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and ¢,#0. The distribution of function type generated by the function et

18
L] H
(18) (#,G)= S (S e"g(v)dﬂ:) dt, ¥G =D with G(A) = Sgd;;,VA eP( -0, 0)
o 5
and the corresponding distributional equation is
a7
(19) (d—“ ,G) =(c'F,G), VGe®@ or
0 o £ .
= '
(20) (. =60+ [ et {( § et
(if we want that the solution b i '—t '_'" i i
tribution (18) satisfics (20) :O?ndge?i,d&?érﬁzl\l'telon of function type). The dis-
G 0 ¥ 0
(7, =6+ [ feggtmras= - [ “E (| i+ { eglaae -
0 14 N -."_m | Q N
S ( S e"d(g('r))dr] dt+ S &g()dr = — S &g (f)dt +
] I3 i} h o _tw
+ef ( { e"g('r)d'r) at+ { erglayin=c { ( { e‘*g(*.)d‘r) dt,
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SPECTRAL CHARACTERIZATION OF ABSTRACT FUNCTIONS
BY
BOLIS BASIT

1. Introduction. Let G be locally compact Abelian group and I its
dual group. Lct X be locally convex complete space and X™ its dual space,
Denote by Cu{G, X} the set of all bounded uniformly continuous functions
defined on G with values in X. A function ¢ €C,,(G, &) is said to be almost
periodic (a.p.) at a point y, = I" iff thereexists f=L3(G) such that f{,)#0 and
$=f is a.p. A theorem of Loomis [I6] (scec also Reiter [18] and
Levitan [15}) says that a function ¢ €Cy(G, C) is a.p. iff it is a.p. at
each point v&I'. In this paper, we show that Loomis theorem holds true
for a class of functions A < Cu(G, X) with certain properties satisfied by
many known classes, like a/wiost automorphic {a.a.) [20] absolulely recurrent
(a.r.) [2] and distal (d.) [10] functions. We construct a function & €C,(R, C)
which is recurrent (r.) at each point of R, i.c. for each ¢ & R there exists feL(R)

such that f(C)#0 and f+& is r., but £ itself is not r, Our investigations reveal
that the linearity of the class is necessary for Loomis theorem to hold true.
We notice that the class of r. functions is not linear [11], [12]. Nevertheless,
we construct linecar subclasses of recurrent functions of the type .\ for which
Loomis theorem is truc. These classes arc helpful in the study of {functional
equations with recurrent right side and also explain the fact that most
of the results whick are truc for a.p. and a.a. functions are also valid for
recurrent functiens [27, [3]1, (92]. We note that our results are the extension
of many recent works in two different directions. First direction is the exten-
sion to locally convex spaces and second direction is the extension to the
classes of iype A.

This paper is divided into six sections. In section 2 we give extension
of Loomis theorem to classes of type AcCu(G, C). In section 3 we prove
that Loomis theorcm is not truc for r. functions and construct classes of r.
functions of type A. In section 4 we proved that Loomis theorem also holds
true for the classes type A = Cup{G, X). We showed that if the triple {¢,G, X}
satisfies the condition (K) (saying that cither X is a Fréchet space
not containing a subspa ¢ isomorphic to the Banach spaie ¢, and ¢(G)
is bounded or X is a cemplete locally convex space and the weak closure

$(G)¥ is weakly compact in X), then the classes of a.p., a.a., a.r., and d.
functions are of the type A. The condition (X) arised in the paper of Kadets
{14] in the study of the indefinite integrals of a.p. functions in Banach spaces

* On leave of absence from Cairo Universitiy , Facully of Science, Egipt.
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{sec also [1].[2], 5], [7]. (13 ). Finally, in sections 5 aud 6 we give appli-
cations of the obtained results to convolution and operator differential
equations. The results of sections 5 and 6 are the extension of 131, [4]. [6],
[8], [22], [23].

2. Extension to Scalar Functions. \We extend in this section Loomis
theorem to the classes A Cu(G, C) having the following properties :

P.1. A is a linear space.

P.2. A is closed with respect to uniform convergence, Le., if a sequence
or a net {¢i c A uniformiy converges to b, then Yy,

P3. yb<A for cach yeI', JeA,

P.4. If the difference & —¢, €A for each s €6 and ¥ is bounded, then
PEA D)=t +s)).

