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IL. (X, o) is a sequentially complele uniform space ;

I f: (X, 0) (X, %) is continuous ;

IV. f {s Q-contractive (in the sense of remark 1).
then [ has a wnique fixed point which can be oblained by swecessive appro-
ximations (starting from any element of X).

Proof. If one takes a sequence & of successive approximations, onc
proves (as in {1], [3]} that & is a Cauchy sequence in (X, 7). By I, & is also
a Cauchy sequence in (X, o), hence it is convergent (in vertue of I1). The
limit of this sequence is a fixed point of f(since £ is continuous. as indicated
by II). The uniqueness follows from IV as in /17, [3].

Remark 3. In the particular case in which both @ and (2 are made
up by a single element. one obtains Maia’s theorem.

Theorem 3. Let X be a uniform space satisfving the properties of theo-
rem 1 and let f: X =X be a function. If there exist veal numbers \, {(with 0 <
<he < 1/2) such that

(3) pa{ f2), (D)< Palba(x, (%)) + pa(y, S(3))]

Jor all as A and x, y =X, then f has a unigue Sfixed point, which can be obtui-
ned via the method of stccessive approximations (starting from any element
of X).

Proof. If one takes a sequence & of successive approximations, then
by making use of (3) (as in [5]} one shows that & is a Cauchy sequence (for
each fixed «=A), hence it is convergent to an clement x =X, Tt {ollows
from (3) (as in [5]) that p,(x, f(x)) =0 for each a=4 (i.e. x =/(x)) hence the
existence of the fixed point is proved. The uniqueness can be proved as in
[5] (observing that if »’ and v’ are two fixed points then g,(x", x")=0 for
each xe4).

Remark 4. In the case in which the uniform structure of X is given
by a single distance one obtains Kannans theorcm.

Remark 5. In general, with each problem related to fixed point theo-
rems in metric spaces is associated a similar problem (related to fixed point
theorems) in uniform spaces.
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DISTRIBUTIONS FOR SET FUNCTIONS
BY
TEONDOR HAVIRNEANU aud VASILE POSTOLICA

In the Schwartz theory of distributions, every distribution is a linear
continuous functicnal on the strict inductive limit of the spaccs D (€2),
where £ is a domain of R", K ranges over all compact subsets of £ and D ()
is the set of all functions f&=C(Q) such that supp(f} <K (sec (1], p. 19).

In this paper we extend the notion of distribution to set functions.

We shall consider Q =(—00, 0}, but we shall sec that this assumption
is not a restriction because our considerations are also valid when Q is a
non-void open set of R*,

We denote by C=(Q) the linear space of all complex-valued functions
defined on Q which have continuous derivatives of every order. For any
compact subsct 0 =Q and any integer n> 1 we define (1)

(1) Pan(x) = sup [x9(f)], » =C=(Q).
[ 2

The family of the semi-norms of type (1) induces on C (€2} a structure
of Hausdorff locally convex space.

We denote by 2(Q) the family of all subsets of Q and for every com-
pact Q= let us consider

(2) Do= {E :P(Q)—R : there exists feC(Q) with supp (f)sQ

such thal F(A)= Sfdp, VA E’D(Q)} where p is the Lebesgue measure.
=

Every D¢ with the topology induced by the semi-norms
(3) ng(F) =P0m(f): 1@=O, Ir 2'1 “ee

is a Hausdorff locally convex space.
The strict inductive limit of thesc spaces denoted by

(4) D =U"Do

@cq

Q — a compact

is the space of the test functions on which we shall define the distributions.
We remark that if we replace the family 2(Q) by the family of of

measurable subsets of £, then we take in (2) F(4)= S fadu, YA edt.

F
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. . . : .
We now define the basic operations on /2, which structures it as a
test function space.

1. The derivation. If Fe® with F(A)= Sﬁm, VA =P(Q), then we
define the derivative of I' by

.'I
) L= (s, va=Py
M
We remark that dF/du. E@f
2. The prodict. For every two functions F and G =@ with F(4)=
fap, and G(4)= Sgaﬂu, YA =eP(Q) we define their product by

| S

4
(6) (FG)(4) = { fede, v = D(@).
3. The convelution. If F, G =@ with F(d)= S fdy and G(4) = S gdp.

vA P(Q), then the convoiution (denoted by W) of F and G is defingd by
(7) (FsG)(4) = § f1= sdy, VA «D(Q),

We remark that from (7) and (5) it fcllows

a!(F #(r) .
A2 ()= | (g S fregd 5 wgdu= (oG a) = (Fa S (4)
J J J J dp. )
A
4. The integration. If fe‘@ with F(4)= gfdgz, ¥A =P(Q), we define
the integral of F by I

(8) ' {Fau- gl: S f(r)d*:} i

!

i a e
We observe that

i

[ Fau= (S f’(-r)d-.-}dl: {rat=F(4) ana

SFG'dp:S(S (fg')(n:)d{'. di={ dt—S(S (¢:1) (o=

“ i -=

@ —o

=(F. G)(A S F'Gdp.
A
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In the dual space D' let us consider the following functionals genera-
ted by the functions of Hi(—~c0,0): if fEHlnc(“‘Oo 0) then the functienal

0 f

© (F.6)= S ( S f_(f)g(f)dc}fzt, ¥G =D with G(A) = S o gEC?(Q)

SRS : A
is a lincar continuous functional on @. Indecd, let @ be an arbitrary cem-
pact set of Q. We have. .

