6 D. IESAN 6

+S ! (Si 8, —25:) " Vi, 4 (o, o, — 20, da.

B,
Next.
?
{3.5) S (St‘{‘sra 28,3 Vi (8 4oy~ ":-I-.:;l 7=
10
H
(Sei S (Yu,—vVu i e 1w (44 fie.} —’ZS(S-\u - 01) ..
rl.l
By (33)
{3.9) § Vo=V CVus uri= o2,
where
{3.t0) =8 Vu4 thr==Vu  CVu--av®
Thus,we have
(3.1 S(s Vi o= e VU= Sy VU4 Bt

In view of {3.3) we can write Soovuy, ooy

it

=Vu,, - CVu, iy,

Since € is svimelric, we obluan
(3.12) S VUG =N VU S

From (3.8), (3.11) (3.12) we arrive at {3.6)y,2. The relation (3.6); iz a direct
consequence of (5.6), and Theorem 3 of 4]
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STRESS DISTRIBUTION IN AN INFINITE REGION BOUNDED BY A
CIRCLE UNDER BRIAXIAL FORCES

BY
" M. LAL and R. §. SIKARWAR

1. Introduction. Complex variable approach {for the solution of two-
dimnensional problems in clasticity has proved to be very useful. This
technigque was propounded by Ko losov [I7 and Muskhelish-
vili 2. 1t was later developed and adopted by A dkins, Green
et al. 3.4 to be used in solving problems in second order clasticity. Sub-
sequently Carlson and Shield (37 have used this technique to
study of sccond and higher arder effects in a class of problems in plane
finite clasticity. Of late, Bhargava and Pande 6,7 have further
medified this technique to make it suitable Tor the solution of more gene-
ral problems in plane strain. Recently loal and Pande [8 91 have
used his technique to solve several problems in the second order elasti
city. A briel resume of the same is given below. Let

Bomx, -1, and 2 z i,
e the coordinates of a point of an lastic body in its undefoymed state
2, and the deformed state @B respectively. The Airy's stress function ¢
and the displacement vector D=1, +11,, being analvtic, can be expanded as
p=pe{p(s 3)+els B Tob
D=2<EDy(z, Z)--eDil= R R A
where ¢ is a parameter depending upon the physical condition of the

problem.
Equilibrium equations are satisfied if

(1.1)

(1.2) I -l'—'”-----li_?} FRLE -{...("17_.
(x (IiR
where
(i.j)) RS T-”'-’- f’ii—pT.'r.—ZIpEr.- e /'EE | f’r_'r.-

If the resultant stress along the boundary 1is zero, then

(1'4) it? T f"g '-—0,

3 €3

Maternaticd 210
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-
The entire elastic fields is determined by a set of potential functions \ @
$04{z). >ol(z)] in the infinitesimal case and {Q(2), ze(=)! and [A(z), 3(z)} .
in the second order case. <
o
We have "
— o]

wylm Zp=20(2) - |-20Z) ol z) (=),
- ol £ =F0)F203E) - 0(2) +5(E) }
Doz, 3)=nQ (=) +&'(2) =22 (5), =
N a4

P A A (D) 85 v D, F '1‘()~T:'~ a0 (Fye = -
(16) =2 = A(z)-p=a' () -8"(3) by (s 2) - B UV E) — Bt H RS a2 u
£ Z 0 o
- T - —, - @ o =z
Di(s, By =wA(0) — A E) =8 By —vA ([ ) — B Oz} + zZ 5 =
a
(1.7) g . A =
T T RN rEFT =] ’ o st g
LBy ez ]>15 SN (:)d:—]LS Iy (z)) 8z, | =

where (z(3%4-6)/(33.-4-2u) for the plane stress. %ol u are [.amé’s con- |

stants : v, £, 185 and 13, are clastic constants defined in [-]. P VN

2. The problem. [et us consider the region |72 K and map it on PR

the unit circle in the Z-plane by mcans of Vo
1 .
(2.1) s=w({)=R[ = e ‘

o
o
P

where R s a real constani. The potential function
3'(z) will be transformed as following

Az}, w'(2), A{z) and

T O()=0Tw(D) =MD, A=A 1=A0D,
(e = el ey (8), 8= [w(D) I =310%). .

As pointed out carlier. for the infinitesimal case the expressions of
the poicntial functions £,(8), oY) are essential, The cxpressions for
O (%) and wi{L} are oliained by ‘

I {7} and en{%) Ly {7}
= § en{Z)= —wil2)
5 Tl 1t > Yil=1

(2.3) 0=

where 2,(7) and (%) are anatvtic functions and found ont as stated by
sokolnikolf 10 as fullowing:

_ A NAT
2x(14-%)
W N, —iN)

INTIRITE S AL
SECQHD ORDER

2(0) tog B (L0 R/ E4-42(2)

(2.4)

VARIATION OF HOOP STRESS UNDER

b =— log L (B +iC") Ry ZHL(%).

|
2{) ) '5& N
— ~
We recall that X, --/X. is the resullani foree acting related to the o =a h

ciresses and the constants B, 72/, C, €’ are related to the stresses and ro-
tation atl infinity as {ollowing

7[

2B B'=x{2), 2B B =la), C'=r.l2),

Bl-AXiAL TENSION

Fig.

