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MORFPHISMS OF //-CONES (II)
BY
FUGEN POPA

This paper continues the study of morphisms of H-cones, hegun in
11 . Accordingly. the same notions and notations as in 11 will be used.
Most of the results presented here were anncunced in (9.

§5 studies the morphisms of standard H-cones, which preserve a
weak unit. Prop. 5.4 and 3.6 give the characterisation of H-maps and cor.
5.7 apply these results to isomorphisms of H-cones, getting thus a , Stone-
Banach type” theorem, Prop. 5.8 gives a characterisation of quasi [{-maps.
Prop. 3.9 and 5.10 give compacity results for morphisms. Finally, prop.
3.11 and 5.12 give vesults about the extreme points in the set of morphisms
of pointed H-cones.

A remarkable property of harmonic mappings is presented in prop.
6.2 and 6.5. This property justifies the introduction of a new class of mor-
phisms {def. 6.6}, The existence of the adjoint for such morphisms is proved
in prop. 6.8. Prop. 6.9 and 6.10 show that such morphisms give rise to
Jocalised” morphisms, between cones of the form €,

I §7 the morphisms of (pre-)sheaves of H-cones arc studied.

§ 5. Morphisms of peinted //-cones. Definition 5.1. .inyv pair (C, ),
where C 0s a standard H-cone and weC js a weak wnit, will be called a poin-
ted H-cone.

We recall (27 that the set: KO, ) {neC | u(u)= 1} is a convex,
compact space in the natural topology. X will denote the set of non-zero
extreme points of N(C. ). C is then somorphic to the standard H-cone of
functions on the satwrated space N,. formed of the restrictions to X of
the maps: p—p(s).

Definition 3.2, Lol (C. w). (O ') be pointed H-cones. We call u mor-
plisn of pointed H-cones any o =low (O, C'), suel that o(u)=u".

Clearly, any morphism of pointed H-cones is scemi-finite, hence it
has an adjoint 9" =Hom (C™, C*). We denote AN{g) the restriction of ¢* to
K(C, u). Obviously, K({g) is a map from KN(C, ) to N(C', «'). If C. denotes
the set of all s =C, such that the map: p—s(p)=p(s) is naturally conti-
nuous on K(C, u). then:

Proposition 3.3, K(9) is an affine muap. K(o) is fineto-fine confinious
and naturally measurcble. KN{g) is naturally contfinvons iff o(Co) = C,.

Prof. All the continuity assertions follow from the formula @ s/ K{g) (p)]

2(9) ().
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Theorem 5.4. Lot o be a morphism of pointed H-cones. The folloicing
are equivelent : .
1) For each extreme point pooof K00 N(p) (w) /s an ealyeme point of
KN(C, u). . (T
2 sAN=o(s) " oll), Vs i=(,
3)) C’j‘(lu:ﬁe) c.\zglg‘ atp('r:)u.iqm- HYmap, denoted by plo) 0 Xy =Ny, such thal :
o(s)=sop(p), Vs=C (l.c. ple) induces o). o

Proof. Let us remark first, that if p#0 Is an extreme point in K(C", u').
then K(p) (w)}#0, since: K(o) (u) ()=p(e(r)} =p(x)=1. 1=3=2 arc now
obvious. 2=1 Using the characterisation of extreme points of N{C, u), as
given in [2] we have, for any extreme point p = N{C7, o)

K () () (s A )= wlo(s " 1)) =u{o(s) A o)) =min {u(e(s)), nlelf)) }
min {A(¢) (1) (5). N (o) (u) ()]

Corollary 5.5. Let o be a morphism of pointed H-cones, satisfying one
of the equivalent conditions of the th. 5.4, Then : a) ply) 15 a fine-tfo-fine and
naturally measurable map. b) [12] If C satisfics the following ,Global peak
pornt” condition: ,Vy=.X, IsC such that, for any nabural neighbouriood
IV of xwe have: supgy s<s(x)", then plo) is naturelly continious.

If we denofe: C*={s=C | F220, s<anl, it is known that [C*] is
an algebra.