We notice that A is a Banach space with the sup. norm. We shall denote
by AP(G), AA(G). AR(G) and D(G) respectively thesets of all a.p.,a.a., a.r.
and d. functions from Cu(G, C). One can verifv that the AP(G), 44(G),
AR(G) and D(G) have the properties P.1-P.4. To verify P.4 one can use
(2] for a.p. and a.a. functions and deduce it similarly for a.r. and d. functions.

We prove the following needed property of the classes type A :

P.2.1. f«y=A for each $eA, JELYG).

Proof. Let 9 A, Then for each compact subsct K (G the function {f) =

= 5 Y(¢+5) ds can be approximated uniformly by finite linear combinations
K
of the form Zc!¢(t+s:). Hence by P.I—P.2, the function ¢ &=A, Now let

JELYG). There exists a sequence of step fuactions {#,} =LG) cach of
which has compact support such that ik, —flf, -0, n—oc. This implies that
(k) —f)*d||.. >0, n—c0. Each function ko is a finite linear combination
of functions type ¢. Hence I =A, nel, Using property 1.2, we get
that fedep,

We remark that by using property P.4 we get that A contains the
constant functions and by P.3 the class A contains every character, Hence
by properties P.1 —P.2, A contains every a.p. function, i.e.4 P(G) c A. Thisim-
plics that AP(G) is the minimal class of functions having properties P.1 ~P 4,

To extend Loomis theorem, we need the following :

Definition 2.1. For each beCw(G, C) denote by

TA(9)={f€LYG) : frp A},
One can casily verify that Ia(d) isa closed ideal of LAG). The A-spectrum
o4(¥) of ¢ is defined by oa($) = hull (I, (1)) ={v T ) =0, feI, ().
Put A ={0},we obtain that the Beurling spectrum o(¢) > ar(y) (scel19], Ch, 7).

One can also show for cach f€LY{G) that oa{P*f) = as () n supp}. We prove
the following extension of I.oomis theorem obtained in the thesis of our
student Emam [9] (sce also [6]).

Theorem 2.1. 4 function ¢ ECu(G. C) is an element of Niff ap() = &
(ermnpin ser).
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Proof. 11 $eA, then by P21 we get Ti(¢)=LYG) so that oz(y) =
-75. Now let oz{d)=. Using Lemma 2 of [16] we choose a sequence
{h,t c LYG) with the following properties :

(i) $u=hxy 3. (ii)
i ~an fi by =",. Since 6, () = &,
Jsing {[19]2.6.2) one canfind f, €L(G) such thaﬁ_/’,,*yn D, s J
}Jvzlr(];zt(-g\(:})"):;)‘gj_ By Wicners theorem ([19] 7.2.6) u;c _]121\ e I\(g,)=
=Itl>((;). This means that ¢, =d,sf, €A, Using P.2, we get =47, _ -
’ In fact, using similar method asin [16], the following more genera

- is ed In [9] and [6]. ' '
um“Tll:etlJ)::r‘;l{ 212!1 —ll }zmcﬁz’ou $ECuW{G, C) is an element of N 1ff o:() 1s
sidual (t.e., contains 1o non-em ptyv perfect sels), ' .
ns;du;"ro(cjft., We show that ay(¢) is always perfect. Assuming the contrary,
let «, =a,(¢) be an isolated point. Choose a compact neighbourhood U{a«,)

~

of @, and a function f€L¥G) such that U{x)Moa(P)= {0}, f{@)#0 and

ﬁoc) =0, € U(a,). Wehave o (dxf)={a,} and o,(P)={e}, where $=2,(*f).
By Wieners theorem ([19] Ch. 7.2.6) we have:

o{.} is compacl.

A

[a(9) ={/SLYC) : fle)=0}.

