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GENERATION OF THE PROBABILISTIC
QUASI-PSEUDO-METRIC SPACES *

BY

T. BIRSAN

1. Introduction. The concept of a probabilistic metric space (PM space)
has been introduced in 1942 by K. Mcnger [8). An important moment
in the development of the PM space theory is B, Schweizer
and A, Sklar's paper [10]. The introduction of an adequate notion
of probabilistic topological space {PT space) was the object of preoc-
cupation for F. Wagner [11] and more recently for M. J. Frank
'3]. Various problems concerning probabilistic metric spaces have also
heen considered by several other authors.

In a PM space the distances between points are distribution functions,
More exactly. with every pair of elements p. ¢ of a set, one associates a
distribution function F,,, and for anv positive number x, one interprets
Fu(v} as the probability that the classical distance from p to ¢ be less
than v. It is our purpose to point out two structures, a probabilistic one
and a classical one, corresponding to the two facets of this interpretation
of F.(x). Furthermore, given two such structures, they will gencrate a
PM spacc and this generated space induces the given structures in a wav
which will be specified. The natural framework in which this problem is
approached is that of the probabilistic quasi-pseudo-metric spaces {g-p-PM
spaces). Probabilistic quasi-metric spaces (g-PM spaces) and, connected
with them. bitopological spaces were utilized the first time by V. Istri-
tescu in [3],

Let A be the set of all real-valued non-decreasing and left-continuous
functions defined on the real line, having supremum one and value zero
for v<0. H will denote that member of A for which H{x) =1 for all positive
x. Let S be an arbitrary set and F be a mapping from § xS into A relative
to which we formulate the following conditions {we write F(p, g)=I,,):

I. F,,=H for every p€S;
. F,y=Hop=g
HI. F,,=F,, for every p,g<5 :
IV. F(x)=1 and F(y)=1=F,(v+3)=1.

] *) This paper presents some results of my docioral thesis ,,Contribulii la studinl spatiilor
bitopologice si aplicatii®, University of lasi (Romania), 1976.
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An ordered pair (S.F) is called a

— g-p-PM space, if F satisfies I, and 1V ;

— g-PM space, if I' satisfies I, II, and IV ;

— p-PM space, if F satisfies I, 111, and 1V ;

— PM space, if I satisfics the conditions I -1V,

If F is a ¢-p-PM distance on S, then the mapping I”* from S xS into A
defined by F), = F,, is called the ¢-p-PA conjugale distance.

For cach g-p-PM space (S,F), we associate a generalized bitopo-
logical space (S, P, Q), where P and @ are the generalized topologics induced
by F and F*, respectively (we utilize the term of generalized topology in
the sense of [4, Definition 2.3]) ; that is, P is determined by (e, »)-ncighbor-
hoods relative to I’ defined by

Nz, 2)= {g; Fpe(e) > 1 = 2},
and Q is determined by (s, A)-neighborhoods relative to F* defined by
Ny(e, N =1g; Fio(e) > 1 =2} = {g; Fop(e) > 1 Ab

A t-norm is a function T :I x I—=I, I=[0,1], which is associative,
commutative, non-decreasing in cach place, and satisfies T(a, I)=a for
each a in I. An ordered triple (S, F, T} is a g-p-PM space of Menger type
if (S,F)is a g-p-PM space, T is a t-norm, and the following triangle inequ-
ality, due to K. Menger, holds:

IVM Forx + 3) 2 T(Fpef%), Forlp)),
for all p,g,»<=5 and all %, y20.

The next result corresponds to Th. 7.2 in [10} and slightly completes
the Th. 3.3 of [5].

Proposition 1. a) If (S, F, T) is a g-p-PM space of Menger type satis-
fying the condition
* lim T(a, x)=a, for every a< I,

=1
then (S, P,Q) is a bitopological space.

b) If (S, F, T)is a g¢-PM space of Menger type satisfying the condition
("), then (S, P, Q) is a pairwise Hausdorff bilopological space.