Proposition 3.6, Lef ¢ be a morphisim of pointed H-cones. Then ¢ satis-
fies the equivalent conditions of the th. 5.4 (ff: g(s-t)y=2{s)e(l), Vs, {=C"

Proof. Let ¢ be a morphism of pointed H-cones such that o(s)- off) =
=u(s.t), Vs, 1" Then:

[o(i s—t N12=o(] s—1 [ =0{(s—1))=[p(s—1) *={o(s)—¢(t)) 2=
(| pls)—p() D)5 Vs, 1=C"

Since s A{=(1/2) (s--/—!s—1]}, it follows that o satisflics th. 5.4.2. Conver-
selv, if o satisfies th. 5.4.3, then clearlv o(s.f)=9(s). (). Vs, 1 =C¥

Remark. Since u*—=un, we can suppose only that () <C™, instead
of ¢ being a morphism of pointed /l-cones.

Proposition 5.7. Let C, C' be tsomorphic standard H-cones. Lot o be

an isomorphism between C and C'. Lhew there exists a wealk wnit w=C, such
that o(u)y =C' is a weak wnit. The saturated s paces Xy and Xy are honcomor-
phic,
! Proof. Let #' =C'" be a weak unit. Since ¢ is a bijection between C*
and C'*, there cxists # =C"" such that ¢(v)=u'. Clearly. # is a weak unit.
Let #=C be a weak unit. Then # Ao =Cis a weak unit, and (/) v) €C’
is also a weak unit. o becomes an isomorphism of pointed H-cones (C, # ! ©),
(C’, @ A ). Since o(s Af)=o(s) Aeft) and ¢(C,)=C,, it follows that p(e)
is a homeomorphism between X, 5, and X ;.

Remark. The above result can be considered as a ,,Stone-Banach
type” theorem for standard H-cones {13

We prove next the converse of prop. 4.6 from [i11.

Proposition 5.8. Lot €, C' by stundard Hecones of functions on nearls
(vesp. semi-)ysaturated spaces No X' Lel o be a morphism of pornied H-cones
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(C, 1), (C'. 1) such ihal 2 g{s \)=o(s) /e{t). ¥s. {=C, Vus(C')y (resp.
universally bounded). o*(w) is an H-measure on X.

Then there exists A'= X semi-polar (resp. such that any compact set of
AT ds polary and a (unique) map p(o) : X' A'= X, such that ofs) =sop(s)
on X'\ A", ¥s=(.

Proof. From th. 3.4, plo): NN, exists and is a H-map. Let us
denote : A'={veX[ | ple) (v)& N Tor any compact A<’ and any
w=(C")g {resp. universally bounded) we have @ a(Ry<u(ple) (ple) (K))=

@ () (plp) (N)y=0, since o'(g) is a H-measure. Hence [1], 4" has the
desired propertics.

Remark. The hypothesis that X, X' are nearly (resp. semi-)saturated
must be added in prop. 4.6 (resp. the remark that follows this proposition)
from [11].

We present now two natural-compacity resulis for sets of morphisms
of H-cones,

Theorem 5.9, Let C, C' be standard H-cones and 1< Hom (C, C')-
Fhe following are cquivalent
V) s relativey compact in the natural fopology [57:

2) Yue(y, ¥s=C, we have sup ple(s)) <o
t

H

¢E.
Y Fuel™ JuaCoweak units, such that w(o(u))< 1. Vo0,

Proof. 1=21is clear and 3=11s prop. 1.8 from [5]. 2=3. et {p, m =
= NicCy, Is, nsN} =C, be dense scts. If vpo==sup p,(e(s,)) <+ o,

wEed
then one can choose inductively ; «, =0, B,>0 such that: %,B.yw<l,
Yi,n =N, From [3] it follows that there exists 0o, <!, 0 <f, such that :

m== s

p= z2 mama;-.u"n L_C“: u= % 2 HB;?‘H‘SHEC”'
meN HEN
pand « arc weak units and we have : p{e())= X 2 "2 "2, By, Battwlo(s,)) € 1.
m,EEN
Clearly, therc exists a weak unit ' =C, such that #'< u.
Remark. This results extends prop. 4.2.7 from [27.

Theorem 5.10. Let (C, #), (C', #') be pointed IH-cones. If u is nearly
confinuons, then the sct of all morphisms of poinled H-cones is a convex,
com pact seb tn the natural lopology.

