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The following theorem gives an example of a space X which satisfies
the hypotheses of Theorem 6.

Theorem 8. 77 X is a linear topological space of the second category,
then every family of lower semicomtinuous pseudonorms, Q = {g},es, is a
Jamily of psendonorms contintous in the origin.

Proof. Let 2 = {p:}iesr be the family of pscudonorms which defines
the topology of X. For every j& J and n € N we denote the set Xi =
={x;q,(x)<n}, which is nonvoid. For j= J wc can write X = U X} On

HEN
the other hand, for every j =], there exists j, =], so that :

(4.2) 25(x +y) < g5(x) + g4(¥) for all 2, ye X,

Since X is of the second categorv, it follows that there exists k€N, such
that X{ contains an open ball Si(x,, §). We get pi(x — %,) < § implies
g5,{x) € k, hence

(4.3) 2dx) < & implies g, (x +x,) € A
IFrom (4.2) and (4.3) we have
(4.4) pia} < & dmplies g(x) <k + g, (x,) =M ,,

where M, depends on j and is independent on x,. 1f ps(x}#0, then 1’ =
={(8/2)x[pi(x) satisfies pi(x'} <35, and from (4.3) we have ¢,(3/2) xipix) g
§ M; that is ¢,(x) <12/3)M ;pi(x). If pi(x) =0. it follows that for every € >
> 0, we have pi(xfe) = 0 and from (4.5) we obtain g,(x)< e ;. This fact
mplies ¢4(x) =0. Denoting L,;=(2/8'M ,, it follows that for every je/,
there exists 1=/ and L;>0, such that g,(x} .  L,p:i(x) for alla €X. This
implies that ¢, is continuous in the origin, as claimed.
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A GENERALIZATION OF BREZIS-BROWDER’S
ORDERING PRINCIPLE

BY
MIHAI TURINICI

Concerning maximal elements in an abstract ordered set, a fundamen-
tal result obtained in the last yearsis, undoubtedly, the so-called Bré z is-
B owder's ordering principle 5] that may be considered as a countable
version of the classical Z o r n's theorem [19, p. 33]. Taking into account
the great importance of this principle to a series of questions pertaining
to nonlinear functional analysis (sce, c.g., I. Ekeland [16] as a quasi-
complete reference on this topic) an extension of it may therefore be of
interest. It is the main aim of the present note to demonstrate firstly that
Br'zis-Browder’s ordering principle may be expressed essentially as a quasi-
metric maximality result and secondly that — from this new viewpoint —
it can be effectively included into a general maximality principle on quasi-
metric spaces comparable with a similar author’s one [29], A number of
applications, especially concerning mean value theorems in Dicudonn é's
sense [11, ch. VILE, §5] as well as differential inequalities in Bebernes-
Meister’s sense [2] will be given in a forthcoming paper.

Let X be an abstract (nonempty) sct and let € be a yuasi-ordering
on X. For any (nonempty) subset Y of X and any rveY, V(x, £) will
denotc the subset of all €Y with <z A sequence (x, ; n €N) in X will be
called monotone iff xi<x; whenever 1<j, and bounded above iff x,<y, all
neN, for some yeX temed an wpper bound of this sequence. Further-
more, supposc d 1s a guasi-metric on X. A sequence (4, ) # € N) in X will
be called quasi-asymptotic iff for any €=0 there exists #=n{e)e N with
d{xs, X4}z also, an clement zeX is said to be d-maximal iff i<y
implies d(z, v) =0. A satistactory motivation for intreducing these notions
will be offered later; for the moment, we are only interested to state
and prove the main result of the present note, a result that may be for-
mulated as {ollows :

Theorem 1. Suppose the quasi-metric spece (XN, d) and ihe ordering
< on X are such that :

(1} any monofone sequence in X is a guasi-asvmplolic one,

(i1) any monolone Cauchy sequence in X hus an wpper bound.

