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§ 0. Iniroduction. We are concerned here with the existence and
uniqueness of a nonanticipative stochastic process i, strong solution of the
nonlinear boundary-value stochastic problem :

dit + A dt=flo, {, ¥)di +dM{o. 1, a) in Qx 0,7 =D
(0.1} ? + (1) sgla, i, v) in 0, T =T
K
(e, 0, x) =o(er, x) n QxD,

where D is a bounded and open cubset of the Euclidean space &Y with
houndary I, 770, +oclis fixed. Q) is an absiract space of random events.
{ is a second order and symmetric differential operator on /), Bis a maximal
monotone graph (in gencral multivalued) in Kx R, M isa martingale and
fog, ugare fixed stochastic processes,

System (0.1) may be write in the form

(0.2) du + A dt +0o(u)dt =fdt + M),
21(0) =y,

where 4 +ds is an unbounded operator from a Hilbert space 1" to 177* {the
dual space of 17). Generally we cannot {ind strong stochastic solutions for
the svstem (0.2). Thercfore in 715] and [16] we introduced a concept of
weak solutions for (0.2). In this paper the particular form of the problem
perniits to {ind strong (1td) solutions.

system {0.1) originates from some physical problems {see for example
2 and 10 ) : the Signorini-problem il

0, for r =0
4(ry =4 1o, 0, for r=0
D, for r0;

and the enzyme diffusion (the Michaelis-Menten law) if

y

_— for r>=>0
Biy) = 1)
#) |—,0], for r=0
O, for r-<0.

= Maremnatlcd 21¢
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§ 1. Preliminaries. .11 Let (Q,07, ) be a fixed complete probability
space and (7 .),z, be an increasing and righi-continuous tamily of sub-g-
algebras of (F, such that a A=z, il P(A)=0,

A2 I (X L) is a refllexive Banach space, we shall denote by E(Z]
Fo el 7., 1 X)) the conditional expectation of e LAO 7, PN,
< pg o, with respect to o7,

Let LRQx]0, T, X), I<p = +co, the space of stachastic processes fo
SIAQ X0, T F xL, Pxdl - Xy=1M0x 0, X) such that w—>fle, £)
is (F -measurable awe, L7100 T(0—ae). We have denoted by 2 the eoal-
gebras of Lebesgue measurable sets on 0, 777 and with ¢ the Lebeseue
measure, The space LE(Qx 0, T7:.X) is o lincar  closed  subspace of
PO x )0, ¢ X,

We shall denote by F3(€Q5 C(0, 71 X)), 1< p< 4o, the space of the
stochastic processes f=LMQUF 1 C0 7 XY =L2Q o, 7 - A with
the property @ e— [, ) is F - measwable for every ¢ e [0, ] (f is called
adapted process). The space L2,(Q; C(0, 7 : X)) is o linear closed suhspace
ol LP(Q; €0, 7 X)),

A3 et (M) be a real separable Hilbere space, By #2071 ; n,
1< p- oo we shall denote the space of the stochastic processes W = L0,
C{o. T3 1)) such that M(e, 0) =0 as. oefo- as) and E(M{OE)=
s} o —as., if 0<s<i< . The dements o this space are eallod” conti-
nuows p-martingales. The space #40, 7°; H) with the inner product
(M, M) =E(M(F), M1} is a Hilbert space.

A4 Let P the a-algebras of the predictable sets e, o Aigebras genera-
ted by @={4 0 st Fax 101 05, [, & Feo IaecE )

Let 6 be aseparabibe real Hilher space, A process f:8 [0, T L(H, G)
will be called point-predictable iff for any b= 17, f{h) is (77, B(G)) =>measu-
rable (strongly == weakly since ¢ is separable), and [ is point measurable
L) 1s (17 x £, 8 (Gh-measurable. We have denoted by B} the g-alee-
bras Borel on ¢, .