Proof. Since there exists @ weak unit p=C”, such that u(x)<lI,
it remains fo show only that ¢(u)=un', for any morphism o, which is the
limit of a scquence {p,) of morphisms of pointed Il-cones. Let 1 w= I sy,

HEN
peCy and =>0. There exists #, €N such that: pe{ ¥ s,)) =z, hence:
N3z

Ha

plel X s))< im inf ple,(e))<lim sup wleu(n))<p(e( X s,))+2:.
NEN 1

b1/ Rl HE=> v

It follows that there exists lim p(g,(#)) and that it equals p(p{u)).

w—rm

Remark. The same prool as above shows that, without any assumptions
on #, the set of all morphisms ¢ €Hom (C, ') such that o{u)<u’ is a con
vex, compact set in the natural topology.
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We end with two resulls about the extreme points of the convex,
compact sct of morphisms of pointed H-cones.

Preposition 5.11. Any H-map betwecn the sulirated spaces, inditees an
extreme clement in the sl of all morphisms p. such thut oQuey<u’.

Proof. Let o be induced by a fi-map, and suppose {hatl: ¢==xy+
- (1--2) 2, x=(0, 1). N lollows  that: ' mali) = ad(u) (T —2) )<
can' b (1—x) u'= ', bence d(u)=5(u)-=n". Morcover, for anv s, 1€C:

Gls) Mol =els 1) —adls L ) +(1—a) L (571 2(9{5) A )+

F(1—a) (2(s) A )< 9(s) A 9(0)-

Ther: Ufs / y=w(s) £ ${f) and Z(s " = E(s) A E(7). Hence w and I are induced
by H-maps (which will be denoted by the sammce letter). Hence, for any
Ve X and anv seC 0 s(p{a)) = as(e()) (i —=) s(E(x).

If we suppose that g(x)=3(v) and o(x)#E(x), then we can choose s €C,
which separates {x) and Z(x). thus aeriving at a contradiction. Suppose
now that all three points o(x), ¥(x}, I{x) arc distinet. J there cxists seC
such that s{p(x)} =s(&(a)) and s(a(x))2s(E(x)). then we obtain again a con-
tradiction. Hence, it remains to consider the case when @ s(3(¥)) >s{e(x)) >
=s(5(+)). Vs=C. Let us denote L sy =(s(U(xN) —s(E(x)). [s(p(x) —s(Ex) I
If p=C is a gencrator, we can choose a balayage I3 on € such that f{p}#
#f(Bp), and this is again a contradiction.

Femark. In the case C'—R., the converse is also true: any extreme
H-integral is induced by a f-map. If this holds in general is an open
question.

Proposition 5.12. The set of «ll morphisms induced by H-maps is a
G s-sct in the natural topologv.

Proof. Let {s,} be a countable, dense subsct of universally continuous
elements of C. Let us denote :

s —foeHom (€, C') L o(1y=1, o(su A sp)+AT2>0(8) A glsm)].

Every Ay pa s a Gesetoand N A, 00 is cxactly the set of all morphisms

#h,h R

3

induced by H-maps.

§ 6. Localisable morphisms. In this part, we studyv a special type of
morphisms of H-cones, whosc definition is imposcd by the property proved
in prop. 6.2 and 6.5.

We begin by recalling

Definition 6.1. Lt (X, ), (X', @'} be harmonic spaces 47, A conti-
nuows map o X' =X is called a harmonic mapping if, for any open set U< X
and anv hyperharmonic  funclion s s@{U), we have  sop @' (9 (U)).

We prove an important property of such mappings :

Proposition 6.2. Let (X, @}, (X', @'y be P-harmonic  spaces, with
coundable base, and ¢ : X =X a harmonic mapping. For any regular open
set 1" N and any positive superharmonic s SU(X), we heree

BX N1 (s0p) = (BT \Us)oo.

Proof. Tt suffices to prove the cquality for continuous s Since
BX\Ug—s on N U, it follows that BY™Ne MY {sog)< BX“¥s0m, Morcover.
both {unctions are harmenic on ¢ Y({7). Now: p=sop BEE 1Y) (s00)
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is a potential on ¢ Y({7), and dominates p'=sop—(B¥\Vsjop on ¢ (L)
The difference p-—p" being harmonic on ¢7*({ ), we conclude the cquality.

