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Proof. Since any W' @1I' -manifold is a M@ i@ -manifold 5,

irom Theorem 2.2 it follows

) BD(N) = (nfr) db(X). X =y (M), bY 8 (r/n) SB(C).

_ Now, using (1.23) and since {7 is analvtic and Killing. we deduce 0
={Vgth) (', X)=—[[1/(2n}] (3D(X) —4(X) 30(3)). From this relation and a}),
we have

¢) S X) =0, U ey{).

Thus, from a), L), ¢). (112}, (1.21), since {7 s Killing and 7 is a
11", @ W, -manifold, we have (1.7).

On the other hand. since M is a 117, @ W, @ 11 -manifold and a G-
manifold [5], using (1.12), (1.22), (1.23), a), b), c¢), we have (1.8). Thus,
we obtain that M is a nearly-trans-Sasakian manifold.

2.4. Semi-invariant Submanifolds of a 11", II",-Manifold.

Theorem 2.4. [f M is a W.@W =manifeld and if {7 is analvtic and
Killing, then {o, & 7, g) Is an alwosi-lrans-Sasakian structure on M.

Proof. Since any 1. @MW -manifold is a @ W, @1l ,-manifold [3],
from Theorem 2.2 we have

) BO{N)= (/) BDO(X). N sy.M). D) 8 —(rln) ().

Thus, from a). b), (1.12), {1.13). (I.14) and since 7 is a 1.@1 -
manifold, we have (1.9).

On {he other hand. 3d0((7, X. V)=2d4(X, Y} (Ly®) (X. V) and
since (" is analvtic and Kitling. from a). b). (1.42), (1.13). (1.20). we obtain
(1.10). Thercfore M is an abmost-trans-Sasakian manifold.
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ON GENERALIZED FINSLER SPACES
BY

MASAQ HASHIGUCHT

Let M be a differentiable manifold and 737 its tangent bundle. A
coordinate svstem (1) in 3 induces a canonical coordinate system {x,' v}
in TM. Let Ly, 1) be a positive-valued differcntiable function defined
i 2101, and we assume that L s positively homogencous of degree I,
and the matrix (i) s regular. where ag==(12)e2l2 ey év. If the length s
of o differentiable curve ¥ =x'{¢) in M is measured by s=§L(x, d x[diydi,
we call (M. L) a Finsler space. Then ajy s called the Finsler. melric.

A Finsler metric is sometimes adopted as a basic concept in the
theoretical phyvsics. However, the fact that the metric is provided {rom
4 function L mav be not alwavs desirable (or physicists. For example
in his paper (20, H. Ishikawa modified the Finsler metric oy in @
Finaler space (M. L), and introduced  the metric gi=a—20d, where
Le-iLjeat, I (ay;) 1s positive-definite, - any vector v(#0) is time-like
g = a viad <00 TL scems that this is the reason why he had been
interested in such a metric. It has also the another interesting property
ihut the modification is projective. But it is not a Finsler metric,

Another example is given by a conformal change of a Finsler metric
dy s g=e®esla,, (RO Miron-M. Has higuchi [70). g is not a
Finsler metric, if ¢ depends on dircction. Interestingly, the tensor 2(a,;—

200 )1 is expressed as ¢ log L3éyfénd, and appears in the conformal
theory of Finsler metrics as an important conforinal invariant (M. Has-
higuchi [I17.

In his paper (6. R. Miron gencralized the notion of Finsler
metric to the metric g,, given as a differentiable tensor field of tvpe (0,2)
which is symmetric and non-degenerate, and he gave an interesting the-
orv. We shall call this g¢,; a generalized Finsler metric and (M. g.)) a gene-
ralized Finsler space.

In this note we shall consider such a generalized Finsler space from
the standpoint of variational caleulus. Then we hope to refer to a signi-
ficance of axioms for Finsler connections.

The terminology and notations are referred to M. Matsumoto 31,

1. We shall first investigate what conditions should be imposed on
a genceralized Finsler space (M, g;;). Putting L=(g: @ y)ve the length s
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of a curve x'=x{t) in M is defined in the same formula as in the case of
Finsler space. In order that the length s is independent on the parameter
#, it is desirable to be assumed that &, 18 positively homogeneous of degree 0.