A4 We shall denote by LI G)c L{H, G) the space of Hilbert-
Schimidt operators. with the Hilbert-Schmidt norm denoted by ||l et
us recail that BeLl(H, G) is in Ly(H, G) il [Bi=X Feii< 4w for an

1

orthunormal basis fe) of I,

A6. We shall recall some facts from [13] and (4],

20 bet Ma 20, 7 H)and 2. be Doleans measme of Ve (ie.
a measure on 2 such that 7(J > 1s, 1) =F 1 MO 12—|M{s)*)} on @), Then
there exists an unique L{H, H) - valued point-predictable process A such
that

a} K{w, s) is a nuclear, pesitive, symmetric operator with TrK(w, s) =
=] r—a..;

b) ELL LM @) —M(s) @M —M(s))] = S Ko, )7 for every F =7,

Fxls !
Ogs<tgT. (i he H, g=( then h®u =L(H, G} and is delined by (h@g)(x)=
by, x)pg). Koas called the covariance process of M,

We denote A HLG)=1f(.. )1 /s an LI, G)-valuwd, point-
predictable process such that

_—
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£2310,7]
'r .
2°, If feAp then Sf(m s)dM(s) 1s a well-defined  G-valued process
. E = I\ s
]
such that '
a) (e, t)—+§f(m,s)d;1-1(s) is in A2 (0, T G),
(V)
,
h) L | M1 =1
0
§ h 3 - example [14] I1-Partic). ) .
i li;g:'”i}tf\' ]f'l—= I(.ZE(CQ{:DEZ(S?‘}]!’I‘;IJH))[:m}l M e a0, T ; H) the stochastic
| o ‘ _ |
. 7. 3 : 1
integral S(f(s), dM(s)) is well defined, S( fls), dM(s) = A0, T ) anc
| e |
] \ M7 A s <M=,
E sup IS (fz), aM ()] <3E sup ?pf(ﬂll 4 :

1
. L ol
here <M > eL1(Q;C(0, T; K)) is an unique stochast(llc Ig}c;gcss/c%t}fgeé
b M an s <M = (0, 1) is increasi -a.s. and | ME— <
such that /- <A >(w, ) is ncreasing @ IR
‘n__\ /}{(o\ﬂ}:\] R). 1 M is a rcal Wicner pr0ce§l§1tllcx; —<}J}[x;¢;l‘ —-!E.(m =k =
3%, Let (W (#)me be a Wicner process. T}cn , ,

. % 2 T 12 W=, =12 oy

- ¥ we®e, W()=12 Vd.‘ba(f)c.', ':',f“j‘\-r=}: a.s 1f{ty el dt, : :
E=I ‘ ! M MLl M ‘e
here oS0, o< oo, {15 an orthonormal basis in H, b;, are inde
;;en'den't 'rcui-\'alucd Wicner processes, In this case

" "
AAI(s) = £ o f(s)eudba(s),
VEUCESRAYE
0 n
where this series is convergent in L¥Q, G), and

t

< ﬂ S} (s) >, = S Tr f(s)BF(s))ds.

17, Let S(f)=L(H, H), 120.bea Cn-E(iT)I;igll;l51;1) 9{1105335?{;11&3&}1
s infinitesimal generator. The domain (D(.A)) of A wi g
b;:-"]’tb Tj}:mf!mlli?{l"\ﬁ:] Lu separable  Hilbert space continuously” embedded
Wy = 0 D '

in H and A =L(D(4), H).
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Proposition 1.1. Lot M e X0, T ; H) and K s covari '
If A generales an analytic semigroup S(t) on) H mm) o process.

(1.1 5 —§) K
) 3un S A S(t—s) KV dr, < +o0,
then are
!
(1.2) u(l) = S.S‘(z‘—s)dﬂ[(s), (e, 1.

) 0
is unigue strong solution of the equation

{].3) du(t) =Audt +dM(f), 4{0)=0,

ie.

(1.4) w eI (%10, T]; D 2 (0 C(0, T : I

s (%] [ D{ANNLZ{(Q 5 C(0, T ; 1))
¢

(1.5) u(t) = SAzt(s)ds +M(t)

Jorallt=e[0, T]; w-a.s. ’

Proof. Since
e s)={ S it s <[t 1)

S(t—s). if s=[0,4

belongs to the space A,(M ; H, IX{A)) we have that
H
1

w(t) = S S(t—s)dM({s) €D(A) and Au(t)= S AS(1—s)dM(s).

[t] 0
Moreover

(16) r 7 ngd(ﬂ x 0, T, D(AYNCO, T1; LO; H)).
From [4 lhr*[,,nn]cl“ solution {1.2) is also ,weakened™ solution, i.e.

u(ty=4 Sn(s}ds +M{¢) and by (1.6) it follows (1.3). Now condition

(1.4) }s quite easy to chtain
Vemark 1.2, b )t | w e 0 iowi

oy e rom [5] and [6] we have, for Eq. (1.3}, the following
If A is the infinitesimal generator ]

] | £ [ v roof the strongly continnous semiero

_ISI('I){QO’: III{"{”M dM(1) = l}(t):i!l'(!). where D "'].;’,,rfi. x 0,7 '..8(]1: !")t)’ u:lag

s a Wiener process (the form 1s vrecn 1 s Ser " poin " 3¢
e e P (the form s grvcn in this Section, point 163 ) then

(1.7) St

(1.8) ) :::Fs IAS(t—s)D{s)e.|ads < +oo.

s)D(s)e: = D{A), w-a.s.