The same prool, together witl: [6] gives )

Corollary 6.3. Let (X, (L), (N, 4L") be P-harinondc spaces with <onta-
Ve hase, and @ : X' =X « locall vy non-ceustand harmonis mapping. 1f (N, /)
salisfics e axiom of polarily, Hhen:  S3Y7R 10 (sop) (B Us) o, for any
open U= N and any positive, supeiharinoisic s < (0(X) V '

Proposition 6.4, Let €0 € be H-comes of  funcliions on X N Lot
= 2 be regrdar topologics on X, N7, coarscr thaw he finc fopology. Suppose
that o 1 (X7, =) =(N. =) is a contianons H-mep, and that there exists a base
B for = such thal @ BYNe U0 (son)=(BYNVsYog, for uny U &B and (any)
seC. Then: carr (sop)So™(carr s} for (anyv)s=C. - .

Proof. Let v e X" be such that ye=o(xydcart s. There exists { =0
which is a ncdighbourhood for v, such that BY¥Ys=s. 1t follows that
DA v (s0p) = (5YNYs) op==sop, which proves that vécar (sop).

A partial converse holds, namely :

Proposition 6.5. Lot €. ' be H-cones of funclicns on No X' Lot
o N =X bea H-map, such thaet ’

A polar=so (L) XN polar.
carr {(sop)S e ! {carr ), Vs=(,

11U =X is open and (NN UYNHXN LY is polar. then
RET 1wy (son) == (BN shop.

Proof. Siee s=B¥NVs on (N ), it follows thal : sop=B5"\Ysop
on g HO{X U)). The hypotheses show that (X™ o {7\ o (2N U)
is polar, hence: BYNeT1Y) (sopy (BAN\Us)eg.  Now, since ¢ preserves
the carrier, B¥\Ysoo is invariant under any belayage which dominates
BE =10 proving thus the equality. _

The above results suggested the following delinition

Definition 6.6. Lot (C, B), (C'. @'Y be pairs, with C. C' standurd
H-cones, and B, B’ sets of balayages en C, C'. Belween such pairs we ife fine
tiwo Lypes of morphisms. us pairs (g, ¥), where g = Hom (C, C°) and © a) for
the first tvpe: & B' =B is a map, such that the follvicing diagram is commau-
tative, for any B'eB@":

. ¥seC: B'(o{s)=o(b(B)s). b) for the sccond type: 9 BB s a
nea p. such that the folleiwing diagram is commatative, for any B
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It is clear that, with cach type of morphisms, we can define a category.

Examples 6.7. For any &, (0, %) is a morphism of both types. Also
(1.1) is a morphism of both tvpes. If C=C" and g is given, then ¢ can be
choosen for both tvpes, as identity on those balavages which are greater
than  (this is the only case considered in '3 1), Let us consider the casc
=R, If (5. ¥) is @ morphism of the first (vpe. then 9 can he defined only
on those halavages B’ on €7, for which: B's=0 or f#'s—=s. where s=5(1).
However. if (o, o) is of the sccond type, then for given o, ¥ can be generally
chosen in an infinity of wavs, Now, il C"=R | then for cach p=C°, there
exists gencrallv an infinity of maps . such that (u. w) is a morphism of
the first type : while, in order that (. ) be 2 morphism of the second type,
¢ must be defined onh on those balayages I which satisfics either :

wis) ~w(Bs) or p(Bs)=0, Vs=C.

We show now how to define the adjoint of the morphisms introduced
albove. This construction will justify also the consideration of the two types
of morphisms. We denote B"={" | B=B} and: o (B)=[¥(B")]", where
B is a balavage on (.

Proposition 6.8. Lot (9. @) be « morphism of the first (resp. the sccond)
Lype from (C,B) to (C', B'). if & exists, then (7, &) is u morphism of the
sccond (resp. the first) tvpe, from (C, B™) lo (C7, B).

Proof. Indeed, we have for any B<B", n=sC”, teC:

(B ()= Bale(®) =u(B (o)) = wle(6(B") (1)), and 1 "(B) (¢" (w) ()=
—o"(w) (9 (B (=plo(b(BY) ().

Respectively, for any BB, p=C"”, s

Bla (1) (8) =o' (1) (B's) —ul(p(B's) =w((BY) (9(s) and: ¢'('(B)w) ()=
— 4 (B) Tu{e(s) = (B))" (o(s) =ul[H(B)] (3(s))-

Next. we prove that the morphisms considered above, can be loca-
lised. Let (o, &) : (C, BY>(C', B) be a morphism of the first type, where
o is semi-finite. For cach B'=B'. we define op= Hom (Cypy Cpl) as
follows : g (s -9 B') s)=o(s) — B'(p(s)). for cach s =D{g). (9, 9) being a
morphism of the first tvpe, it follows that ¢, is correctly defined. By [3],
there exists a generator p=D(o); hence p-b(B') peCyply is @ weak unit,
Now, it is easy to sce that ¢, is additive and increasing. Let {s,—&(B') s,}
be an increasing family in C, ., such that: s—y{B') s=V(s;—9(B') 5/
Since we can supposce s, $(B') s, =0, ¥, we have 1 s—9(B") s=Vs;—(B")
(I's;). This cquality proves that ¢,. is also continuous. Henee :

Proposition 6.9. ¢,.. /s « senri-findle morphism; if o s finite, lhen
oy 1S also finile.