Using P.4, we deduce that if f<LYG) has the property that f—/f e1,({),
s€G, then fbfﬁ(t‘b).
Since (f,—f) (e)=0, s, f=LYG), we get that
TA(d) =LVG).
Thi = : adicti ich shows that 6,(d) cannot
h roves that ea(e) =@, a Lontradlc.tlon Wth}.l 5 : A :
clonliali)n istylated pO/i\I(ItS. Hence ap{{} is perfect. Since o,(¢) is residua’, then
it is empty. Therefore, by theorem 2.1 the element ¢ =A, R
Remark 2.7. The class A is invariant under translation, i.c. if €A,
h s €0\, s=G.
e f’roof. Let A, feLYG). Using P.2.1 we get that : §xf=ysf, €A, for
f:€LYG), s=G. This implies that for cach «, €G there exists feL}G) such
that}(ao)géo and f«¢, €A, s=G and means that o(¢,)=¢. Using the-
31, we get ¢, €A, 56, _
e 3. Re‘(\:urf':ent tt'lJum:tions. In this section we study r. functions from
Cuo(R,C) and Cy(Z, C). o . .
S Det)'initi(m 3?1. A function yE€Cw(R, C) is v. iff for euch £ =0 and
L =0 the set

E(=, L d)j={zeR: ¢{t4o—(f) | <e |4 <L}

' itivel y dense in R [17). }
s mh'il'lili::e‘"c)‘lass of r. {UIILEti(J:'nS frem C,‘b(IC,L'l will ’1‘)0 dcnotegl by r('I\).
Similarly, one can define r. functions frem Cut{Z, _C)- The following Lemma
1s needed and gives a connection between r. functions on £ and R :
Lemma 3.1. Let $=C(Z. R) be r. Then (e =90 +m) = 0(m) +
+(1=0)bm+1), meZ, 0], (R s an elemnt of 1(R).
The proof follows easily frem definition 3.1.
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A sequence {u,} <R is regular for $€C,(R,C) iff lim ¢(f+a,)
exists for each f € R,
The following is cquivalent to definition 3.1 (See [17]).
Definition 3.2. A function § €Cup(R, C)isr.iff for each regular seqience
{any c R, for § there exists a sequence {b,y c R such that
Hm lm § (¢4 a, + by) = (2).
Hi— o H— 2
Using Lemma 3.1 and [11] or [12], one can construct two real valued
functions @, ¢ €7(R) such that ¢ + (R}, for which we show :
Lemma 3.2. Lef o, b =r(R) and o +y&r(R). Then for cach character
2£) = exp (ict), the function ip+dEr(R), (c€R).
Proof. Assuming that X(f) = exp (7¢t) has the property that Ao +
+der(R), for each sequence {a,} <R regular for A, 2, ¢ there exists a
sequence {b,} < R such that :

Lao(t)= lim Hm Ao(f+a, -+ bu) = Ao{t),

M=o K=

(3.1) L (A2 +9) (1) = M) L {2} + Lb(2) = Rolt)p(2) + ().

This is possible for the vector {A,, 2,2 +¢} is r. [12]. From (3.1) we have
hofLe —@}=Ly~¢. Since A(¢) is complex valued except in isolated points
of R, we get

Lo~go=L¢y—-¢=0.

This implies that L{¢ +9}) =0+ ¢ and means that ¢+¢ er(R), a contradic-
tion which proves the Lemma,

Using Lemma 3.2, we construct the following :

Counter example 3.1. There exists a function §(t), E=Cuw(R, C) which
s 7. at eack point ¢ of R but E€#(R).

Proof. Let o, ¢ be two real valued functionssuch that o, =y(R) but
e+y&r(R). Let {i,} = L}(R) be a sequence of approximating identity and

supp. (ks)=[—n,n]. Then, there exists #, €N such that (o + OYsch,, €7(R),
otherwise (¢ +¢)*h, =r(R}, n =N and hence o+ ¢ =1lim (¢ + ¢}k, =(R) con-

tradicting the choice of g, ¢. Now, choosc a character ro(f) =exp (icot) such
that o(ho(*ha,)o(Y*h.) = &. We show that the function : &= ho{o#l,,) +
+ ¢k, is 1. at each.point of R, but ¢ r(R). Indeed, since F, = a(Xo(o+hy) and
Fy=o({=h,,) are disjoint compact subsets of R, one can chocse Ju feeLY(R)

suchthat fi{fc} =1l on Ty, fi(c) =0 on Fy, i#7,4,7=1,2. We have fixE= No(@shye),
fex&={uh,, &r(R). Hence & is 1. at cach point of Fi\JF,. If ¢ F,|JF.,, then

there exists f=LY(R) such that f{c}#0 and f(c) =0, c& F\JF.. Hence, fef=0,
which implies that £ is r. at ¢. This proves that £ is r. at each point of R,
On the other side, we have g/, s/, €r(R) but ek, +dxh,, #r{X). Hence
by Lemma 3.2, the function &= (o%k,)+dsh,, & r(R).

