuc models and

B is the unique extension of B to a joi i

is straightforward from the F.}clefini’gioolrr;. e e
Corollary 3.6. For any set m of FD's =*< Con (=)
Remark 3.7. Any semicongruence can be regarded as scgr,, where %

is the canonical surjection i i i
S el Su d iy assoclated with the corresponding congruence.

Let ,,« “be a semicongruence on P(U).T i
»” . The attribut i i
to be deﬁenci"ency closed regarding ,,«“ i1g V)A eU it I:.[:—J Ie{ sfﬁefi[é}g i
3 . Proposition 1)58 The set @ of all dependency closed (regarding a given
semicongruence « ) parts of U is a closure system. Th '
operator is c— 1 P(U) =P (U}, ¢(X) ={A-Z=U'A4—~);}..?orﬂspmdmg rosur?
Moreover one can check that VX, YU, X« Y iff ¢(X)ce(Y). On
tile other hand, given any closure system € on@(U) and the corrésponding
icsosu_rq operator ¢: P(U) —r@(b_’) consider its corestriction ¢: P (U/) »€ which
= ;t]:&} );or?gl.est% ﬁm%or\%}n?lﬁl. Denoting scgre by ,,«“ onc can check
= ~ X1. We have established a one t -
dence between the set of all semicongruence on 2(U) and (t)hgr;itcgfr I:ISipé)]I;-
sure systems on .@(U): « corresponds to € and inversely € and ¢ corres-
ponds to ScgTe. This correspondence is also antitone : « < « iff 5@ (it is
therefore an isomorphism between the complete lattice of all semicon-
gruences and the dual of the complete latticc of all closure systems)
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4. Atomic semicongruences. Let f: U-B be a 2-values model. One
can check that only U and 371{0)can be dependency closed regarding scgry
(of course it is possible that U =8-1(0). This justifics our next definition.

Definition 4.1. An afomic semicongrience is @ Semicongricnce whose
corresponding clostire syslen consists of at most two atlribute sels. Any closure
system € on D (U) contains U so if card (e)<2 then@={U, 2} with Z e P(U)
(card (€) =1 iff@ ={U} and this is the case Z =U). We shall denote by <z
the atomic semicongrucnce corresponding to {U, Z}.

One can casily check that:

vX,YeU X« ,Y Iiff VeZ=XcZ

_[oifdeZ

To « , we can associate the 2-value model §: U-BB(4) 11 therwi
otherwise

One can check that « y=scgrg. Therefore there exists a one to one
correspondence between atomic semicongruences and 2-valuc models.
\We shall now turn to our main result, a ctructure theorem for the
complete lattice of all semicongruences.
Lemma 4.2. If—is a semicongrunce and « z is an atomic semicongrience

then « &« 5 iff Z 1s dependency closed regarding +« .

Proof. Assume «~ <+ . Then if A« Z it follows A« zZ and because
Z<Z we have {A}= Z that is A €Z. Therefore Z is dependency closed. Con-
versely, VX, Y= U if X« Y then if Y= Z it follows Y« 2 and then X« Z.
For all AeX, so A«Z and Z being dependency closed, A€Z. So Xc Z
and thercfore X« ;Y.

Theorem 4.3. Any semicongruence is equal to the intersection of all atomic
semicongrusences containing it. '

Proof. 1t suffices to prove that the intersection is included in the semi-
congruence. 1f X« ;Y for all Z so that « =« z then by Lemma 4.2, X«
« ,Y for all Ze@. But ¢(Y) =€ and so because YY) we have X=c(Y).
Now ¢(X)ge(e(Y)=¢(Y) and therefore X« Y.

An immediate consequence is :

Corollary 4.4, For any binary relation =@ (U xP(U)

7" =) « zwhere « z ranges over all alomic semicongruences.

Q—ZE'R
We shall now complete the proof of Theorem 1.1
Lemma 4.5. For any set = of FD's.
=*=2Con (7).
The proof follows from. Lemma 4.4, the considerations from the beginning
of this paragraph and Proposition 3.5. b}

Now, Theorem 1.1 follows from Lemma 4.5, Lemma 2.1, Lemma
3.4, and Corollary 3.6.

5. Final Remarks. The reader might have noticed that the boolean
expressions involved in defining validity in our 2-values models are the
boolean duals of those from [4] and [5]. We made this choice seeking clari-
ty of exposition. Using the original expressions however would not have
changed the truth of the Double Completeness Theorem. Indeed, the
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value models would still have been lattice mod
would have been the dual of (B. <),

fore all facts about atomic semicongruences remain unchanged.

We have defined semicongruences in P (U). It is
general definition in some completc lattice. Iet (L. <)
The binary relation « on /. is called a semicongrucnce if :

(i) Vx,yel, if <Y,
() Vx,y,zel, if x5 and ye—: then ve- (transitivity)
(i) Yxsl A<, if a—x, Yae d then sup A« x.

In the special case of (PU). )

then xe Y

this definition is cquivalent to that of $3.
Note also that any semicongruence is a preorder. Remark 3.3, connection
with join complete homomorphisms and closure systems, definition of atomic
semicongruences. Lemma 4.2, and Theorem 4.3, which all can be gencrali-
zed to this situation {Moore parts take the place of closure systems).

This approach might be interesting regarding the lattice theory pro-
blem of characterizing the complete lattice of all closure operators on a
gven complete lattice,

] We believe that the tools we used can also be applied to other topics
In relational databases such as key finding and normalization.
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