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1. Introduction. Let M and M’ be almost contact metric manifolds
and let f be a positive function on the product manifold Af=M < M'. Let3d
be the f-depending Riemannian metric on M, as defined in [57. First we
introduce an f-depending almost complex structure J on M, which is a
generalization of a result in Morimoto's paper (7. Then (8. J} makes
17 into an almost Hermitian manifold. By the assumption that f is cons-
tant on each component of M. we prove the following main result : the
manifold M is nearly Kihlerian, almost Kahlerian or Kahlerian if and onl¥
if the manifolds M and M’ arc both closely cosymplectic , almost cosym-
plectic or cosymplectic respectively.

In the following all the manifolds, functions and tensor fields con-
sidered arc of class C* ; more we denote by T(M) the Lic algebra of vec-
tor ficlds on a differentiable manifolds M. )

2. Preliminaries. First we recall some definitions and propertics of
the contact geometry.

A (2;;+l‘;-dimcnsional manifold M is said to have an almost couwbact
stricture (@, £, ) if there exist on A a tensor ficld @ of type {1, 1), 2
vector field § and a 1 form 7 satisfyng ®*--I=7@®%. 7{%)=1. where [
is the identity transformation. It is well known that if A7 has such a struc-
ture, we can find a Riemannian metric g on A such that g(X, Y)=g(PX,
OY) £u{X)n(Y), for any vector ficlds X and Y on M (sec [8)): then
(@, %, 1, g) is called an almost contact melric structure on M. If (D, &, ) 1s
an almost contact structure on 1, define four tensors N, Ng N and N,
by

NUX, V) (B, O (X, V)R 2d0(X, Y)E, N X)=(L D)X,

‘\r={X, Y)—(]--h.\"ﬁ}l" ‘{Lma"ﬁ}X, i\:tfx}_(La'ﬁ)X:
where I denotes Lic differentiation, while [®, ®]is the Nijenhuis torsion
of the tencor ficld ®. If A, =0, then the almost contact structure (®. &, 1)

i(s said to be mormal ; in particular N, =0 implics V. =0, N,=0 and N,=0
sec | 9)).
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Now Jet (. 2, % g) be an almost contact metric structure on M : a
tensor field /7 of type (. 1) on M is called a Killing tensor ficld it (V)Y -1
+(V,-H).\---O,_whcn'.\/ denotes the covariant differentiation with  res-
pect to the Ricmannian connection defined by g (see [17). If we denote
by £} the Jundamental 2- form de fined by QN V) =g(X. ®Y), then the almost
contact metric structure (. 27, o) is called almost cosvmpleetic il hoth
and 7 are closed and it is said to he closely vosvin plectic if + is closcd and
® 1s Killing. An almost cusvimplectic structure is said to he cosym plectic
if it is normal. ‘

Now we state two results which are required later,

Proposition 2.1. 7. (D, 2,0, @) be an almost conlact metric structure
on M and denote by V the covariant di [fferentiation with respect to the Ricman-
nian conncelion 1 defined by g

() IS & is Killing, thew « is K iling.

(2) 1f 5 is Killing and if 2 is parallel with respect to U, then the Sform
I8 closed,

Proof. (1). Since @ s Killing. then Leg =0 (sce [3], prop. 2.1) and
consequently for any N, ¥ «7(Y) we have

(Vaa) Y - (Vo) XN =g(V 35 Y) 4 g(V, 5, X)= _
=5V X, V) H(LN, £, 1) +e(VeYL X) 4(1V, 21 X) = (Zgg) (X, ¥) =0

(2). Since 4 is Killing ,then '

2.1) A X, Y)ue(Vyg) Y o
and consequently (X, £)—0. Since I is patallel with respect to I, from
{2.1) wc have d(X, dY) = — *r‘(V_‘-(D}")=—'g(V“.(DY, Z) = g{dY, Vyei—
=X (n(®Y}}=0 Thus we have d4=0. From this proposition w¢ ohtain

Proposition 2.2, Let (&, 2. +, &) be an almost contact melric stricture
on M. The foitowing conditions are cquivalent : - :

(1) the almost contact metric structurve is closcly cosymplectic

(2) @ is Killing and 2 iy parallel will respect to the Riemannion connee
tion defined by o,