- . 0
are Sufficient e order that wlt) from (1.2) be o strong solution fur Eq. (1.3

e e
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B lLet 17 and H be two real separable Hilbert spaces such that I°
is denscly and continuousl embedded in 7. Mence V. HC V* algebraically
and topologically, where H is identificd with its own dual, and 17 is the dual
of 17, The norms in ¥, If and V* are denoted by |1l || and [|-[. respectively.
v o w, v we shall denote the valuc of we F*at v 175 if 9, weH then
Sw, v = (w, ¥), where (., .) denotes the inner product in 11

Encrgy cquality. If weLQ %0, P 1), nesL¥, 7y, P;H), f=
S 2,0 %[0, T 17, Me0,T; HYy and

¢

(1.9) w(l) =y + S Fs)ds + M(2)
0
then u=L2,(Q; C(0, T; HYNL:(Q %10, T[; VY and
{(1.10) |ee(£)]2 = {1t} +25 < f(s), u(s) > ds +2§ (u(s), dM(s)) +

4 <M=y, for all t€[0,T]; w-ua.s.
The proof may be found in [14] {Chap. IT)
We put

(1.11) W(o,T;If')={“:u€L2(0,T:V)» L

— =u'=L0, T ;V}},
v

where di/dt is the derivative of #{f) in the sense of *valued distributions
on 0, T[.W(0, T; V) is Hilbert space with the natural inner product

T I
{1.12) (¢, Vyweo, 37y =S (o, v)pedf + S (1, v")p-di
0 0

and it is well known that 1W(0, T ; V)CC([0, T]; I} algcbraically and
topologically.
We denote
Wo(Qx70, T1; Vy={u:usL¥Q; (0, T: V)) such that
wel2(0x 10, TT; 1) and w'(=du/dt) e[2,(Qx]0, T{; 1)}
W, {Qx]0, T|; V) is a linear closcd subspace of the Hiulbert space
L{Q W(o, I H)) and is embedded algebraically and topologically in
20 C0, T HY).
Proposition 1.2, If u=Li{Qx]0, T MINLAQ; Co, T H)), s
LY, (Fo, P H), felifQx10, T V), M s HH0, T H) then the follo-
wing asscriions are cquivalent:

3

{7) w{f) =1,+ Sf(s)ds + M) for all £<[0,T]; w-a.s,;

(1.13)
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! H
(20)  {w(t), 1(2)) = (va, ta) -{—S [ <f, #> 4+ < %), f(>] ds + S (w,dM) for all i<
{
U] L]

=0, If pw-as. ) for all pe W (Qx10,T[; 1)
5

| {o
(ii1) S <f,v>+ <£d_t . zr>la’s+ S(::, dM) + (1ty, vo) =0 w-a.s.; for all

ﬂEII’;,,(Q x10,T[; 1), oo, T)=0 w-as.;
g

@ ([ <rv>+

du

dt

m»M)J ds (g, 1) =0 e-ais,; for all v LG x10,

TT: V] such that dofdi € L3,(Q =10, T 1), ofe, T =0, v-as., where vow) =
(e, 0). 1 WAEPE T

Proof. (1)={rz). Lot 7,"[:£ll",,,,(£l><_t), T ;1) be arbitrary, Henee
(1.14) v(t):vu+SU'(s)ds, for all 1€[0, T]; wa.s.

B 0
By Energy cquality we have
¢ '
(1.15) (1/2) [re(t) |2 =(1]2)|uo} + S < fy =ds+ S (0, dM)+1[2 <M >,
0

a
]

(1.16) (12 [e(8) |2 =(1/2) UD=+S <v', 9>ds

0
H

(1.17) (1."2)'1:(1‘-)+14(f)|2=(1/2)|v,.+uo"’+S <f+v', v us>ds+
H i
+ S (@ 416, dM) +(1]2) <M =,
1
and substracting from Equality (1.17) Equalitics (1.13) and (1.16), member
by member, we infer (ii). In particular we allways have
f H
d
(1.18) (M(1), 2(0)) = S(% M) ds + S (0, dM),
o 0
for Sll[\[f EI}H)ZZ(O, T; Hyand v e L2%(Q ; C(0, T ; H)) such that dvjdl = L2,(Q x
x 10, T[; H). '
[he implications (z'z)::v(’z":'i)zb(z‘z-) arc obvious.
1 (zv)=>(1T). Let gel0, I 1) be n}"bltrm-y. We put m {(iv) 2o, t)=
= Sg(s)ds Sg(s)ds. If we denote F{i}= S_f{s)ris we obtain by (1.18) and (iv)
v

o U
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T

(1.19) S wu—F =M —g, 1 =ds =0, w-a.5.