The fundamental mathematical tool in obtaining the principal results
of the paper is presented in Section 2. Some investigations concerning the
triangle inequalities in P T spaces form the object of Section 3. The main
results are prescnted in Section 4.

Bitopological terms not explained herc may be found in [6].

2. Probabhilistic distances and spheres. The concepts of probabilistic
diameter of a set and probabilistic distance, in the Hausdorff sense, between
two sets in PM spaces of Menger type were introduced and investigated
by R. J. Egbert in [2]. In this Section the classical notions of distance
from a point to a set and of generalized splicre are extended to PM spaces.

Let (S, F) be a g-p-PM space. let A be a nonempty subset of S and
p =8S. The probabilistic distance from p to A (respectively, probabilistic distance
Jfrom A fo p) is the function d(p, 4) (respectively, d(4, $}) defined by

d{p, A)(x) = sup Fpu(x) (respectively, d(4, p) = sup Fy(x)).
qEA ¢€d

|
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We first note that d(p, A) =A. We only show that d(p, 4) is left-conti-
nuous. Let ¥ >0 and €0 be given. There exists a point g =4 such that
F, %) >d(p, A)(x) — /2. Since F,, is left-continuous at #, it follows that
there exists a real number 8 =0 such that, for everv ¢ €(8, x], we have F,(f) >
= IFp{x) — ¢f2. Consequently,

d(p, A)(t) > Fpolt) > Fpo(x) — €2 > d(p, A)(x) ~ <
so that d(p, 4} is left-continuous at x,

Remarks. 1) d(4,p)=d"(p, A), where d'(p. A} is the probabilistic
distance from $ to A in the conjugate space (S, I7).

2) The number d(p, A)(x) may be interpreted as the probability
that the classical distance from £ to A be less than x.

Proposition 2. I'n a g-p-PM space (S, F) the function d(p, A) has the
following properties :

1) d(p, )2 d(p, B), if A>B+D ;

2) d{p,UA4;) = sup d(p, Ay, for an arbitrary index set K ;

keEXK REXR

3) d(p, A)=H if and only if p<AF, that is AT ={p; d(p, A)=H},
where AT denotes the closure of A relative to the generalized topology P. Analo-
gous properties hold for d(A, p).

Proposition 3. In a g-p-PM space of Menger type (S, F, T), with
the t-norm T satisfying (*), we have :

d(p, A)= d(p, A7) and (4, p)= d(4°, p).

The following result may be established using similar arguments
as in the proof of Theorem in [9].

Proposition 4. Let (S, F, T) be a PM space of Menger type, the t-norm
T satisfying the condition
**) lim T(a, x) =a, uniformly on I,

X1
Then the d(., A) : S—A is uniformly continuous (on the set A it is considered
the Lévy melric).

Let (S, F) be a g-p-PM space, A anonempty subset of S and ¢, \>0 be
given. The open (closed) probabilistic sphere with centre at A and radii & and &
15 the seat

S(4, e, 2)={p;d(4,p) (e)>1-1
(respectively, S(4, e, \)={p ; d(4, p) (e)=1-2}).

Remarks. 1) In the case of the closed probabilistic spheres A may also
the value zero. _

2) We denote S*(4, e, \)={p . d(p, A) (e)>1~x} and S5*(4, = A)=
={p; d(p, A) (e)>1—1}; in fact these are the generalized spheres with
respect to the conjugate probabilistic distance F*.

Proposition 5.Ixn a g-p-PM space (S, F), we have

={p ;lal?ﬂ{sj)g’f'_l;\)}ilv”(s’ Ay and S{({p}, &, 2)=Ny(e, A) (we _denote N, (s, 7\)
2) A=S(4, ¢, M) c5(4, ¢, 1),
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A N S(A, e w)if <y,

NeS(B. e, M) and S(4. 2, 3)=S(B. = %) if A< B.

e S(A, v, wyand S(4, . 1) e S, 5, w if e<qand 1<y,
& NeUS(A qop) s me p < =UIS(A, wow) s n<e p<l,

&, W) =NU S(4, 5. uh=U S(1. 7. w).

pm»2a<e prin<e
8) S(UAu, &, 2)=US(4s. e 2} and S(AMUB. €, 1) =S(.1, 2. WUS(B, =. 2)
AeK kEN
(K is an arbitrary index set),
9) S(4, &, N=U{N(c. ): pedl.
10) S=JS(A4, = ).
£=0

., E.
g, o=

. E
£
»
'

S(4

1) A%=N\{S(A, 2, 2); £>0, A>0}={5(A. &. 2); e>0, %> 0).