Using the same arguments, one proves ihat, if {g, 9) is a morphisin
of the second tyvpe, then, for cach B =3 we have a scmifinite morphism ;
on: Cu= Clyms defined by i ou(s— Bsy=o(s)—¥ B} {o(s)). Vs= D{p). If
¢ is finite, then ¢, is also linite.

Let again (p, ¢) be a movphism of the first type. Let B'=3” be fixed.
We can apply the above considerations to @=B,, and =1, where B3, =B’
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is such that B,> B’. Since B'B,=B,B'—=B'. we have a morphism, deno-
ted still by By : Cp>Cy., defined by: B,(s- B's)=B,s— B'(B;s). It is casy to
sce that By is a balavage on Cp.. B’ will denote the set of balayages on
(5. of this form.

If we suppose now that 4B =B is monotone, then it induces a
map Y- B iy =Bl We have thus proved

Proposition 6.10. iy couple (o, Yp) is a morphism of the  first
tvpe, from (Copone B loma) fo (Chey B 14,

An entirelv analogous construction gives a morphism of the second
tvpe {@g Y,). We omit the details.

We end by proving a commutativity property with the ,restriction”
morphisms. Let again B'=3’ be fixed, and 5, =8’ be such that B'< B,
We suppose also that 9 :B'=8B is monolone. We define =: Cy—Ch, by :
m(s— B's)=s—Bys. [l is easy to sce that = is correct]ly defined and additive ;
= is also monotone and continuous with respect to the specific order. Now,
we have a commutative diagram :

. B A
_f_ érE’;-——)CB'

n. I
¥B,
C-.'a:B :——-QCB.

Moreover, the vertical arrows being defined in an obvious manner, we
have also the commutative diagram :

J YE e
B g oD\

T} o
B ¢-s=.e--l-@ 1B

In the same way, we have a commutative diagram for the morphisms of
the second type:

2
CoemCotn

e

8, S
CB:—')C¢'(131J

Finallv, we remark that, under the same conditions as above, we have
another tvpe of compatibility, namely : (9,)5=55 and ($p)s="4,

Indeed, we have: Cp,=(Ca)p, and Coyny=[Cosy ey If s€C, we
have, if t=s—¢(B') s €Cyp, :

(@8 ((—9B) D) =g (s—w(B) s)—Bion (s 9{B) s)=
= (s)—B'(p{s)) — Bulols) — B'(5(s))) = ¢(s) — Bulo(s)) =%, (s - (B} 5)

and {—¢(B") f=5s—¢(B,) s.

Analogous relations hold for the morphisms of the second type.

§7. Morphisms of sheaves of If-cones. Lct (X, <), (X', =) be topolo-
gical spaces, and 'F, ' (pre) sheaves on X, X', We recall :

Definition 7.1. [14] By a g-morphism we mean a collection of mor-
phisms Dyl eo, such (hat, for cach U €7
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by« F(L)~>F (5 (L)),

and the commutativity with the restrictions holds: if 1, Us<, VU, then
the following diagram is commutafive

FU) 2T (5 (1))

W, — “I'“
()5 (7(1)

In what follows, we shall be concerned mainly with the following
objects and morphisms :

Definition 7.2, (XN, F) is called a (pre)_gencral harmonte space (GIHYS
for short) if 1 a) X is « topologival _space, b) (F is a (prey scheaf on X,

&) for cach open U X, (F(U) ds an orderci convex cone. of pusitize
clements amd dnf-complcde lallic * . e

) there exists o basc B of open sels, such that. for cack U =8, #{U)
is n H-cone ) " ST