o

i

Lel I be a countable and dense set in L0, 173 1"} and Q= {o @ (1.19) holds
for all = K1 We have P(Qg) =1 and (1.19) holds, by continuity, for all
g=l0, 4 1) and o =00 Henee

(1.20) 1w, 1) = it4{e) +F(w, ) + Mo, f) t-a.c. ] for all & =8,

aml, again by continuity, from (1.20) (7} follows.

¢ Let 1 be a bounded and open subsct of R¥ with the sufficiently
smooth houndary 1' (it will be enough to assume that 1" is regular of class
CH). We set Q= 10, P x D X=10, T I and for k. r, s real numbers denote
by JE(D). TIS(DY, L), Her(03, Hor(X) the usual Sobolev spaces on D, I,
(f respectively (see eg. L fons & Magcenes (121 Chap. 4).

D. Throughout this paper we consider the conjecture VO I T from
point f3, this sScction, with V=11Y(D) and H=L3D}, and then we shall
denote briefly 1Dy =1 (0, T HY{D), © =00 F[xD=0xQ, W,{0) =
= W, Q% 10, 17 HY{D)), Li(Q)=Li,(Q %10, T[; LAHD)), Li(8x )=
=20 % 0, T LA0), L@ xD) =L, F,. P LAD).

§ 2. Hypotheses. Let D bea bounded and open subset of &Y with a
culficiently <mooth boundary 1'. Let (8, 7, P, {7 )=o) bu a probabilized
stochastic basis (sec Section 1-:41).

\We <hall consider the boundary-value stochastic system

dig + Audt = f{o, §, )t +dM(o, 4, x) in @=0x0Q
{2.1) gE+B(u)—_= glw, 1, ) in Qx5
Ay

(e, 0, ¥) =iy(w, x) in QxD,

where 21/dv is the outward normal derivative associated with A.

We assume that:

(1 1) The operator 4 is a second order differential operator on D of
the form

hY
A_}. =— 5 _..a._ (a,-;(_\) Q—] +“u(-‘.)y
§, 7=1 8.1’-, RY

where ai,=CHD), @y L=(D}, ay=ay for all i, 5= {1,2, ., N}, a,(x)20
a.c. v D, and there exists C >0 such that

ag{x)EE; >clE* ae on D
1

f()I’ 311 “::=(E.1s E_g, 020 E..\') A= RN'
{112 FE12,(0), gl Q %}, #, =LA x D).

(H3) Me:0, T LH{D)), with K covuriance process and » Doleans
measure, verifies the condition

TACE

i
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sup : ST S ;
sup s |4S(t - s) K13 2d). < +100,
st
where || - |} s the Hilbert-Schmidt norae in L) and S{#) i
s L S # and 5(f) 1s the semigr
{stronglv continuous amd apalytic) generate : 2 3 ( ) CIAD)
LD from (I 1), sl R () G
(H 4). & 1s a graph maximal monotone in R x R
! - a0 1 . ® N oz=uc = Ay
what is cquivalent with B=ds, whare 50 R> \-i-oc: ilslca}L] tr};a:c[-of: 35'.0) e
lower-semicontinuous function, 3(x)z 5(0) for all ve R, 'md% ) epfede b
the subdifferential of 2. ' - 7 ropresents
Definition 2.1. | frenction w=L2,(Qx O, T ID(D)YNLE(Q; C0, T :
- 41 ! H "

LN is a strong solulion fo (2.1) if there cvists w = L2,(Q xE) such that
(2.2) wlom, {, ¥y =80i{w, {, ¥)) ac. on Q=X
-
(2.3)  a) - It-a—i)(ffd\' -+ N a(u, v)dt z
Pk alu, vydi + S(uo— oudlde = S oo, 0, x)dx 4
Y 0 a5 n
T
+ S fodtdx + Sv(m, t, )dM(w, {, Vi, was.
v on
Jor all vV (@), vlw, T, ¥) =0 a.c. on Q x D, cr equivalently
» '1‘
b 1 du
) (w2 Ly + S (i, v)dl + s (- g)vdido =
J ot v
- u e

