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ON THE ENERGY RELEASE RATE IN THERMOELASTODYNAMIC
CRACK PROPAGATION

BY
1) YESAN

1. Introduction. In a vecent wories of papers Gu ptin f—37 and
Gurtinand Yatomi 4 eslablished important resvlts involving the
energy release rate fora sharp crack 1n @ hyperelastic hody. The papers

I, 2 are concerned with the thermedynamics ol fractur in the quasi-
static theory, In 74 . aunified {reatment of the energy relvase rate in clasto-
dynamic crack propagation has heen given.

It is (he prrpose of this paper to give the thermoclastic counterpart
1o coveral results established i [40 We restrict our attention to edoe cracks
in two-dimensional bodics.

2. Basic equations. Prcliminaries. Thioughout this paper light-face
letters indicate scalars, Lold-face lower case letters indicate vectors, bold-
face upper case letters indicate tensors, AT is the transpose ofl A AB=

S By, div Sy the veetor ficld with components ¢3¢ &x,, Vu is the tensor
field with components cie/év,. div i the scalar cy e Here we have
need standard indicial notation and Cartesian coordinates. fct [P(R}) be
(he class of all functions fon @ with |/ integrable on R.

We consider a two dimensional resular bodv B, which we identify
with the regular region of K- il occupies i 2 {ixcil reference configuration.
Lot A" be the interior of I

A thermodvnamic process for B is specified by the following functions
of the material point v € 5 and time = 0. 1 - u., the displacement vector
§. the (Piola-Kirchhoff) stress fensot. & the mlernal energy density; 7,
the entropy density o 0, the absolute tomperatuie o g, the heat flux, We
assume ihat body forces and heat supply are absent.

[he equation of motion i5

{2.1) div § =i,

where p is the density in (he refercoce confizuration. A superposed dot
Jenotes differentiation with respect (o time, We assuime that g s constant.

The first two laws of thermodynamies Jead (sce Cavison 131 to the
relations

(2.2) iS5 vt div g, HE—div [—:—) q) .
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Fhe constitutive crquations for homogeneous clastic materials are
(2.3) S S(F. 0). ===%(F. #), 5=%(F, 0), q=q(F. 0, V0,

where F v As it iy well known, comypatibility with thermodynamics re-
quire that [3 )
{1} the free cnergy

(2.4) == (F, 0)=2(F. 0)—07(F, 0),
detertuines the stress and entropy through the classical relations
(2.5) gl oo £
¢F il

{ii) the heat flax obey the inequality
(2.6) q(F, 0, v0)-Vvi<0.

By (2.3),
(2.7) 4=8-Vi—0,

and, in view of (2.4), the energy cquation (2.2); takes the ferm
(2.3) On=div q.

) We assume that B contains at time £ a straight cdge erack €, The
tip of the crack at time 13 denoted by z,. We assume that z, is C in ¢ with
velocity cff) =dz,fdt and that z, =130 for (=0, 71 We will study [liclds
o(x, ) wluclh are defined at x in £ C, and cach ¢ ={0, T l"nkl()\ﬁl]g [47,
the ficld o is a C* fracture ficld (720 an integer) H ’ o

(1) the derivatives ol @ of order £ exist away from the crack:

(i) ¢ and its derivatives of order €n are continuous away from the
c;‘::k and, except at the tip, are continuous up to the crack from cither
S,

\’)’c write o e LB) U ¢, ) €1P(B) at cach 10, 1 . If o =128,
then given any onc-paramelur Jfamilv B8 >0} of reguler subregions of B
with arva (77 B) =0 as § 0,

S il 1) |Pda — S lod v, L) [P,

b

5 i

as 3 =0 ; wh‘m this limit is nmniform in £70, 71 we say that ¢ s LP(B) uni-
formly in time. ' L .

