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FIXED POINT THEOREMS IN UNIFORM SPACES

BY
N. GHEORGHIU

It is the purpose of this paper to point out the fact that in many cases
with a fixed point theorem in metric spaces is (rather often) associated,
by gencralization, a fixed point theorem in uniform spaces.

To illustrate the assertion above, we recall our result given by theorem
1 (see [1], {21, [3]), which reprcsents the natural grneralization to uniform
spaces of the famous Banach theorem on contraction mappings in metric
spaces.
F Furthermore, a generalization of M aia’s theorem ([4], [3], Theorem
2) in uniform spaces endowed with two uniform structures is given. Finally,
by theorem 3 we generalize the theorem of K a nn an from metric spaces
73], [3]. This chapter of fixed point theorem in uniform spaces is little deve-
leped. It is important since any structure of a locally convex space (or even
of topological vector space) is a uniform structure.

Theorem 1. Let X be a sequentially complete, Hausdorff separated, une-
form space. Let also {py}ycq bea separaled, saturated set of psevdometrics defi-
ning the uniform structurve of X. If the function f:X X is conlractive with
respect 1o the set {pytaea, then f has a unique fixed point which can be found
by the method of successive approximations (stavting from any element of X).

Remark 1. By f-contraction with respect to {p,},e4, We mean that
there exist a function o : 4—A and the positive numbers »,>0 such that

(1) Pa(f(x)sf(y))slapcp(a)(xs ¥ Va=A and X,y eX
and the series
(2) Pal®, ¥) + ﬂgl Axhgtar - Rt 1(as Py s (%, 3)

are convergent for each «=4 and x, y=X. Here ¢" is the u-th iteration
of o.
Remark 2. The proof of theorem ! as well as some applications can
be found in [17, [2].

Theorem 2. Let X be a sel endowed with two Hausdorff separated uni-
Jorm structures o, =. Let P={pylacs, Q={galsen) be a separated saturated
set of pseudo-matrics which defines the structure of=, respectively).

If f: X=X is a funclion salisfying the conditions :
n I. There is a function o: A—~B and the real numbers mq >0 such

at
Pa(x.mea%(a)(x.y), Vasd, z,y€X ;
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1. (X, o) is a sequentially complete uniform space

HI. f: (X, )= (X, z) is continnous :

IV. fis Q-contractive (in the sense of vemark 1y,
then f has a unigue fived point which can be obtained by successive appro-
ximations (starting from any element of X).

Proof. If one takes a sequence & of successive approximations, onc
proves (as in [I], [3]) that & is a Cauchy sequence in {X, 7). By I, & is also
a Cauchy scquence in (X, o}, hence it is convergent {in vertue of I1). The
lmit of this sequence is a fixed point of £ (since /is continuous, as indicated
by IT1). The uniqueness follows from IV as in [1]. [3)

Remark 3. In the particular case in which both P and ¢ are made
up by a single element. one obtains M aia’s theorem.

Theorem 3. Let X be a uniform space satisfving the properties of theo-
rem | and let f: X X be a funclion. If there exisi veal numbers Ay (with 0<
<k < 1f2) such that

(3) Pa(f(2), F()) S 2alal, f(x)) + pul 3, f(3))]

Jorall ae A and x, y € X, then f has a unigue fixed point, which can be obtwi-
uede'a the method of successive approximations (starting from any clement
of X).

Proof. If one takes a sequence & of successive approximations, then
by making use of (3) (as in [5]) one shows that & is a Cauchy sequence (for
each fixed a=A), hence it is convergent to an clement x =X, It follows
from (3) (as in [5]) that p,(x, f{x)) =0 for each a=A4 (i.e. x=/(x}} hence the
existence of the fixed point is proved. The uniqueness can be proved as in
[5] (observing that if ' and x"' are two fixed points then g,{x’, x") =0 for
each ae4),

Remark 4. In the case in which the uniform structure of X is given
by a single distance one obtains Kannans theorem.

Remark 5. In general, with each problem related to fixed point theo-
rems in metric spaces is associated a similar problem (related to fixed point
theorems) in uniform spaces.
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DISTRIBUTIONS FOR SET FUNCTIONS
BY
TEODOR HAVIRNEANU and VASILE POSTOLICA

In the Schwartz theory of distributions, every distribution is a linear
continuous functional on the strict inductive limit of the spaces D 4x(Q),
where Q is a domain of R”, K ranges over all compact subsets of £ and @D (Q)
is the set of all functions feCJ(Q) such that supp(f)<K (sce [1], p. 19).

In this paper we extend the notion of distribution to set functions.

We shall consider {2=(~00, 0), but we shall see that this assumption
is not a restriction because our considerations are also valid when Q is a
non-void open set of R*. _

We denote by C=(Q) the lincar space of all complex-vaiued functions
defined on & which have continuous derivatives of every order. For any
compact subset Q< and any integer n> 1 we define (1)

(1) Ponfx) = sup [x9(1)), x =C=(Q),
O-L'Ek‘%v:
The family of the semi-norms of type (1) induces on C*(Q) a structure

of Hausdorff locally convex space.
We denote by 2(Q) the family of all subsets of & and for every com-

pact Q=Q let us concsider
(2) Do= {{7 : PR : there exists F€C=(Q) with supp (f)=Q

such that F(A) = Sfdp, vA EW(Q)} where w is the Lebesgue measure.
A

Every g4 with the topology induced by the semi-norms

(3) gem{F)=pa.n(f), n=0, 1, 2, ...

is a Hausdorff locally convex space.
The strict inductive limit of these spaces denoted by

(4) D =D ¢ 0 — a compact
Qocq

is the space of the test functions on which we shall define the distributions.
We remark that if we replace the family 2(Q) by the family of of

measurable subsets of £}, then we take in (2) F(A4) = Sfdp., VA edt.

A