Proposition 6. Let (S, F, T) be a g-p-PM space of Menger type with (he
t-norm T satisfying (). Then

) S(4, &, 1)=5(49, =, 2) and S(4, &, N)=5(4° ¢, ) ;

2) 5(A4, =, 1) is P-open ;

3) 1f, for every q =S, I,y are continnous at the point = =0, then Nou(z, 3)
is Q-closed.

Corollary. If (S, F, T} safisfies the hypotheses of Prop. 6 and all Fp, are
continuous on R —{0}, then the closed sphere Nj(<, \) is Q-closed Jor cvery
pES, e=0 and 120,

In general, the closed probabilistic spheres may not be closed sets.
Indeed, let (R, g,o) be the set of real numbers endowed with the usual metric
and let G be the member of A defined by G(x) =x if 0<<x < 1/2, and Gx)=1
if ¥>1/2. In the simple space [10] generated by (R, po) and G we have N(e,
A ={—2¢,2¢) for x=(0, 1/2). Since the (=, 1)-topology is the usual topology,
Nof=, 2) is not closed.

3. Triangle inequalities in PT spaces. One of the natural conditions
that must be satisfied by a structure of a probabilistic topological space
is the following : A probabilistic metric should determine such a structure,
just as a metric determines a topology. The purpose of Th. | in [3] is to
verify that the concept of the probabilistic topological space introduced
there satisfies the above requirement. But this theorem is false. An analysis
in this direction points out two aspects : a) Th. i [3] is true if the -norm T,
which intervenes there, is left-continuous, b) in the probabilistic topolo-
gical spaces we have to consider also other triangle inequalities besides (C6)
considered in [3].

Let (S,F) be a ¢g-p-PM space. We define the mapping 8 :P(S) x
x [0,1]—P(S) (we denote 6(4, A)=4*) by

NS(A, 5, 1=, A#@ and re(0,1],

=0
(1) A‘=] &, A= and A=(0,1],
Sy A= and rA=0.
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In view of Prop. 3. we have (we write {p} =p"):
Cl. Ae=8§ C2. & = for cvery 1 €(0,1],
€3 dcA*  C4. (AUBY=AUB,
€5, ArcAv if a3 .
T.geplandregt=r e p!,
LC. A"=ﬂ}A” for every »e (0,1].
<k
4 & i . T - C4 we utilize
gl)licneél 's)C of Igrzép.cgf \%\I’::ffigft {?alg‘(f;ndg)zg laaffil)LJBllf)()sxl:?ﬁe Coth_qr Sand., i
g=(AUB), then qEzDO[S(A, g, | —=2UJS(B, &, | =1)], hence geS(4. . 1—

—}‘)US_(B, e, 1 —2) for every e=0. It is casy to verify that g =5{(4, z. 1 —2)
for every £ >0 or g =5(B, 3. 1 — ) for every 3 =0. Consequently, g& [{'\JS(A,

el -—I«)]U'ﬁg(B, 3.1 —2)] = 4*JB* Wenow prove the , triangle inequality”
50
T. Let =, § =0 be given. Then :
gt re gt g Nyfe.0), re Nyf3,0) =
Fr{s)=1. Fol8) = 1 = Fpp (4 3) = L.
Consequently, r € N(z+38, 1) for every ¢, 0, that is ¥ £p'. The rclation
LC results from Prop. 5, 7), as follows :