= S te(w, 0, A)dy + Sfi'd!d.\, w-a.5, ;
n 1]

Jorall ve Ll (Q x10. I'[ H(D)) s ot e 12 T
AN =6 a.c,i e l)(. N such that delot & L3,(Q x 0, T'[; HY{D)) and

Here a: HY(DYy x HIY(D}— R 1s the bhilincar functional

(2.4) aly, 7) = b S“ ay Bz
S =] e p; — —— + vl v
1, 1=1 Ja.tla.l‘, SaO) d",
N n

v, ze H(DY, Accordi e y 3 .
the forng ). According to Prop. 1.2, Conditions 2.3 can be written also in

(2.5) w(t) + S A tels)ds 4 Siz(n)(s)ds ity + Sﬁs)ds + M),

in (HYD))*, for all te[0, T']; w-a.s., where A,:
— 9 - oy O o o ’ HI D Hl D ’
JeLli,(Qx 0, T ; (HYD))*) are given by 1 DD
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a) <Ay, rmua(y, 5), Yigs Hb,

<) 2f, Y= Sf_\d.\ -4 S;""'l de

I I

We have denoted by vfp the trace of y al V. and rematk that —Ad ==
= o Ay, 2 4 (@Y [0, gy for every v SYFETHR

Remark 2.0, The condition 0= 30} 1s ot an clective tesitiction simee
if g 8(s,) then (2.2) #(2.3) 1s equivalent with the same problem for 8,
7, 1, and £, wheve B(r) = By sy} - Fon 258 Tan A, =ty —5a f=f- M50 a0,
now, 0€3(0), n=1u1s,

¢ 8 The main result. Theorem 8.1 Jf o) < LY x DY then, under
hovpotheses (H 1=-114), the Systen (2.1) has @ wmpguc strong solution.

Proof. The uniqueness of the solution is obtamed casily from (2.9).
For proving the existence we shall divide System 2.1 in three systems

dv (8 4 At =f{t)dt m ©

(3.0 Ayl £, 1) =0 on D =X
¥, 0, 2) =0 on Qx D,
d_‘.'g(t) '*’ .“1_‘\':-_!!1,! 211.‘1'11 i“ (")

(3.2) o, 1, xy =0 on L=
1w, U, x) =0 on L= D,

dz(t) + Azl =0 ©
(3.3) — +8{z)=h in Qux
2w, 0, x) = 1{e. 1), in Qx D,

and we will show in a subsequent paper that, for heg—0{y, +y:)[dv, u=
={ v, +1:) 42 is a strong selution of Svstem (2.1).
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1. Introduction. In a vecent aeries of papers Gartin |==3]"and
Gurtinand Yatom: [4 cstablished important results involving the
energy release rate for a sharp erack i@ hvperclastic hady. The papers

b, 2 arc concerned with the thermodynamics of fractur in the quasi-
static theorv. In 74 . aunificd freatment of the cnergy release rate in elasto-
dynamic crack propagation has heen given.

It is the purpose of this paper 1o give the thermoclastic counterpart
1o several results established i {41 We restrict our attention to vdge cracks
in two-dimensional bodics. :

2. Basic equations. Prcliminarics. Thioughout this paper light-face
letters indicate scalars, hold-face lower case letters indicate veclors, bold-
face upper case letters indicate tensors, AT is the transpose ol A, A-B=

= iy l34zs div 8 13 the veetor fickd with compunents ¢Sijox, Yu is the tensor
field with components /a3 div g is the sealar cyifen. Here we have
nsedd standard indicial notation and Cartesian coordinates. et [»(®) be
the class of all functions fon @ with |f* infegrable on 2,

We consider @ two-dimensional rerlar body B, which we identify
with the regular region of A it occupies in o fixed reference configuration.
Lot Ao be the inferior of 1.

A thermodviinmic process for B is spreificd by the following functions
of the material point v/ and fime = 0. /- u. the displacement veetor
S. the {Piola-Kirchhoff) stress fensor. & the internal energy denseyv; 7,
the entropy density o 0, e absohite temperature o4, ihe heat flux. We
assume that body forces and heat supply are absent.

Fhie cquation of motion 15

(2.1) eliv § =gt

where z 15 the density m the yelerenee configuration. A superpesed dot
denotes differentiation with respect o Lime, We asswue that pos constant.
The first two laws of thermody namies lead {sec Car l=on 37} lo the

1elations

(2.2) s §-vadiv g, H3—div (% q).