3. The muain resulls, [.ot (D, , 4, 2) and (@', 2, 7. g") be  almost
contact metric structures on the odd-dimensional manifolds 3 and /'
respectivelv and let M be the product manifold M x M’ ; more for any
X &T(M) and X' = 7(M"). denote by (A, X7) the vector field on J7 given
by (X, X') oy =(X,. Ny for all (p. ¢) =7, Now let S be a positive func-
tion on 3/ and set h=1//: then we consider the Ricmannian metric 7 on

A see [3, p. 66) and we introduce the almost complex structure [ on 37
such that

(g((‘\’, .\_”)s ()-,- Y")))(p‘q :f.{(.\'. })i, i (f(/)‘ q))g(gf{‘ya, Y';l}.f,
X XN =((DX), - f(p, O (N E s (DX, +h(p, D)

for any N. Yer (), vvoyrer M} and (pog)ed. I s casy to prove
that
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pi .. 'f:ll ,f;n‘mq . o' Q. Q" are all closed, from (3.2) it {o C;\; 0 dQ=0
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Proposition 3.4. The almost Hermitian stricture (f.g) is Kihlerian
1 and only if the almost coutact metric structures (DL, 7, g) and (B, 2, (AN
dare both cosvimpleetic.

Now It vobe the covariant dificrentiation - with respect to the Rieman-
nian connection defined by 2 It is casy to prove that for any vector fields
Ny Yel(M) and X' Yy = FM'), we have Vg g, (Y, Yy =(VxY, Vg, ¥,
where V oand V' are the covariant differentiations with respect to the Rie-
mannian cennections defined by ¢ and g’ respectively, and thus by a direct
calculation we obtain

3.3 Vorw MY V) =(0)Y . (Vi 0)Y ) — (5 (V) V42, 0)-
_}‘/f(fj(}))(o, Vt’ E’)—f((vx f")}")(ii 0) *l-fl((Vrr,ﬂ)(O :’;,)

Let K be the tensor field of tvpe (1, 2) on M given by I:"(_f, }7):

.._(Ggf)f-{-(\*;j).-\." for any vector ficlds X and ¥ on A1, It is well know
that the almost Hermitian structure {/, ¢} is a nearly Kahlerian structure

-~

if and onlyv if £=0. Since ¥ is a tensor field, then its vanishing condi-
tion is equivalent to the tollowing conditions

KUX. 0). (Y, 0))=0. K((0, "), (0. ¥"))=0, R((X,0), (0, X)) =0
for any vector fields X, Ye7(M) and X7, Y eT(M'). By means of {3.3),
we see the above three conditions are equivalent to the following condi-
tions

(3.4 (V)Y +(V,d) Y =0, () (Ve )V (V1) Xm0,
3.8)

(3.5) (V)Y (VY )X =0, (3.8)  4(N)V =<0,
(3.6) (Vi @)Y -H(Vi 0)X"=0,  (3.9) (X} V5 =0,

Since (3.4) and (3.6) imply (3.3) and (3.7) respectively (sce prop. 2.1}, con-
sequently by virtue of prop. 2.2 we see thai (3.4)—(3.9) are equivalent to
the statement that the almost contact metric structures (, £, +, g) and
(P, £, %', ¢') are both closely cosvmplectic. Thus we have

Proposition 3.5. 7he almost Hermitian structure (J1 3) is nearly K-
levian if and only if the ulmost comtact metric structures (0, %, 4, o) and
(@', . %", gy are both closely cosymplectic.

It is well known that a spehre of odd dimension has a  Sasakian
structure (sce (41, p. 75) : in particular such a structure is a normal almost
contact metric structure, but is it neither cosvmplectic, nor almost cosym-
plectic, nor closely cosymplectic. By the assumption that [ is the function
with constant value [ on 7. from prop. 3.2, 3.3, 3.4 und 3.5 we obtain
the following

Corollary. The direet product of twoe spheres of add dimension has a
Hermitian structure. which s neither Kéllerian, nov almost Kdénlerian, nor
nearly KN dklerian,

This result generalises a theorem of Calabi-Eckmann which savs
that the product of two odd-dimensional spheres admits a complex struc-
ture, which is net a Kahlerian structiure {see T47),
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i =0, §'=dldt, ' ==di, t being

; » real line, ®'=0, § t, % . .

s ‘(h'(dh:—zt :111( .stn’n(!ard i?i(:manman metric oanr;
is the function with constant value '6'0
: nbtain some results in paper [0

Finally let Al .
the coordinate in R, and le _.;t ;
if. in addition, we assume thn] e
A+ R, from prop. 3.3, 3.4 and 3.
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