A=NSAd, e 1-0=NNUS4, < 1-u=

DY TR s

NN U S 1—w)= 00 S, e 1—u)= N4~
=k Ex07n<e uchen0 W<
Remarks. 1) In[3] a mapping 8: P(S) xI -P(S) satisfying cond;hons
Cl1~C3. C3. and, instcad of our C4, the less restrictive condition A4 cB'A
if Ac B, is called a O-closure. Also, a O-closure is left-continuous if the condi-
tion LC is satisfied. _ ' _
2) From (1) it follows an obvious geometrical interpretation of 'Fhe
set A*. Another interpretation may be given if we remark that for 4# &
we have

(2) Ar={p; d4.9)(0 +)> 2,

and taking into account the indicated interpretation 'of‘d(Aij.)); this is
exactly the interpretation of A* given in [3, p. 69]:p is 1in A*if gtnd pnl_y
if the probability that p is in the Kuratowski closure of 4 is > 2. This coinci-
dence is justificd by the equality d{d,p) (0+)=c(4,p) [3, Th.1].

Definition, A probabilistic topological space (PT space) is a couple
(S.8), where S is an arbitrary set and 0 is a mapping from D (S) x I into P(S)
satisfying the conditions C1—C5, T, and LC. A PT space of Menger type
15 an ordered triple (S, 8, T), where (S, 8) is a PT space and T is a t-norm
such that the following ,triangle inequality” :
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(TM) ¢/ and r s grsrepT™E, % pe(0.1]

is satisfied.

Now, the above results may be summarized in the

Proposition 7. If (S, F) is a ¢-p-PM space. then the couple (S. 0) with
B defined by (1), is a PT spacc (we call 1t the induced PT space). If (S, F. T)
s a q-p-PM space of Menger fype, then the induced PT space is of Menger
type.
Proof. It only remains to show that the »triangle inequality” (7°M)
holds. Let «>0 be an arbitrary number. Then

9=, re = Fpul04)3h Ful0+) p =~F,,.,(§)>l, Fo (%‘) S
Hence, Fy(a}> T(F,4(«[2), F,(2/2))> (), ). and, consequently, F,(04)>
> T() u), Le, r€4"(), u). Thus. the proof is complete,

Proposition 8. Let (S,F, T) be a g-p-PM space of Menger type. We
have :
a) if T is left-contintous in each place, then

(3) (P cp™™H, pe S and 2, pef0,1];
b) if T is a left-continuous t-norm, then
(4) (AN AW AcS and 2, pe(0,1].

Proof. We prove only the statement b). A similar argument works
for the other assertion. Because 7 is left-continuous, we have :

S5(5(A,e,1=2), 8, 1 ~p)y=5(d, e+, 1=TF(\ ), » ue[0,1].
We omit the routine proof of this inclusion. Then

(=SS e 1=3), 81-pe N NS5EA, ¢ 1-2),3,

820 >0
I—w)e NN S(A, e+ 8, 1-T(\, w)= NS4, 9, 1= F(, w))= 470w
§>030 n=»0
and the proof is complete.
The result of Th. 1[{3]is precised by Prop. 8. In a PM space of Menger
type the ,triangle inequality” {4) does not hold.Moreover, the next example
shows thatina PM space of Menger type evenrelation (3) may not hold.

Example. Let T be the £-norm defined as follows : T(a, b)= min (a, b)
for a>1/2, and b > 1/2; T(a, b)=a for b=1 . T{a,b)=b for a=1:
T(a, b) =0 otherwise. Now, let S=NU{p, ¢}, withp, g& N and $#4. Suppose
that m, n €N, msu, and 7,s<S. Let Fya{x) has the values: 1/2 (i — ™)
if 6<x<l; and ! if x>1. Let Fon(x) has the values: 1/3 (1 —g=m) if
O0<x<1;and | if x>1. Let F,(x) and Fua{x) have the values: 1/2 if
O0<<x<1;and lif x>1. Finally, I',, =H and Fo=F, for all » and s.