We consdder o(x, f) as a lunction o241, #) of { and the posilion vee-
tor r from the tip. The derivative of this function with respect to ¢ holding
r fixed will be denoted by @', We have ¢'=9+V, 0. with V.g=Vg-c.

o In what follows {s={24{{) is the disc ol radius § centered at the crack
t'lp,__/ig. We will have the occasion to use the following lemma cstablished
in [4].
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Lemma 1. fet £ be a CV fracture ficld . Shdiv £ LBy Assione fur-
ther that
lim S f-nds=0,
50
Qg
and [hat, for e a 1t vector normal to C, (v 1) e—=0as 2 approvches C 12}
from cither side. Then

Sf‘n 5= Sdi\' f i

oe s
In the boundary integrals the letter o dusienate the entward unit normal.
3. Eneryy release rate, Hencoforth., in boundary integrals the ficlds
s and & will denote the stress traction and the heat flux, respectivelv,

(3.1) s=Sn, h=—=q-n

\We assume that the thermoelastic fields atisfy the following con
ditions

(1) w and U are C* feacture fields: S, qumoand g are O Iractuve
fields ;

(A,) for f=u, v’ u" u" 0 6" f is bounded s 8. q. V= L3 5) wnitor-
mly in time s e, a1 V=LY waiformly o U

(.15) the surface traction and the lieat lus vanesh on the orack

() lsin';s hoids =0, 1'““55.\’ ds=0 tor any bomuded vecta field v oin B,
= i
ong oy

OFf courze, the thermovlastic ficlds catisiv the iield equations (2.1),
(2.8) and the constitutive eguations (2.3} away from the crack. and the
comstitutive squations ae consistent with the thermodinande yestonclions
The kinetic ¢nergy per unit solnme s
=02

The function £ on [0, T defined by

; d
(3.1) = S (s u--k) ds— }?S (ety)da,
4
B B
is called the dypamic cnergy release rate,
Following [4 . we can see that 7 is well defined and the definition of
i is independent of the region @ sorrounding the tip.
Theorem 1. Af cach time !

(3.2) E(t)=lim S{(L}J | -]2—; Vo t—5TV.u-t G-q)} *nJs.

Rz,
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The relation (3.2) gives an alternative formula for £ in terms of 4 boundary
inteeral over o region which shrinks to the crack tip, This result is a direct
consequence of Theorem 1 frem [47. We noie thar the relavon (3.2) does
not involve the teat Nus. s elear from (2.4) that (3.2) has the same form
v in the isothermal case M, 61 Here the tempecature s invobved by means
of = and S, Hencelorth, 04, is a fixed time m 00 7L we will denote ih;-
derivative with respeet to £ at £, by (dfdl),,. Givea a hractne field 2, we
write =, lov the function on 1,70, defined by gv)=3(v.{) )
Theorem 2. o
4

g } o ; g
i3.3) It) (h‘) SS{(b;-—b;_)‘Vu;-- AU, — ) g - (T Vb dd.
[ r"). g
PProof. It we denote

!
) ! S (- - h)ds— S (245t

de #

then
{3.4) =y
I view of (40— (1 (2 1 (2.8), and the Betuma 1 owe can write

! : ' t

S S(‘s u--A)ds S Ss:-u;_Lfs 7 I—S S(s-,_~—s,)‘(1;_ s v S S oradr da L

foH i, Nk t OB t B

! 3

:‘S S (0; — 0)7:dnde = S 8, {u,— “.-.)f"-“"j.-s S(s-._—-s,)-fz;‘dn- dr

te B (R 1,08
H
S 060t Judut S 5(” Bu)4f . ol S-jﬂ,‘(\"u, — V) betiys (U = 0y o
B 1, B
: 1
LR r‘,“]}.r]:r ! S S (s 5p) tels o7 4 S S {t, — ”_.)‘fj;_t” oA
B Iy ah’ &
Snce
¢ t
of [0, . .
-;; S 3 IEF 5|)'ll_.¢]\ if3. S S (0, — BT '{"] =
L, UB I’
t ¢

= S S:s 0, s idd— S S 6,'?,;_(?3. da.

Inal.' N ()B

= ...iu
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we oblain

(5)

i
S S(s u-- i.-}.l.-;—(%;] SjS,'WU, —\"u:"|.--‘:ii,-;ll¢- u )
{ 1,
Fod

4
1, B
¢
A B0, olu = (%) SS(S,-vill-;h;.ii,-tl,_-- 0,7, )l dut
¢
Using (2.2) and {2.8), we have
i I3
o

d i . ; .