Q ! o ¢

(7.6)1=| § ( § s s < § § vpecpantes.
(10) - O-m '0 intQ infQ
<o, +G) S ( S | fz) | dx)dt, for all G&Da.
inf Q@ infQ 2

Therefore # is a linear continuous functional on every (DQ and, be-
cause D is the inductive limit of the spaces @ ¢, it foilows that (# is a linear
continucus functional on 2.

We call every functional of type (9) on D, distribution of function type
and we denote the set of thesc distributions by Dq.

Two operations can be defined munedmtely in Dy,

1. The derivation. If F =D is generated by f EH[M(Q) then we
define the derivative of F (denoted by dF[du) by

0
(11) td‘? ,G)=("}', -G+ Sf('f)g( )ydt for all G €@ whith
| du

— o

G)={ gde, VA =P(Q), g =CF(Q).

A

In a similar manner as in {10) we can prove that (11) is a linearconti-
nuous functional on 2 and we have :

(7,6 + | Ag(ee= - 5 ( 5 f('r)g'(‘r)dr] at+

0 0 H

(2 o+ {seeae=— § soewa § ( §r@emes)as

a0 == a0 - — o0

0 0 H

+ [ fmas= | ( S f'("c)g(r)dr)dt



22 TEODGR HAVIRNEANU and VASILE POSTOLICA +

2. The convolution.If 7 and & are two distributions of function type

generated by fand g respectively, then, by definiti e : 7
S ated 3 lomatod o CF#Q} Vv detmition, we call fhe convolution

L4 !

(F+g, H)y= S ( S (feg)(tVh(z)dr)dt VH €D with H(d)=

— ™

(13) N
:Skdp, VA e D(Q), h=C3(Q).
a4
On D', we consider the topology induced by the fa mily of semi-norms
0 !
S ( S .f(:)g(r),er dt
(14) = e
PQn= SUP
7.1 =0 q O.n(G)

Q<2 0 - compact n=01, 2, ..

)

We remark that this topol i '

i topology 1s stronger than the topology ind
Egnil;efett?g?lo?;hof@ (cgpns:(dcred as dual space of D) on po}. \%}e i:gllufgg
) of the space D} (considered with the topology t g
semi-norms (14)) the space of distributions and wcrz) degﬁofee nt(]:;as Zc}i);?:)e t‘t};\(E

D .l e 9) 54 ace i ’ i
; . : p " Oi dlStI‘lbUtIOﬂS. \'\ [ OIJSCr‘ e th(—lt Z i 15

Remark 1. If (F,)is a Cauchy sequenc istributi
(P 3 ¢ of dist i
type (every 7, being generated bv f, E}]I]oe(ﬂ)),othe? ributions of function

0

tim { 1/,(%) ~/n(®le(=)d= =0

LT R

— o

for every £<C~(Q) with compact support. Indeed. if (#,)is a Cauchy

sequence, then f rery i- e i
n. <N such thator EVery semi-norm po,(-) and everv €20, there exists

(13) §((§ 10 ~otiseias) arse sup iy

for every function g C=(Q) with compact support contained in Q. n,m>n,.

Let us suppose that there exists a
) u number £,>0 and a functi
€C=(Q) with compact support such that for every ;5 €N, there ::?i(;tl::lgi
0 E

€N with m, n>p satisfying the following inequality Slf,,(-r) —fu(Tg(t)|dr 2

MSTRIBUTIONS FOR SET FUNCTIONS 23

-

3

- g,. Which is equivalent with lim Sl_f,,(r) ~fm{)g{z)|d*> g, Hence there
. i

s<0 .,
5

exists an interval {—1, 0){%>0) such thats [fal) = fm{5)llg(7)id =2 20, Vs €

—

l=(—-'t]'0). i " 0 !