It is a routine calculation to verify that (S,F, T) is a PM spacc of
Menger type. One observes that at the point (1/2, 1/2) the ¢t-norm T is not

left-continuous in either one of its variables. The inclusion { I%)%c IT@'HI'S
false. Indeed, (15} =NE=N({p} and 17D oii_ N
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4. Generation of q-p-PM spaces. Lct (S, F) be a ¢g-p-PM space. In
Section 3 the induced PT space (S, 8) has been defined. We now associate
to the given space (S, F} another structure of classical nature. Let p be the

mapping from S'x S into the set Ry=RdJ{+} dcfined by

(5) e{f, q)=inf {e; Fy(e)= 1}
(if {e; Foe(2)=1}=4F, then it is natural to consider p(p, ¢) = +]). One can
casily verify that: a) p(p.p)=0, p=S, and b) p(p.7)<e(p.q)+e(q,7),
#,q.7r=S. The mapping ¢ defined by (5) is called the induced extended g-p-M
on 5. (Here, we use terms as : extended mectric, extended p-3M, extended
g-M. extended g-p-M, aiming to point out that +oo may be taken as
a value. In {1; ch. IX, Definition 1] an extended p-M is called an écart).
It is not difficult to verify that =, i.e., the topology induced by p on S, is
finer than P. At last, we observe that the spaces (S, 0)_a_nd (S, »). mduged
by thespace (S, F), appear to be obtained ,to the extremities”, corresponding
to the two facets of the mentioned interpretation for FFpg(x).

In the sequel, for two spaces (S, 8) and (S, p) of the above types, we
give some conditions in which they gencrate a ¢-p-PM space (S, F).

Theorem 1. Let S be an arbitrary set, let A A* be a mapping such
that (S, 0) is a PT space and let p be an extended g-p-M on S. If the following
compatibility conditions

(1) (S:(8, €)' = Se(p. <),
(1) So=U) (S,(2, )
(IIT) (Sp(p, &)= N U (So(p, n})*, £ =S, >0, 2<(0,1),

p>An<e

PES, e>0;
pES, re0);

are salisfied (S,(p, ) and S,(p, €) denote the open and closed spheres rela-
tive 10 p), and if I' 1 SxS5—A is the mapping defined by

() Falgy={ 0
| sup {A; 7€(S,(p, )P}, e>0,

then (S,F) is a g-p-PM space and we have

a) Nyfe, 1 =2 = (S,(p, e Jor every p= S, €0, and 2€[0,1];
b} the induced extended q-p-M coincides with .

Proof. We first show that F,, €A, Indeed, it is clear from the defini-
tion that F,,(0)=0 and F,, is non-decreasing. It results from the compati-
bility condition (II) that sup Fy,(x}=1. The fact that F,, is left-continuous

X

1S a consequence of the compatibility condition (III). It suffices to prove
this fact with respect to an arbitrary point ¢ in which Fp{g)>0. In this
case, for every «>0, there exists A >Fp{¢) —, 2 >0, such that g (S, (p,e))
Making use of (III), it follows that for p<<X there exists an n<e so that
g S(So(p, ). Taking p=Fp,(c) —a, we can assert that there is an 7 so that
for every 8, y<3<s, we have ¢ =(S:(p, 8))*. Consequently, for every a>0
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there exists an 4 O such that for every 8, »<<d<g<ez, we have F(8)zu=
=Fpg{ey—a, i, £, is left-continuous at =,

From (1) and the fact that S(S,(p, =). %)= Se(p. =+ 7%) we have:

(6) Sel(Selp. €)Y, ) (Selp. e+ )™

As an immediate conscquence of (6) it follows that

(7) g=(Sp(p, €)' and 7 =(Sp(q, w))' =7 =(Se(p, et m))'.
We now prove that

(8) (Selp, ) =1q : Fua(e) 22},

or, cquivalently,

(8) g€ (Selp. )= Lp(e) 2 0.

Indeed, ¢ S(S,(p, €)= re{n; ¢(S,(p. )} = Fpp(c) 2 2, and Fpy(e) 2

2h=sup {u; g€ (S,(p. €)* = =g = (S5,(p. e))* for cvery v, 0€v < A=

=g (S,(p,€)) = g= (Sy(p,2))* (for »=0, the rclation (8) is evident).
V<

With these preliminaries, we now establish that (S, F) is a g-p-PM
space having the properties a) and b). That F,,=H for every p €8, is imme-
diate. The ,triangle incquality™ IV follows from {8’} and (7):

Fyo(e)=1 and Fy(n)= 1 =g <(Sy(p. <))* and 7= (S, (g, %) =
=7 S(S(p, et )}t = Fple+)=1.