Then, for every x €X, there is a d-maximal clement - =X with v<z,

Proof. Firstlv, we claim any v €X has the property :

(1) for cvery €0 there exisls yzx with d(y, =y <z, for all clements 232 v.
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Indeed, suppose (1) were not true; then, theremust bea number >0
such that, forany y > x thereexists 22y with d(y, z)2 «. It immediately follows
that a monotone sequence {y,; # €N) in X(», €} may be found with
d(yu. ¥a+1)2 . all # €N, contradicting (i) and proving our claim. In this
case, given x €X, a monotone sequence (x, ;#» €N} in X(x, €) may be con-
structed with

{2) neN, yeX, x,<y imply d(x,, 3)<(1/2)".

By (2}, (xa : n €N} appears as a monotone Cauchy sequence so that, by (ii}
xu€7, all w €N, for some zeX. Clearly, x,—»z. Now, supposc yeX is
such that :<y ; then, x,<y, all # €N so that, by (2), #,—~y and this gives
d(z, 3} =0. Consequently, z satisfies all the requirements of our theorem
and the proof is complete. Q.E.D.

Our main intention is now to express the above maximality principle
on quasi-metric spaces as an ,abstract” one (from which the Brézis-Browder’s
ordering principle will follow as a simple corollary). To this end, suppose
(X, <) and (Y, <) are quasi-ordercdlsets, e a metric on Y and ¢ a mapping
from X into Y, In such a case, as a first variant of Theorem 1 we have

Theorem 2. Suppose the above elements ave such that

{ii1) any wmonolone sequence in X is bounded above,
(iv) 9 is tncreasing (x<y implies o(x)<p{y)),
(v) any monotone sequence in o(X) is a quasi-asymplotic one.
Then,. for every x =X there is an element z€X with x<z and, in addition
z<y smplies oz} =o(y). ’
Proof. Let us define a quasi-metric 4 on X by the convention

(3) d(x, y)=e(o(x), 9(y)), x, y =X,

Firstly, by (iii), any monotone Cauchy sequence in X is, necessarily, bounded
above that is, (ii) holds. Furthermore, (x, ; # €N} being a monotone sequence
in X, (9(x,) ; n =N} is, by {iv), a monotone sequence in o(X) hence, by (v),
4 quasi-asymptotic one i.e., (1) holds too. Consequently, Theorem 1 applies
and this will complete the proof. (.E.D.

Under the same general conventions, let U be a uniformity on X
and call an element z € X, W-maximal if and only if z<y implies (z, y) €U
for all U &4l, Then, as a second variant of Theorem 1 we have

Theorem 2’. Suppose conditions (iv)+(v) as well as

(vih X(x, <) is U-complete (modulo <) for every x<X,

(vi)a forany U €U there exists £ >0 such that x<y and

e(9(x), 9(y)) <z imply (x, y) U
hold, Then, for every x <X there is a W-maximal element reX with x<z.
. Proof. Iet the quasi-metric d on X be defined asin Theorem 2. It
1s clear by {iv) +(v) that any monotone sequence in X is a quasi-asymptotic
one, that is, (i) holds. On the other hand, let (x,; # €N) be a monotone
Cauchy sequence in X (in the sense of our quasi-metric). Taking any U e
and letting >0 be defined by (vi). there is, by the choice of our sequence,
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2 n=p(c) =N such that d(x,, x,) <z all p, geN, n<p<qg that is, e(oy,),
o(xg)) ==, all p, g =N, a<p<yg, which implies Dy (vi}, again, (x,, xg) €U, ail
P, g=N, n<p<q. So, (v, n =N)is amonorone Cauchy sequence (in the sense
of our uniformity) and by (vi),, x,—x jior some ¥ X which satisfies also
v,<x, all neN. Hence, (1i) holds too and the main result applies. 0.1

Now, let us take in the above resulis ¥ =R, e=the usual distance
in R, and < the usual dual ordering in R then, clearly, a neccssary and
sufficient condition guaranteeing the validity of (v} is