Now, let a curve C: x'=1!(f) join two points A(4) and B(f,). Given
an infinitesimal ¢ and differentiable functions @ (1), the curve € @ ¥/ = Nt 4
+et'({) is nearby € and passing through A(#,) and B(t,) which arc nearby
A and B respectively.,

The first variation 8s of s is given by

y
Ss==z S(E'l./éa.\j-—f{(é Lie )y dtyede selfen ’);'f_:' .
i :

The curves satisfving the Euler cquation are called the geodesics of (M
ga)- I a curve € s a geodesic, the direction satisfying (éL/819)e’ -0 is
called to be tfransversal to C. If we translate the geodesic C such that its
extreme points lic on the direction transversal (o C, the variation 3s
vanishes,

Contrary to the case of Finsler metric, the transversality (eLfey)v =
=0 does not in general coincide with the orthogonality g, vi#/ =0, because
we have BL/B'\"=g,-,-.1-‘/1,—,L(5g,,/8_\"').\"_\"'/21,. According to one of the axi-
oms of E. Cartan for the Finsler metric, we hope to make these equi-
valent. It is enough if we assume

(1 (6gi[er?) v v =0,

Then, if we express the cquations of a geodesic by its arc-length s, they
become froem the condition (1)

Aj(d=a? [ds?) 4- i{d ¥ [ds) (d x¥[ds) =0,

where dj=38]+¢"(ég,,/a3/) 3", vi, =8 (0% sm| 0X* 4681 m]Ex7 — g, 62™) (2, and
(g")y={g:)7". If we assume further

(2) The matrix (4}) is regular, the cquations of the geodesic have the
form @xds* - Bk (d ¥ [ds)(d ¥ [ds) =0, where (Bi)=4})"" Putting ¢'==
={1/2) Bir}, 473*, we have as the equations of the geodesics

(3) d2x [ds? 426G x, dx[ds)=0,

The conditions (1) and (2) are just the regularity conditions given
by R. Miron [6), which we shall assume in the following.

2. Next, we shall consider what Finsler connections are reasonable
for a generalized Finsler space (A, ¢;). We have the equations {3} of the
geodesics. Corresponding to the Berwald connection BT in a Finsler space,
we have a Finsler connection MBI'=(G}), Gi, 0), where Gi =G [érs, G=
=¢Grlo)’. This was communicated by R. Miron to the author in lasi,
And we can recognize that such a (i is the most reasonable as the non-
linear connection.

Now, we hope to determine MBI by a system of axioms. It is noted
that L=(g, v'1/)1/* is positively homogeneons of degree 1. If we put 7=
=(1[2)¢*L*[¢v'éy/, we have from (10 =g+ (8gnfey) " =g {3 The

SFmalgoe

3

“Finsler space (M, L}.
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St o abar. Thus we have a
. assures that the matrix (7)) is regukar. Thus we hav
assumption (2) assurcs that the matrix (2:) ;

In these two spaces (M, gi) and (M, 1), the :1rc.-1cngth]1.a'_ Il:C(')i;u(I;,[(l
v the same formula. Therefore, the equations (3) 01{’ ti;'u: ;I'(I'_(l)fuff‘:-i-r A B
¢12) are nothing but the ones of the Finsler space (M. 1), | [._1 {”ﬂ‘ ,5
o ( ) M 17 3 Rt - . L i <
i:’iuqt. the Berwald conneetion 817 of the Finslel spin ll.. 1 it
defined in terms of lecal coordinates, but iz it really a Fisler conne
e n k this fac + caleulation.
e need not check this fact by caleula | L 3
ten l*‘r(ir a Finsler space (M, L) we have a systenr of dﬁ..l(}ll';:-. W }[1:51151(]15\%(1:]
mines uniquely the Berwald connection. i.lll" I(,?bIZ roo Ilu l‘-l‘[..llmiiw([ e
“that the Berwald connection BU=(F],, N 0) 15 umeuely dete .
the conditions : . |
(a) Lik eLjext —Ni{elfey)y==0, (b) IR—"F—Ap=0,
i rof i e
(¢} Dh=eNiferxt —Fi=0, {d) Tji=Lj— L8V .
These conditions form a system of axioms which d(‘turmen(1?1;1lll‘!(lt-Ll:l‘h'\f?iron
‘ , r s b [LN =
in the generalized Finsler space (M, g;). We shall call M3
sericald connection of (M, g;). - » R ”
b(m”\\t'v( ln\'bc (lcri\-c(l( a canonical Finsler conncetion MBI for (l\l:nft,!z
hut this is not necessarily mctricz:L R. M iro 111,6 gal\l'n_*. :}L Ll;}(t)glllitui;/hkm
s N 3 - ~q ot MO ting « = X
cal Finsler connection MCT = (I %, Ok, © ). where p :
Gile ), o
I:*;kzai"m(bglm/s;fﬁ ‘l’b{{i-m/e" g SAM) 2,
C"\;:f._'.g:m(agjm,(‘i_\'-pk"}'agihllé_"'j_Egjl-,a_.\ m.:'z-

“and he showed that this is uniguely determined as a Finsler connection
(Fi, Ni Ch) satisfying the conditions
e il g : - ] :
AR} Nk =G,
(8) Sti=Cli—Cl;=0.