The relation a) is prescisely the equality (8). To prove the statement
b), we use the compatibility condition (I) and (8’). We have

{eie(p. ) < ei={e: g=S(p, o)t {=: g=(Sp, o)}
(9) ={e: Fple)=1lciz; ¢ S(p. e)={c; p(p.q)< ¢

Consequently, we have inf {c; Fp{e)=1}=p(p, ¢), where p(p,¢q) may
be finite or not. Therefore, the induced extended ¢-p-M is exactly p. The
proof of the thecorem is complete.

We say that the ¢-p-PM space (S.F) constructed in the previous
theorem is generated by the spaces (S, 9) and (S, p).

Remarks, 1) The space (S, F) generated by (S, 8) and (S, ¢) statisfies the
stronger ,triangle inequality™ :

(10) Fplz) = 1 and F(8) > L= Fp{e + 3) >0,

2) The compatibility condition (I) may be interpreted as follows ;
the set of points which arc almost certain in S (p, 2} (i.e., the closure of
Se(#, €) relative to 7.} is included in S,(#, ¢), Particularly, we may consider

(Se(2. €)' to be equal with S,(p, ) or S,(p, z). These two situations will
appear in the formulation of compatibility conditions 1V and V.

3) From (9), it follows that {e; FFpi(c) =1} = @ ep(p, ¢) = + 0. Conse-
quently, the graph of the function J,, touches the straight line y =1 (i.e.,
Fo(x)=1 for some ¥ =R} if and only if p(p,¢) is finite,

1
he
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The next four theorems show that, under suitable conditions, the
generated g-p-PAM space may be of Menger type.

Theorem 2. Let us suppose that on the sel S are given 1 1) a mapping
A A such that (S. 0. Tyis a P space of Menger tvpe verifying the Jfriangle
niequality” (3), 2) an extended g-p-M g, If the compatibility conditions (I},
(11), (II1), and

(117 (S(A4. )y =5,(4% ), A<= S. >0, 2e[0,i],

are satisfied. then the spuce (S, F, T), where the mapping I us defined by the
relation (F). is a g-p-PM space of Menger type having the properties a) and
by of Th, 1.

Proof. In view of Th. I, it only remains to show that the triangle
incquality 1V A holds, To this end, we first show that

(1) [Sal{Salp, €)', )" < (Sp(py e +a)) ™ w0,
Indeed, with the aid of relations (IV) and (3), we obtain:

[SA(S( 2. 5))11 Bt = [(S;:(Sp(ﬁ';', g), thlic (Sp(?bkr e+ ) e

S s+ S st =(S,(p, £ 1) 0w,

It is clear from (11} that ¢=(S5,(p, €))* and r=(S,{q, w))* =r=(S,(p, e+
4+ % or, in view of relation (8'). Fp(e) 2 » and F(g)2 p=>F,(c+
+1) 2 F(n, ). The first side of this implication is verified for heF,(e)
and p=Fg(v). In this case, the second side is exactly the triangle inequa-
lit_\' JFI’ ﬂ‘.{.

Theorem 3. Let (S, 6, T) and (S, p} be two spaces as in Th, 2. If
the compatibility conditions (I), (II}, (III}, and

() (So{4, =S, (A% ), AcS, ¢>0, A={0,17,

are satisfied, then the conclusion of Th. 2 is true.
Proof. 1t suffices to show that under the hypotheses of the present
thorem the relation (11) is again valid. We have