(v)" ofX) is bounded below tn R (i.e., ¢ is bounded bellow on X).

in which case, Theorem 2 reduces to Brizis-Browders orde-
ring principle quoted in the introductory part of thie present notce, while
Theotem 2' to Brdndsted’s maximality principle [6]. Moreover, it
was shownin Brézis-Browder's as wellas Bronds ted’s papers
that their fundamental resuit may be regarded as a considerabie exten-
sion of an important variational type result due to I. Ekelan d [14],
[15] (secalso J. P. Aubin and J. Siegecl [1]as well as E. Bishop
and R. R. Phelps [3]) or, equivalenily — after a pattern discovered
by N. Bourbaki [4] and refined by A. Brondsted [7] and
I. Ekeland [16]—of a fixed point result knownas Caristi-Kirk
theorcm [107, [20] (sce also F. E. Browder [9], as well as C. S.
Wong [33]) and therefore, the above thecrems may be also considered
as extending all these maximality results.

A close anaiysis of the main result just presented shows the bounded-
ness property imposed in (ii} is, in fact, not intimately reiated to the notion
of Cauchy sequence so that, it seems to be natural to repiace it by a more
appropriate property such as convergence. Before doing that, we need,
however, a number of new notational conventions. Let X, <, and & be as
before. A subset ¥ of X will be termed order-closed iff for any monotone
sequence (3, ; »=N)in Y and any x <X with x,—x we have x €Y, in
this context, the considered quasi-ordering < on X is said to Le self-closed
iff X(x, <) is order-closed for all x =X. Also, the ambient quasi-metric
space (X, d) will be termed order-complete iff any monotone Cauchy sequence
in X is a convergent one. Now, as another uselui variant of the main re-
sult, we have

Theorem 3. Suppose the clements X, € and d arve such thet (1) plus

(vil) < s a scf-closed quasi-ordering,

(viii) (X, d) is order complele
hold. Then, for every x =X there is a d-axtial clement z =X with x<z.

Proof. Let (x,; #=N) be a monotone Cauchy sequence in X. By
(viii), x,—x for some & €X which gives, by (vii), x,<x, all n€N proving
x is an upper bound of this sequence. Consequently, the main result
applies and the proof is complete. Q.E.D.

A partia! indication concerning the power of the above maximality
principle follows from the considerations below. Firstly, under the same
context, let us call a sequence (%, ; # €N) inX asymptotic il d(x,, x441) -0
and the ambient cuasi-ordering < semi-closed in Nachbin's sense
[23, p. 100] iff X(x,<) is closed for all x € X. In such a situation, if we suppese
condition (i) is replaced by the stronger one

2 — Matematica universitatil
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()" any monotone sequence in N is an asvarplotic one,

andfor condition (vii) by '

(vii)' is a semi-closed ordering on X.

_Then, the corresponding variant of Theorem 3 appears as a quasi-
metric extension of a number of similar author's maximality principles
[27], [28],'[30_._ Secondly, X, <, and 4 being the same as before, a function

: X R is said to be order-lsc (order-usc) iff for every L &R, ‘the subset
of all elements ¥ €.X with f(v)<!/ (/(x)>1) is order-closed. Of course, any
Isc {usc) function is, in the same time, order-lsc (order-usc) ; on the other
hand, if we suppose € is a sclf-closed guasi ordering on X and f decreasing
(tmereasing) on X then, necessarily f is order- sc (order usc) showing the
notion of order-lsc {order-usc) function is effectively more gen’eraI than the
corresponding notion of Isc (usc) function. Now, as an inleresting appli-
catlonTﬁf l‘heol“fm 3, the following result ho ds. wr

eorem 4. Under the same conditions (i) + (vii f ‘
suppose f and g are functions from X into 1\£ )Sf;z('sf;-)i:g(nu) by

((ix))j;is order-Isc and g is order-usc

x) the subset X(f, ¢) of all x € X with flx)<e(x) is not embiy
ﬁfe’?ofo" G EXX (f‘J( }_E,') ;’kere s an element zfe( :2’( f (g)) with xs,ez girgf'm oreo-
» JOr every y€X with d(z, y) >0, either =< / f :
o hor 3 3 (=, 3} iher =<y does mot hold or f(y)>g(y)
_ Proof. Let vy denote the characteristic function of the subset X(f &)
Define a new quasi-ordering < on X by the convention L

(4) xE2yoff ¥<y and ylr)<y(y).