In the following we shew an extension of Loomis theorem to r. functions.
For that, we construct linear subclasses of r(R) of type A. Indecd, tet ¢ €#(R).
Consider the set L{g) of functions generated by the uniform limits of finite
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lincar combinations of functions of the form ko fand 1, where Xis a character
of R, feL(R)and ¢fl)=¢(f~s), s =K. Let A(p) be the maximal Banach
space of #(R) containing L(g). Then A{g} is a lincar class of r{R) having
propertics P.i —P.4. To verify P.4, one can uge {23. We have the following :

Theorem 3.1. A function $=Cu(R, C)isanclement of Ale) iff onw{d)
is residual.

4. Extension of Loomis Theorem to Functions from. C,(G,X). A
function ¢ :G—X is said to be integrable (measurabic) if x™(¢) is Lebesgue
integrable (mcasurable) for each x* X", Tke bounded measurable functions
from G to X willbe denoted by L2(G, X)), we have always Cub‘(G, X) cL:’ (G X).
If o=L=(G, X) and f<LG), then the convelution fig defined by x*(fxq)=
=fxx*(9), x* € X" isan elament of Cu(G, X). We shall censider linear classes
A< Cu(G, X) having the same preperties P.1—P.4 as in section 2. the
Beurling spectrum (o) and A-spectium  oa{p} can be defined exactly
as in the scalar case for ¢ =L<((G, X). We note that property P.2.1 is also
true for the classes A=Cu(G, X).

In the following theorem the unions and the intersections will be taken
by all clements from X™ unless explicitly otherwisc mentioned.

Theorem 4.1. o{¢) =Uo(x"9), o =L=(C, X).

Proof. Denote by To(p) ={/SLYG) : fxp =0} First weshow that I ,(¢) =
=ﬂI0(a-*(g{)). Indeed, if f&1(p), then fig =0. Therefore, f*x7(0) =0, x* € X",
which means that fel{x"(¢)) and proves that l(o) NI {2"(s)).

If feIo(+"(9)}, then fex*(g)=0, »" «X*. This implies that fxp=0
and mea{ls th::t f€1{¢), which proves that Iy(o)=MI(x"(¢)). Now, let
e=o(x*(?)). Then fla)=0, feI (o) =M14(x*(¢)). This implies that « €a(g) =
= hull (Z,{o)) and proves that Us{x"(9))<o(p). Since a(¢) is closed,
Us(x*(9)) = o(9)- _ _

On the otherside, if o, € Jo{x"()), then there ¢xists a compact neigh-
bourhood W {«,} and a function f&LYG) such that f{ag)#0, fla) =0, «s W {a,)
and the intersection of W{a,) with | Jo(x"(9)) is void. This implies that
x"(p)xf=0, x*=X". Hence ¢*/=0, which means that feI,(g). Since

Sla)#0, we get that x,=0(9). This proves that o(p) < Jo(x*{¢)). Hence

a(e) = Us(x*(e))-

Using thecrem 4.1, we show: R R

Lemma 4.1. (¢) If o &L>(G, X), f, hSLYG) are such that f=1and k=0
on aneighbourhood of (o), then fxo=1¢, oxh=0.If () is compact, fkeﬂ% suchf
exisis. (i1) If o €L=(G, X), a(q) is compaci, then ¢ €C (G, X) (p=a uniformly
continuous bounded funciion almost cverywhere) and if ¢ €Cu(G, X).& then @
can be approximated uniformly by funclions g=v with compact supp. v.