(2} g =0, Ziyw=0,
Y L=
() Th=Fe—F=0,
\We shall call MCI the Miron -Carlan connection uf_ (.'U.r, liu)d- that NiGi
) ase I, we have a priori assumed that .Ve=by.
Contrary to the case of J[..B W _ L e
Can we determine MCI including G from some s hth,]- of .1\‘:';?(:}1 e
l In the case of Finsler space wc.ha\'e‘;_i‘ svstem (of a\_}.mr\lis'l phich deter
mines uniquely the Cartan conncv'tmn‘(‘ . i{n ]\?i’ﬁj‘i‘)‘iq- u1(1iquelv oo
(4] showed that the Cartan conncction €1 ----(i"ji.. JU;,.. ijkth;: paL
A }(b)’l“(?),l (]8)0 (‘i"lwrf“‘)ﬂ{\'f should further dis-
-Suggested by S, Watanabekb. < a {9), we, shiould e
cu:fl'"in%l('r ‘connections satisfving these conditions in the case of ge
zedd Finsler space (M, g.). ‘ ‘ [— ..
On the other hand, we have the Cartan connccuuuug,]’ of 1\}\1'T1'1t 111_;‘111_
1 o - e 1 B
space (M, L) derived from a gencralized Finsler space (M, gij).
ion is ] . “and CT'? )
tion is there between MCI and o L e
3. Finally, we shall refer to a significance of 1.3.].\‘1..()1115 for i n:ﬁ;{utl iiaw
ction o Fingle and also in a generalized Finsler space we
nections, In a Finsler space and also ina generalizee 1



72
MASAO HASHIGUCH)
4

i mcthod l)\' \\‘hiCh B =
. We can e ic i i
t ELt a metrical Finsler connection F1'= ( ‘?.L N
Fky 4k

CI _t;]_ i T - H -,
f::é)t, sth;tlslg\? Of}on]ll an afbltraf_\; Finsler connection P‘f‘:(ﬁ‘i o
all metrical Finsler connections is obtained i: ’Ehk’ f s
v ' ¢ form

o

M= i L4 o
3 -k X L = % i ib =
kN =t Cu XP 4" (gt 20 s XE) /2 +OU XS,
Cle=Cled-g™ g i [2+O5Y

where Qi —(Rigr_o o i i

i o n.\.. 6 ()?‘38.;“. g;_r:gir’)/zt H{EId .\é ‘\';” };* are arbitral‘\r tensors R

Kaweeguchi method fr{ P[l_l Ni=Xl=Yi=0, we have the w IlI\: (R.

from MBI in the cas rawaguchi {37 But CI d cll-known
Hr) ! in tu_\?_ascoof gencralizisd Finsior ‘ip"u‘(‘:; does not follow
it ¢ PU A ;:: s _\’!‘_2_,,;.'.': o R % B i.” ° .

a neiw Kawagichi method : : & uims Yje=—g"™gylw. Then we have

. lr] ]

\-'= ‘\.'( 1'... =F ;

Ni=! Pt i © . e

(4) I I jk l‘u’1é (é’m,'u+§mm' ng,rm)/Z,
N o
Ge=Cl Lty o

N F1S ik +é.’ (gm_-'l.t"l'gm? L,'—;‘,’_:h m)/z-

Thus we have

Theorem 1, /

| coanoa generalized Fin ]

£ sler space | s

or space (M, g,), let FIP=(Fi,

N, &Yy be w given Fi
e Can) beoa given Finsler ¢ 2od T :
—(F} - pive er connection. Then the Fiusicr ¢ 1 )
( M; ‘\g’. A ob__\' (:) adgon. 1 é:;f;hi_n; .;|:”—'S(§{r conncciton FIM—
Ni—Gi T S i
If;l : ;;) ro((; ,},Oc;ug f 1o Choare syutmetric, then FT' is MCL of (M.
axioms forP ol “1'L latler half is immediately obtained by checl({.' 1
’ - It 1s noted that we need not any calculation An;in{igf o
. we

Ut I‘.l.‘._ N “( RN H
PO o BTy we have a relation between MCT and MBT.
a Berwald s pace, if G:'I'dnf,- we shall cali a generalized Finsler space (A7
ponding Finsler 0 ABY depend on position alone, that 4 t;( 20
Theoreinczsl,)rac(“ (M, L) 1s a Berwald spacc. Theﬁ, W(‘l hzlls\’” ©eonres
o™ Juoa gm_cmh.:m’ Finsler space (M a.;), let Fi _L b g
\.'}F?'(\') o near  cownection in M. If a Finsler cons 4 j‘(l)‘ S
B iy ) .s‘.m‘zsfws L =0, where I (g Ay ).mec son FL=( f“i(‘t)'
crwald space. SuV VY the space (M, g;)is a
The proof is also i sdiately ] ‘
the axioms for M BT. mmediately obtained by showing that FI' satisfies
For e: i i
ralized 1,5&2?%2:: ;f(?[Flans)lgnqﬁ?Lg‘(g , ;fu)l i:} a Berwald space, the gene-
E’ar“ Iljec‘ause the Berwart conmeetio o (js{ 1(;“1; ;1-“.- a h[Z] Is also Berwald
crwald connection of (M, g,). > s} 1s nothing but the Airon-
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