Since £ is finer than < (that is, x £y implies ¥ iti i
: 3 1s I 4 » ¥ Zymplies ¥x<y) conditions (i) + (vii
are aut(imatlcally fulfilled with < replaced by =, i\ﬂ)%c)-o\fer, Iet thc(e)lerrf;rlltls)

%, y<X and the sequence (3w:neN)Yin X Dbe such that

{5) XEYn WEN [ )y Eyp, HS<m | yo—y

As a first consequence of (S) agy, €N, y,€ my HEHI. Y= & :
by (vii), ¥<y. In the same time, a second coalsecfu;:’nce of (g)ﬂis? evf:ie;}:f\t’j
Y(*}<v(y.), neN, Y¥a)SY(¥m). n<m. Without loss of generality suppoéé
y{*)=1 then, by the above relations, Y{ya)=1, all 2N so, by (ix) com-
bined with the last part of (5), v(y)=1 and this mmmediately gives v Sy
proving (vii} also holds, when < 1s replaced by <. Hence Theorem 3 is
applicable and this ends the proof. 0.E.D. .
Conce}'nmg the above particularization of Theorem 3, it should be
noted that it may be considered as a general result about abstract inequali-
tics, largely used in the theory of differential inequalities. Finaliv, X, <
and 4 being endowed with the same meaning, let (X7, d’) be another qu‘asi-‘
metric space. A mapping ' : X > X' is said to be order-closed provided that
fqr any monotone sequence {r,; #€N) in X and any couple veX,
' €X' with v,—x and Tr,—1v' we have Tr=y'. Evidently, any closed
mapping 7 : XX’ (in a sen<e precised, cg.. by D, D o‘wning and
W. A Ki rk [13]} is necessarily, order-closed in the above sense ;on the
other hand, if we suppose (X @) is a metric ssace and the mapping
T: XX is ,,l’(-ji-c'(mt‘in:ro:f.s" cn X (that is. for any monotone sequence
(xu;neN)in X and any v =X with v, —yv we have Tv,—Tx then, evi-
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dently, 7" is order-closed, proving the notion of order-closed mapping is
cffectively more general than the notion of closed mapping. In this case,
as another interesting application of Theorem 3, we have

Theorem 5. Under the same basic hypotheses (i) + (vii) +(viii), suppose

the com plete quasi-metric space (X', d'), the mapping T : X = X" and the func-
tion f:X—R are such thal
(xi}T is order closed on X,
(xil)f is order-lsc and bounded below on X.
Then, for cvery x €X there is an elemen! : € X with x <2, d'(Tx, Tz)€ f(x) —
—flz) and, moreover, for any vy € X with d(z, v} =0, either <y does not hold
or d'(1z, Py)y=f(z}=fly) in case zgy,

Proof. Let us define a new quasi-ordering £ on X by
(6) v2y iff Ay and d'(Tx, Ty}<fx) —f(y)
As in the preceding theorem, we have only to verify condition (vii) holds
when < is replaced by £. To this end, let the clements x, ¥ €X and the
sequence (y,: #€N) in X be such that (5) holds with = defined by (6).
Clearly, x<y. On the other hand, again by (5), we derive
(1) @7y Tyn)<f(3) —flaw). # SN, d'(Tya, Tyu)<f(am) =f(a'm), nsm
From the second part of (7), {( f{3.) ; # € N) is a decreasing sequence in R hence,
by the second part of (xii), a Cauchy sequence. It follows at once (Ty, ;
neN) is also a Cauchy scaucnce in X’ so that, by completeness, T'y,—
—y' for some 3" € X’ which in turn implies (by (xi) combined with (5)) Ty =
=1y’ that is, Tv,—~ T'y. Now, taking into account the first part of (xii) plus
(7} we get, by a limit process, d'(Tx, Ty)<f(x) —f{y) and therefore, ¥<y,
proving our initial assertion. So, Theorem 3 again applies. Q.E.D.