Proof. (i) By Lemma 1 and Lemma 2 of [16], we get Srx{o) =x"(s},
hxx*(0) =0, x+ ®X*, and hence fxo =0, pxh=0.1{ o(¢) is compact, then using
theorem 4.1, there exists f=LY(G)such that fia*(o) =2%(¢), ¥ =X*and hence
J*¢=0. (ii} Since o(p) iscompact, there exists f€L(G)such frp=0. Let P
be the family of sesni-norms of X. Then for eachp € P, we have p{o+(f—f.)}<

3 = Matematica universitill
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< sup plpl.  f—/ 1 which proves the uniform continuity of 2. The second
part of {ii} also can be proved similar to Lemma 2 of (16 .

Using Lemma 4.1 onc can prove as in the scalar case the following :

Theorem 4.2. A function Y =Cow(G, X) is an element of A iff ax(d) 18
restdual,

Now, we give examples of classes typeA. For that we recall the follo-
wing definitions :

Definition 4.1. A continuous function &:G —X is said to be a.p. iff cach
net {aitrer of elements of G has a subset {aiier such that {W{ad)lier 15 1ni-
Jormly convergent on G.

One can prove that ¢ =C,(G,.X) and that the range of ¢ is totally
bounded in X. The class of a,p. functions will be denoted by AP(G, X).
It is easy to verify that A/(G. X) satisfics the propertics P.i'=P.3. As in
the case when X = B is a Banach space property P.4 is not always true.
If the triple {4, G, X} satisfies the condition (K}, then by [5] partially by
7] AP(G, X) satisfies P.4. In this case, we shall denote it by AP(G, X, K).
Hence we have:

Theorem 4.3. AL (G. X, K) salisfies the properties P.1 — P A4,

In the following, we give:

Definition 4.2. 4 continuous function &: G- X is suid to be a.a. if vvery
set {aidier, has a subsel {aider such that

lim (s 't) =4(st),

LieT
pointwise for each s,/ <G. This means that for cach neighbourhood U(0)
of 0 of X therc exists {, €7 such that

{¥(smiast) ~Y(st)) <U(0). 1,52y, 1,/ =T

Functions satisfying definition 4.2 are not necessary uniformly continuous
or bounded. We shall denote by A.I(G, X) the a.a. functions fram Cu(G, X).
Then from definition 4.2, one can casily show that AA4G, X) satisfies
properties .1 - P.3. If the triple {§, G, X} satisfies the condition {(K) then
AA(G, X) will be denoted by AA4(G, X K) and by [5] partially by {7] it
satisfies properly P.4. Hence we have :

Theorem 4.4. AA(G, X, K) satisfies the properties I'.1 — P 4.

Similarly, one can define the uniformliy continucus bounded absolu-
tely recurrent and distal functions. In this case, AR(G, X, ) and DG, X, K)
satis{y properties P.1 —P.4. Finally, if A (o, R, X, K) is the class of recurrent
functions generated by the bounded uniformly continuous and recurrent
function ¢ : R~X and the triple {0, R, X} satisfies (K) thenA (0. B, X, K)
satisfies the propertics P.1—D .4,

As a conscquence of theorems 4.1 —4.4, we get :

Theorem 4.5. 4 function b=Cu((; . X) is a.p.. wu.. ar., or d. iff ity
AP, X, K) respectively AA{G. X K), ARG, X, Ky or NG, X, K}, spec-
trum is vesidual. Similarly, o function ¢ <Cy (R, Xyisroiff its Mo, R, X, K)-
spectrum s residual,

5. Application to Convolution Equations. In this scction, we consider
equations of the foim :
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(5.1) b+ 2=,

where 2=C, keLYG) and <€A =Cu(G, X).

We prove the following : n

Theorem 5.1.1fihe set Z(ky={xel': k{a)+2=0} is residual, then every
solution of (5.1} from C,(G, X} belongs io A. . .

Proof. Let oy Z3(k). There exists f€LY(G)such that f{«,)70. Consider
the equation

(feh+ 2y =fro.
Since fro €A, we obtain ay($) < {a el : f{a) [h(a) + 2] =0}
A

Since fA(oc).ﬁéO and k(o) +2#£0, we get agF a,(d). Hence oY) = Z; (k) which
implics that a({) is residual. By theorem 4.2. d=A .