Therefore S ( S'fn(*) "fm(T)Hg('-')Id"-)di' + S( s /(=) 'fm(r)”g(f)l‘d"-) ik

Y . Sa e
> ye,=0 which contradicts (15). B

We now define the derivation of distributions. If 7 =D then there
exists a Cauchy sequence ('F,) of distributions of function type converging
to ‘7. We define the derivative of F by

(16) (‘g ,G) = lim (7, ~G')+ lim_ s fo(=)g(=)d~,

— =

where G @, G{Ad)= Sgdp., vA4 eP(Q) and f,eHX(Q) generates F,

for every n &N, ) . r .
We remark that the limits in (16} exist. lim (7, -G’} exists because

n— -+ o

0

the sequence {7,) converges to 7 and lim Sf,,(r)g(r)d-. exists since, by virtue
H—s + o0

—3

0

of Remark 1, the sequence Sf,.(r)g(v)a’r is a Cauchy sequence of numbers.

Remark 2. The distributions of function type can be introduced as,
being generated by functions from H? (Q), where k is the highest derivation
order which appears in the applications. We considered the distributions
of function type generated by the functions from H\&(Q) to obtain distri-
butions for which the derivative of cvery order exists.

Now let us consider an equation which does not admit classic solu-
tions, but which has solutions in the distributional sense.

Consider the equation

(17) Sf,d“___cgfd“, vy (__-_fp(_oo’ 0), ¢=0 is a constant.

A 4
If we define the classic solution of (17) as a non-trivial function f:
:(—0,0)=R with f, f'=C(—c0,0}nL(~c0,0), then {17) does not admit
classic solutions because it is equivalent with f{f) =c.,e” where ¢ (-, 0)
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fmd ¢o#0. The distribution of function type generated by the function e

is
0 H
18) (7,6)= | (S e"g(v)dr)dt, VG D with G(4) = { ga, vt «D(~co, 0
e -
and the corresponding distributional equation is
dF
(19) (-— ,G) =(c'7,G), YG=D or
dp
0 o £
(20) (. =60+ [~ {( § Avetoas)
(if we want that the solution b o '_m i i
tribution (18) satisfies (20} : }lndze?i,d&?;rﬁzil'temn o function type). The dis-
o] 0 13 0
(7, =6+ | fe(myan = - | ( ) a"g'(v)ch] d+  evg(ryde= -
0 14 . O_m o N
i(§ gzt + | eg(eyan= - f estar+
0 ! o o _fw
+¢ S ( S e"g(‘r)d'r) di + S eg(tydr=¢ S ( S e"’g(*r)d‘r] at.
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SPECTRAL CHARACTERIZATION OF ABSTRACYT FUNCTIONS
BY
BOLIS BASIT

1. Introduction. Let G be locally compact Abelian group and I its
dual group. Let X be locally convex complete space and X™ its dual space,
Denote by Cuw(G, X} the set of all bounded uniformly continuous functions
defined on G with values in X. A function ¢ €C,,(G, X) is said to be almost
periodic (a.p.) at a point y, € I' iff there exists f€L3(G) such that f{y,})#0 and
G/ is a.p. A theorem of Loomis [16] (sce also Reiter [18] and
Levitan [I5]) says that a function ¢ =€C,(G, C) is a.p. iff it is a.p. at
each point v<I'. In this paper, we show that Loomis theorem holds true
for a class of functions A < Cu(G, X) with certain properties satisfied by
many known classes, like almost automorphic {a.a.) [20] absolulely recurrent
(a.r.) [2] and distal (d.) [10] functions. We construct a function £ =Cy (R, C)
which is recurrent (r.) at cach point of R, i.c.for cach ¢ & R there exists f€L(R)

such that f(C)#0 and f+& is r., but £ itself is not r, Our investigations reveal
that the lincarity of the class is necessary for Loomis theorem to hold true.
We notice that the class of r. functions is not linear [11], [12]. Nevertheless,
we construct linear subclasses of recurrent functions of the type .\ for which
Loomis theorem is truc. These classes are helpful in the study of functional
equations with recurrent right side and also explain the fact that most
of the results whick are true for a.p. and a.a. functions are also valid for
recurrent functicns [2], [3], (9]. We note that our results are the extension
of many recent works in two different directions. First direction is the exten-
sion to locally convex spaces and second direction is the extension to the
classes of type A.

‘This paper is divided into six sections. In seclion 2 we give extension
of Loomis theorem to classes of type AcCyu(G, C). In section 3 we prove
that Loomis theorcm is not true for r. functions and construct classes of r.
functions of type A, In section 4 we proved that Loomis theorem also holds
true for the classes type A = Cu{G, X). We showed that if the triple {¢,G, X}
satisfies the condition (K) (saying that cither X is a Fréchet space
not conlaining a subspa ¢ isomorphic to the Banach spaie ¢, and ¢(G)
is bounded or X is a cemplete localiy convex space and the weak closure

P(G)¥ is weakly compact in X), then the classes of a.p., a.a., a.r., and d.
functions are of the type A. The condition (K) arised in the paper of Kadets
[14] in the study of the indefinite integrals of a.p. functions in Banach spaces
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