Concerning the clements involved in the above result, it should be
noted that in case (X, d) is a complete metric space, an important class of
quas-orderings < on X satisfying (1) +(vii) is that offered by thecholex<y
itf d(x, y) < g{x) — g{»), g being a function from X into R, Isc and bounded
from below in which case, the corresponding variant of Theorem 5 extends
a similar author’s result [31] or —after the above quoted Ekeland-
Bréondsted's pattern —the Downing-Kirk's fixed point result
13] {sce also D. Downing [12]). Moreover, in case X=X' d=d,
T=1I (the identity) from the same corresponding variant, we get Br o n-
dsted’s maximality results [67, [87 {sec also M. Turinici {26] and
J.D. Weston [32]) respectively the above quoted Caristi-Kirk's
fixed point theorems (sce also S, Kasahara {18], L. Pasicki [24]
as well as J. Sicgel [25] for a number of interesting new points of
view in this dircction) so. the above theorem appears also as a common
extension of all these results.

As a final remark, it should be noted that such a maximality principle
seems to be an appropriate instrument in deriving mean value theorems,
differential incqualitics, mapping theorems in Kirk-Caristi's sense
[21], as well as lipschitzianness tests in Kirk-R ay’s sense [22] (see also
S.A, Husain and V.M, Schgal [17]); these aspects will be treated
in a forthcoming paper under preparation.
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FIXED POINT THEOREMS IN UNIFORM SPACES
BY
N. GHEORGHIU

It is the purpose of this paper to point out the fact that in many cases
with a fixed point theorem in metric spaces is (rather often) associated,
by generalization, a fixed point theorem in uniform spaces.

To illustrate the assertion above, we recall our result given by theorem
1 (see [1], [2], [3]), which represents the natural generalization to uniform
spaces of the famous Banach theorem on contraction mappings in metric
spaces.
. Furthermore, a generalization of M aia’s theorem ([4], [3], Theorem
2) in uniform spaces endowed with two uniform structures is given. Finally,
by theorem 3 we generalize the theorem of K a nn a n from metric spaces
'57], [3]. This chapter of fixed point theorem in uniform spaces is little deve-
loped. It is important since any structure of a locally convex space {or even
of topological vector space) is a uniform structure.

Theorem 1. Let X be a sequentially complete, Hausdorff sepavated, uni-
Jorm space. Let also {py}y eq be a separated, saturated set of psendomcirics defi-
ning the uniform structure of X. If the function f:X X is coniractive with
respect to the set {p,taea, then f has a unique fixed point which can be found
by the method of successive approximations (staviing from any element of X).

Remark 1. By f-contraction with respect to {p,},e4, We mean that
there exist a function ¢ : 4 >4 and the positive numbers A,>0 such that

{1} pa{f(x), f(9)) € hapota(®, ), Va4 and xyeX
and the series
(2) Pal®, ¥) + "gl Aehotar - A= 1) Po s (%, 3)

are convergent for each «=4 and %, y<X. Here ¢ is the #-th iteration
of o.
Remark 2. The proof of theorem ! as well as some applications can
be found in [17, [27.

Theorem 2. Let X be a set endowed with two Hausdorff separated uni-
Jorm structures o, =. Let P={p,}ucs, Q=1{qalsecs) be a separated saturated
set of pseudo-matrics which defines the structure o=, respectively).

If f: X—X is a funclion satisfying the conditions :
n L. There is a function o: A—B and the real numbers my, >0 such

ai
Pu(xuy)<m¢qu(aJ(x:y): Vesd, z,ysX ;