As a consequence using theorems 4.3, 4.4 and 4.3 we can state the
above theorem for the classes AP(G, X, K), A4(G, X, K), ARG, X ,K)
DG, X.K) and A(g, R, X, K}, N _ ‘

In the case 2=0, A=AP(R, C) and % is analytic, thcorem 5.1 is due
to Levitan [15].

By the same argument as in theorem 5.1, we show : .

Theorem 5.2. Let k=LY R) with analytic Fourier transform k and let
an EC,wo; €8, m=01,.,9,7=0,1, ..., qbe constant numbers. Let €A Cy,
(R', X). Then every solution ¢ €C(R, X} of the equation

poq
(5.2) (kb)) + 25 E Ay PN —Wpng) = Y

M= im0

belongs fo A,
Proof. By the same method of 5.1, one can show that :

~ p’q
sa(Wyc{asR i hla)+ X apy(—ia)m e =0} =2Z(k).
)=}
1f % is analytic, then Z(K) is residual. Hence by theorem 4.2, ¢ €A,

In the case A=AP(R, C} theorem 5.2isdue to Doss [8]. In the case
A=AP(R, B, K), A=4AA(R, B,K) and A=A{g, R, B,K), where B is a
Banach space, theorem 3.2 is proved in [3].

6. Application to Operator Differential Equations in Banach Spaces.
In this section we study the solutions of equations of the form :

(6.1) ' =A¢+9,

where ¢ =ACC,(R, B),B is a Banach space and A4 is the infi.nitesimal
generator of strongly continuous semigroup U (), {£,20). We are interested
in the solutions of (6.1) from C( K, B). By definition the function ¢ €C, (R, B)
1s a solution of (6.1) iff

U =U(t=tbito) + U =s)o(s) ds. (110)

“a
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Denote by L(8, B) the Banach space of lincar bounded operators
from B to B. In what follows, we shall assume that the ¢lass A has the pro-
perty

P.5 TyeA, A, PeL(B, B).

This property is satisfied by AP(R, B), AA(R, B), AR(R, B), D(R, B)
and A (¢,R, B) where ¢ is a recurrent function,

e

Let # : R—L(B, B) be acontinuous function such thatS || ()} d¢ <00

By the same method of the proof of property I2.2.1 and usinmg P.5 one can
show the following :

@

Lemma 6.1.H*¢(t)=s H(s){(t—s)ds €A for each b <A,

Denote by o,(.4} the intersection of the spectium of 4 with the imagi-
nary axis. We notice that oo{4) is closed and if h, € R, 2, % 0,(A4), then the
point 72, is regular with respect to 4.

We show the {ollowing :

Theorem 6.1. If & =C,,(R, B) is a solution of (6.1), then o, () < o,(A4).

Proof. Let ¢, &R, ic,% 0,(A). Consider the equation :

(6.2) ' —tcgp=AP—icep +b=(4 —ic,)Y+ o
Applying the resolvent operator Rey=(A4 —ic,J) * to Loth sides of (6.2),
we get :

Y=R5(Y —ich) =R, 0.
There exists @ >0 such that R, =(.1 —4cl)"t is analytic on the interval (ca—
—2a, ¢o+2a). Choose infinitely smooth function f: R—RK with compact

support such that the support of its Fourier transform supp }c(co—a,
¢o+a}. Consider the equations :

{6.3) bt f=Rohse(f' —icf) — Roprf, c=(co—a, tot+a)

We have ¢xf(ty=V(t, o) +W(t, ¢), ce(co—a, cot+a), i€ R, where V{1, ¢)=
=Rebx(f' —icf), W(t, c)= — Roxf. For eachfixed ¢ €{co—a, ¢, +a), we consider
the Fourier transform in the sense of distributions of both functions Vi, c)
and W{, cj([21], Ch. VI). We notice that the function He) =f(c)Rc R—

—=L(B, B) is infinitcly smooth'and has compact support (supp H c{c,—a,
¢o+a)). Hence H(c) is a Fourier transform of a continucus function H : R—

—L(B, B) and morcoverR”H(t)H di<co. This means that:

- w
o

Hio)= SH(t)e"“ dt,

— »
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~
and implies that the inverse Fourier transform W {f) of the function W(c ¢)
can be written in the form :

H?=H*cp_

We notice that the function H,(c, ¢)=(f"—i¢/)K.=0, c S(c,—a.c,+a). Hence

IA'(c, ¢)=0 and this implies that ',b;j(r)=fﬂ'(c, ¢), c€(co~a,co+a) and this
means that duf=Hxd. By Lemma 6.1, we conclude that dsxf=HxpeA.
Hence ¢, % a5(¢) and this proves the theorem.,

Corollary 6.1. If d €C,(R, B) is a solution of the homogeneous equation
of (6.1}, then the Beurling spectrum o) < a,{4).

Indeed, let ico¥ao{A). Then arguing as in theorem (6.1), we get
¢;f(c)= T9(c, €}=0, c¢=(co—a, ¢,+a). Hence co€e(d) which proves that
a(dyca,(A). )

(%) R;mark 6.1. Theorem 6.1. is true for classes A = C,(R, X) under certain
restrictions on the operator 4.

Theorem 6.2. If o,(A4) is residual, then each solution & €C (R, B) of the
equation (6.1) belongs to A. Particularly. each solution ¢ €C (R, B) of the ho-
mogencous cquation of (6.1) is almost periodic.

The proof is a direct consequence from theorems 4.1, 6.1 and corol-
lary 6.1.

The following is the extension of the results of [22].

Theorem 6.3. If d(o($), oo{A))= nf [c —s|=dy>0, c =a({),s Sa,(4),
and if cvery solution ¢ € Cy(R, B) of the homogeneous equation of (6.1)
belongs to A then every solution L &Cu(R, B) of the equation (6.1) belongs
to A. )

Proof. Let ic,=0,(A). Using the condition of the theorem, there exists

SELYR) such that f(c,)#0, supp fn o(g)=&. This implies that f+9=0, and
¢'xf=A(d+f} which means that f*{ is a solution of the hemogeneous equation
of (6e1). Hence ¢xf=Aand ¢, ¢ crAst#). Using theorem (6.1), we get: a,(Y) = &J.
Hence by theorem 4.1. wc get <A,
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GENERATION OF THE PROBABILISTIC
QUASI-PSEUDO-METRIC SPACES -

BY

T. BIRSAN

1. Introduction. The concept of a probabilistic metric space (PAM space)
has been introduced in 1942 by K. Menger [8]. An important moment
in the development of the PM space theory is B. Schweizer
and A, Sklar's paper [10]. The introduction of an adequate notion
of probabilistic topological space {PT space) was the object of preoc-
cupation for F. Wagner 11] and more recently for M. J. Frank
'3]. Various problems concerning probabilistic metric spaces have also
been considered by several other authors.

In a PM space the distances between points are distribution functions,
More exactly. with every pair of elements p, ¢ of a set, one associates a
distribution function F,,, and for any positive number x, one interprets
Fo(x) as the probability that the classical distance from p to ¢ be less
than v. It is our purpose to point out two structures, a probabilistic one
and a classical one, corresponding to the two facets of this interpretation
of Folx). Furthermore, given two such structures, they will gencrate a
PM space and this generated space induces the given structures in a way
which will be specified. The natural framework in which this problem is
approached is that of the probabilistic quasi-pseudo-metric spaces {g-p-PM
spaces). Probabilistic quasi-metric spaces (g-PM spaces) and, connected
with them. bitopological spaces were utilized the first time by V. Istri-
tescu in [5].

Let A be the set of all real-valued non-decreasing and left-continuous
functions defined on the real line, having supremum onc and value zero
for v<0. H will denote that member of A for which H{x) =1 for all positive
x. Let S be an arbitrary set and F be a mapping from § xS into A relative
to which we formulate the following conditions {we write F(p, g)=I,,):

I. Fp,=H for every p€S;
1. Fpy=Hop=g ;
1. F,,=F,, for every p,g<=5 :
IV. F(x)=1 and Fo(y)=1!=F,(x+7y)=1.

! *) This paper presents some results of my docioral thesis ,,Contribulii la studinl spafiilor
bitopologice s aplicafii**, University of lasi (Romania), 1976.