¢) the restriciion moiphisims gy F(UY="FV) salisfr:

d(x - Vy= el ed(y), Y, v =F(U),
v v el(n) < el(a). Vo, e F(U),
() increasing and v==V x;=p7{2)= T v
Remark, When ‘F is a sheal, the J-cones (A(U"), 7 =@ define comple:
tely F. e
Definition 7.3, (X, 'F) is callad a (pre) GHS of fundtivns if, Jor cach
open US X, the clements of F(U) are Ls.c. functions U =Ry, such thal, (F(U)
being endoiwed with the pointwise operations amd order, (N, 'F) 18 a (pr]
GHS and wmorcover . 1= (F(X): (FAg) (x)=min [f(x), g(x)}. Va= X, [,
g eF 0y (f) increasing = (V) (V)=sup fi(x), Yy=NXo the restrivtion nior-
phisms are the usual fuiction restrickions.
Fxamples 74, a) 1 (N, @) is a harmenic space [41, then {3, A
is o GHS of furctions. Morcover, the hase @ is hereditary. being formed
of P-sets.
by 11 S is a standard H-cone of functions on X, and < is a topelogy
coarser than the fine topology, then (N, &) [2) or (X, &%) [1] are preGHS.
When = is the fine topology or the nitural topology, one can give various
equivalent conditions on S, such that (X, &) or (X, &) be GHS (see [2],
[1], [8% [10]).
¢) Let (X, ) be a harmonic space, and DU} be the convex cone of
potentials on &. cndowed with the specific order. We take as morphisims
of restriction the following : if p €D (U), then p|, is the potential on 17,
such that p=p  --lon I, with 2 harmonic on V. (X, Py is then a preGHS.
(X, Pyisa GHSiff: ¥{ ==z, ¥ open covering (Uy) of U and any family
pe=P(U,) such that p—p; is harmonic on U;NU;, there exists p e 200
such that p—p; is harmonic on U, Such a formulation appears in 3]
Definition 7.5. Let (N. (F), (X', 7'y be preGHS. We call a morplism
of GIIS, any pair (o, ¥), where @@ X'=+X is a confinuons map, and d—=(r)ye-
is a - morphism. such that :
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(v +3)=¢p(v) Fyu(3), ¥ ¥, 3 =GF L) 0 rgy=94(0) <),
Vx, yelF(U), () increasing aind v=Vx=d(x)=1dy(v,).

The next proposi‘ion shows that, wvader reasonable” assumptions.
the morphisms of GHS are uniquely delined by the map » 0 ' =X

Proposition 7.0, Le (NOoF) AN F) be proGIYS of fuielions, Siuppose
that there exists a base By in N, such thot YU =G, 7 (L7) (Ve the sct of conti-
nnows real functions from (F (L)) is dense incg(U). 4f {9, ©) s o worphism
of GHS, such that $p(1y=1. YU then: gl f)= fep, ¥feF@(l5).

Proof. Tet fez {7y and yeq () i flp(a)) =0, let o B Dhe such
that : fle{) =( o B). If we cdevote: g g={vel’ | =< f{rv}-2B}. then
{"a5 is apen ond

x—gr(z) < 'r"a.-',,.s(f "x.-.-.) =o0{f) s ‘(uu,;sj‘:'fv'r;({f')-‘“ﬁ;

which shows that dy(f) (V) &=, 2). The case [(p(3)=0 is cven sinipler,
It follows that y(f)=/ce. The proof is ended, using the hypothesis that
F(7) is dense in F(U).

Remark. In the above result, it suffices to suppose thal ¢y 15 mono-
tone and positively homogencous,

We give next conditions under which a /7-map give rise {0 a morphism
of GHS. Let 8. 7 be standard H-conces of functions on X, Y. Let 50 Y= X
be a H-map ; hence 7 is finedy continuous, Let us suppose that

) GIEED g BEONEHE (e (5)),

YG < X finely open and s=S finite. _
Let s =8 be finite, 62X finely open and deuote @ f=(s— L#E5 s} ¢
We have fe8(G) and :

Joo < (o(8) — o BN §)) oy == (s} - BBO TN {o(6) i

hence : fop €T (o (). 1t Totlows:

Theorem 7.7. & lo-wey s o J-muap ;o il induces he amorplism g¢
c 8{G) =Tl HG)). If. wmoreover, o is finely oper, thei 9o 1s finile,

Remarks, a) S and T satisfly the axiom of polarity, then we can
drop ,.8" in (7).

) Condition () can be considered as defining a morphism of the
sccond tvpe (¢. o), provided @ o BRENEH = BeiTe U@ makes sense.