[Sa((Sel#, )y I =[So(SelP?, 2). 1) 1= (Sp(ph, s+
S S{(B), s+ ) S Sp(pTVH, et ) =(Sy(p, e+w))"Tw.
Thus (11) holds and the proof mayv be continued as in Th. 2.
Remark., The conclusion of Th. 2 holds if we substitute the compa-
tibility condition (IV) by the less restrictive conditions
(Se(p, €))* = S,(p*,¢) and (S,(4, )= S,(4%, €). We can formulate a similar
remark regarding the compatibility condition (V) of Th. 3.
If the space (S, 0, T') satisfics the stronger ,triangle inequality™ (4)
then, in the conditions (IV) and (V), 4 may be a singleton.
Theorem 4. Suppose that on the set S are given @ 1) a mapping A= A
such that (S, 0, Tyas a PT space of Menger type satisfying the friangle inequa-

lﬁy{" (1), 2) un extended g-p-M . Ifthe compatitality conditions (I, (IT), (TT)
ang

]
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IV, (Sp(p. ) = Su(p¢), pe S, e=0, A=[0,1]
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are satisfied, then the conclusion of Th. 2 holds.
Proof. In our hypotheses the relation (11) is verified. Indeed,

Su((Solpy NN M= [S,(Sel#h ) I (Sel P £ + ) =
=[(So(p. £+ m)1* < (S(p, =+ 7)) w.

Theorem 5. Let (S, 0, T) and (S, ¢) be two spaces as in Th. 4. If the

compatibility conditions (I), (IT), (111}, and
(So(p, e =S,(#*, 2), p= S, £=0, 1=[0,1],
are verified, then the conclusion of Th. 2 is true.

It remains to approach the question of determining some conditions
under which the space (S, F, T), generated by one of Th. 235, induces
the initial spaces (S, 8, T) and (S, p). This question is the object of a subse-
quent paper. |
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LE FIBRE DES TENSEURS DE TYPE (1.1) SUR UNE
VARIETE DIFFERENTIABLE
PAR
V. CRUCEANU

Parmi les fibrés associés d’une maniére canonique a une variété diffé-
rentiable, le fibré des tenseurs de type (1,1) présente un intérét particulier.
A cité des propriétés géométriques généralles des fibrés vectoriels [1,2]
ot tensoriels [5], le fibré des tenseurs de type (1,1) posséde des propriétés
spéciales, remarquables. déterminées par sa structure de fibré en algébres
associatives ct par suite en algébres de Lie, sur le champ K des réels.

Ce travail est le premier d'un cycle consacré i l'étude de ce fibré.

1. Introduction. Soient M une variété différentiable & n dimensions,
de classe C*, E l'ensemble des tenseurs de type (1,1) sur M et =: E—~M
la projection canonique. En associant a4 chaque carte lIocale (U, @, R*) sur
M, les triplets (=~{U), @, R* x R™) et (U, ¢, gl{n, R}), ou @ (#;) = (x4, )

avec o(p) = (&), & = y}:d——‘® dx' et () = (p,y=[}ll}, on obtient une
dx

structure de variété différentiable de classe C* sur E ct une structure de

fibré vectoriel (E, =, M) de classe C* avec la fibre type g/ (n, R). En considé-

rant I'application t,:gl (n, R)-L, donnée par

(1) ly) = ¥i— @ dx,
éxt
on en obtient pour p=M et ', ¥ Sgl{n, R),
{2} Tp(¥'oy'") = 721(3")0717(3'“)’ ([ ¥ )= [a(3"). w(y)]

Par suite, {E, =, M) est un fibré en algtbres associatives et en algébres de
Lie, localement trivial. L’ensemble I'(E) des sections C= sur E est une algébre
associative et unc algébre de Lie sur 1'annean (F(M) des fonctions réelles
C=sur M. Le triplet (K, m;, M), ot K est I'ensemble des tenscurs de type
(1,1} nonsinguliers sur M et =, =m;, est un fibré cn groupes de Lie, localement
trivial avec la fibre type GL(n, R). (E, =, M) est le fibré en algeébres dec
Lie correspondant et K est une sous-variété ouverte de .

Un changement de coordonées locales sur E, induit par un changement
sur M, est donné par

Lo axY o

3 Voo gV (! 3w g
( ) x * ( ): i ag! jiax"
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