- PR {u '_S S =& yela. da = S S S,Vu, --Fﬁ;.'ll',_ | O,r‘l 7. da.

i S (s} ) {eeihd 7)) ) :
B B, B 1,

The last two results and (3.4) vield (3.3). In the absence of thermal effects

the relation (3.3) rednees to those established in 4., 7
As in (4] we wnite E{fy=U{/) Z(t,) with
I
U{f)= (i) S s _(SI—S)'V{:;,-}-((), — Oy} dh da,
n.’“ t,
et
t
Xty = (—i) S S.G(ﬁr—ii;.)‘f‘»l?- dit.
A1
oty
(n what (Glows we consider the lincar theory of thermoelasticity.

In this case the constitulive equations are (2

(3.5) §S- CVu—Mv, r=MVu-av, q Kvy,

where €. M are symmetric leneols, = G- M, and U, is the con=tant absolute

temperature of natural state
Theorem 3.

{
(3.6} Uity = l((—) S {(S:—S4) (V“J_V“lo)+(:'r_f"rn)("'u’“'f.u)] di==
f

2\t
B
— %(‘—i—) S{(VuI—Vu,ﬁ)'C(V"u,—Vu,,)—i—a(t*,—v,n)ﬂj dut,
Z\diji,

2
09 = (%) §18 80 (uemFua) ot (o)t
{8
A (1 — ) (e — 1) d .
Proof. We can write U(4) in the form

5 Ak %t%)n{g [(Se—Su) (Vu,—Vuy o LU L The 1) da -+
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{
S S (Si=E8,,—28)  Vuy i+ 2, — 2u; I il b da.
o1,
.\TL—.‘{T.
i
(3.8) S (Se4-8 0= 28,)* Vit 4 (it 4-rg, = 24 )iy of1.=
!
1S, S ivu,—vu )= (o v (ni—ne) --25 (8- Vo-+087)dn
1J
By (33
(3.9) S Vi - 0=\ i CVu - ape= o2,
where
{3.10) =8 Vud-ly=Vu- {Vuiars

Thuswe have

1

(3.11) S(S Vo)l n=8, Vi = 8, VU4 6.

In view of (3.3) we cane write S,V o, = Vu,, CVu, ey

since € is syunneiric. we obtain
(3.12) TR P I PIRA D | PR AT

From (3.8}, (3.01). (3.82) we arrive at (3.6),., The relaiion (3.6); 15 2 direct
consequence al (5.0), and Theorem 3 of (4
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STRESS DISTRIBUTION IN AN INFINITE REGION BOUNDED BY A
CIRCLE UNDER BIAXIAL FORCES

BY
M. LAL and R & SIKARWAR

1. Introduction. Complex variable approach for the solution of two-
dimnensional problems in clasticity has proved to be very useful. This
technique was propounded by Kolosov 1 oand Muskhelish-
vili (2. 1t was later developed and adopted by A dkins, Gireen
et al. 3.4 to be used in solving problems in cecond order clasticity, Sub-
sequently Carlson and Shield (3 have used this technique to
study of second and higher arder effects in a class of problems in plane
finite clasticity. Of late, Bhargava and Pande 6,7 have further
medified this technique to make 1t suitable Tor the solution of more gene-
ral problems in plane strain. Recently Lal and Pande [8, 9. have
used his technigue to solve several problems in the second order elasti
city. A brief resume of the same is given below. Let

Re=x, 74, and 2 Z b,

Ie the coordinates of a point of an clastic body in its undeformed state
B, and the deformed state B respectively. The Airy’s stress function ¢

and the displacement vector D = 1, -+ 1., being analviic, can be expanded as

(P:p,s{r?u('.', 5) - 5(91(3, E)-L .},
D= Dz B4 Dy (5 2) Lt
where £ is a parameter depending upon the physical condition of the
problem.
Equilibrium equations are satisfied i

(1.h

3 e &R0 el
(12) oo Tem o180 eyt
i=? (Tx
where
[1.3) T o= poe— poy 20 prge 1= peg o
If the resultant stress along the houndary 1is zero, then
b i
(14 —-—:-—“--f_-—o,
P €3
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