Corollary 7.8. (v, {wg)} is « morphism of GIIS, from (X, &) lo (Y. T)

In (1 a diferent presheaf & is defined namely : $(G) is the set of all
functions f: G—R, which are finite en a finely  dense set and such thai,
Tor anyv fincly open I for which D=6, we have : [, €8(D).

Corollary 7.9. Supposc that o is fincly epen aid finely closed. 1hen
(@, (o)) is a morphisne of GHS from (N, 8 o (Y. T').

Using the fact that the semipolar  sets with respect  to 5 and $(G)
are the same, we get:

Theorem 7.10. L0 S, T be stawdard [T-cowes of functions on semi-
saturated spaces X, Y. Lel o be o quasi-H-map. 1f () holds, then o iwluces o
guasi-H-mup o, (G)="Tle (1)
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Proof. Indeed, ¢ gives risc to a H-map between the saturated spaces
Y, N.'¢G) makes sense and is a finely open set in Y.

Lemma 7.11. There cxists a basc B for the natural topology on X,
such tha' BXU and BYNeWU) gre balayages, Y =8,

Proof. The reasoning is entirely analogous to the proof of th. 3 from 71

Corollary 7.12. Lot S, T be stundard H-coies of functions on X. Y.
If : Y =X is a naturally condinuous H-map and salisfics

& QBT 5) - BT O (),

vseS, U ep, then @ g is a H-map from S(U) to Tle (1)) VU =,

Theorem 7.13. L¢t S, T be standard F-concs of functions on X, Y.
Let o0 Y =X be a naturall y condinions Homa p which satisfics (7). If T (resp.
Ty is a natural sheaf, thew gp is a H-mup from (U} to Tlo (L)) (resp.
Tl HL)) for anv naturally open U.

Proof. Let (L) e covering for U, with {7, =8. Let s=8(U). Hence
5 pa ©8(Us). From cor. T.t2 we have sep oYy €T (). T being
a sheaf. it follows that sep=Tlo '(L')).

Remark. Since (BY“Us)on € BTN (oo for any fincly open G, it
suffices that {77} holds only for a genvrator p< 5.
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EXTENSION OF VECTOR AND GROUP-VALUED SUBMEASURES

BY

CLARA VESCAN-CUCTUREAN amd MIVAL CUCH HEAN-ZAPAN

The results of this paper are related to those from L. Drewnows ki's
article 4! and W. Herer’s work (3] In (4] the author olitains an exten-
sion procedure for a scalar submeasure ; in 137 Herer gives an extension
method for a group-valued measure.

In this article we define the concepts of vector submeasure and group-
valued submeasure, the last being obviously more gencral than the pre
vious one. Using Drewnowski's procedure, we give an extension procedure
for a vector submeasure {Theorem 1.2). and next, taking into account
Herer's method we obtain an extension method for a group-valued sub-
measure (Theorem 2.3). In the last seclion we compare the two extension
methods deseribed in Theorem 1.2 and Theorem 2.3 and we show that,
under cerlain conditions. the two theorems mentioned above lead to the
sume extending o-ring @, and the same extending vector submeasure 7,
{sce Theorem 3.2).

In the sequel we shall, generally, use the notations and terminology
from [4°,

§1. Let (2, A, M) be a ring of subsets of a fixed set K and X a linear
space ordered by the rclition < induced by the convex cone !

Definition 1.1, .1 sof function 1 @ N is subadditive 1f

(1v) #(@)=0;
@v) f(AUBY< () +r(B) Jor all A, BE® with ANB= .

Definition 1.2. e call wector submeasure o subadditive set function w,
de foned e @ with values i 0 which salisfics the condition

(3v) (DB for every A, Be® with AcB.

Example 1.1. Let m: R —-R. be a finite scalar submeasure and X a
linear ordered space with the positive conce I*. For every p € we define the
sct function =,: R— by g(d)=m{1).p =P, for everv AR, It is ob-
vious that 7, verifies the conditions (Iv), {2v), (3v) so that v, is a vector
submeasure on ®.

Theorem 1.1. 1/ + is a wector submeasure on @ then the fanily of classes
U, =4 =Rl(A)< p}, p=P. ps£0 is a normal base of neighourhoods {(ns.)
of @ for a FN-topology I'(r). (We refer to I'(4) as the Fréchet-Nikodym
topology generated by 4 on @),