N

2-0F
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3 STRESS DISIRIBUTION IN AN INFINITE REGION aqu

where Taa{z), (a p=1,2) represends the limiting viine of  <aa(ad as the
point a recedes o infinity. The constant € has no effeet on the stite of plane
stress and can alwavs be sct ciual to zero,

It is worth mentioning that the requirenient for the =, 10 be Leun-
ded at infinity does not imply that the displaceiients g remain bounded.
If the displacements are to be Lounded at infinity, then taking w.g(e) =",
A= 0 wnd C=0, we have

(2.5) 1,}=[711(ot)-!-'::._.(oc)][‘1; J.r}'=[‘72:(1)-—7“(01)]/2, C' = 7ya(=).

For the deternination of the stnglo-valued analytic funclions ©°(L)
andd &°(7), the integro-differential cquation of Muskhel ishvili [2]
has been used, as

(2.6) 0%(a) —7'(a)]a" -+ () =1"(2),

where g=cxp (—10) is the value of ¢ on the boundary of the unit circle
¢ and Fo(s) is given by

Y (a) =F(o)—{{(X,+7X:)leg 2 2=—BRle+
LI ATETAY: =2=(14- z)——Bf@c'-’]/c*—(B'—r'C') Re,

and F(g)=/{0) i f(0), determined by the specified stress distribution on
the circular boundary. Setting

2.7)

o

"
oo(%)= ¥ aTh, Y x)= X b, in (2.6) and writing in the right hand ex-
k=1 k=1

pression the Fourier serics representation for the single-valued function.

Flo)— it o o= 2 PRI S AiX] PR STV
2w h=—D in k

ex1

we obtain

:r. o _ o - -"1"‘1‘-1.-,"2
Y oa,6f— X kmeTi4 X hot= = dygt——— =+
kel k=1 L h=—o i

(2.8)

+ o (a*'v—o"),f/c}—zjjl{/a—[15'—a'C’)I\’c-}-{_.\ -1 XL [2R (14 #)a?
k=1

On compairing the same powers of g, we obtain

4=, — (B —iC YR+ (X +1X2) (27, To=Ap— (Xy+1X.)f2m,

(lk‘—‘lk-{—(.\',—l—-l‘.\'u)/Z’zR, ’f?z,

Dy=A,—2BR — (X, +1X,)[27
(2.9)

Do A g (XN ) [AmH (N — i Xe) 251 4-7),
EA=.-1_k+(k*z)a,_g—(k_zya]_2.—(xl+fxg)/2/m, k3.
Now we discuss the ceffect of the stress concentration for different

cases in the neighbourhood of the hole j2]= K, located in a planc subjected
to the action of constant loads at a great dJistance from the hole
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Cuse I. Let us first suppose that the plane is stretehed by the ten-
cile forees acting in the X =direction. We take Ty fa)= 1, 7ea(a) = 7ie{2) =0,

Since the hole is [ree ftom stress, =o N, +iV.=0, and F{a)=0. The
constants /3, B'. €' in (2.9) are determined with the belp of (2.5) as B=
= P4, B'=—1f2. C'=0. Equations (2.9) then vield,

iy =[R2, vy =0, - Et\:U- —';'1=_I'-’EI‘)'2~TJT_O'
By= = P R2, by=0. k>3

Thus (%) =/1R%2; v (3) PyR(T—1M{2, and from formulas (2.4). we¢
have

200) %)= R -RY) I )= — PRI T,
Now. using the relations (2.3) and (2,10}, it vield
{2.11) Q)= Py R[EH RO, ol =—PR[TT—1=T70,

thus the first set of potential fnnctions, which determines the hincar clas-
ticitv, are known.

Since the resultant foree along the boundary is zero, equation (1.6)
gives

(2.12) f’*’_" = A(g) 45 (F S E - T )+ B (3) — B (R)) =0
(g

Substituting for I'(x, 2}, £2(2), W(F in equation (2.12) and multi-
plving by Z/s(s—1). integration round € gives

J2RE
{2.13) A= — —== 2B+ By,
32
Again taking tonjugate complex of (2.12), multiplying by 1/(c= 2} and
integration round €, we have
. 2R %5 05 . : -
(2.14) §i(7)e=— =T (12044 L) B 3B,
64
Since {Q,(2), of@? and J3,(Z). & (L)} are known and pzz=pz, =0 In this
case due fo the uniaxial teausion, taking & Uy, the hoop-stress on  the
Loundary is given by
(2.15) P It D6 4 P Spad— 2T —z)a*
2.15
+ {58, B,--6(3 ayrynt—2{7—«)ye® -8y 7/ 16us’,

{his assumes a maximuim value {fy)ma =317 at 0==/2 and 3=/2 in infinites-
imal case. The radial and transverse components of displacement are as
following : D(z, 5)=oxp(e) (i, +ity), where explid)=aw'(7) w'(o)
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o= PR ) (142 cos 2 - PERTISIE A (--2) B 4 0L,
2.10) B —10168, |-24, 60 3 uA-1) 3, — 0B} ros 20 -

e,

4T1AR, 0B, — 387 —31,) cos 40 1{960u7,
sy — | £y R 4) sin 20 4 — PERIS{6B,4-8 D) —6/3,
(2.17) Aot 1Y BA-68, sin 20— 20138, 491 —
— 1530 3B, sin A03/480p2

Case 11 1f we pul s(00)—0, 7.{ %) =0 and z.,{00) = ', and proceed
as above, the following results arc oblained
(218) (D) == PRET DS, off)=— PR
for inlinitesimal case, and
A (D) a=— PERT2E, TP — BR80T,
(219] ’1 ! “. L 1 O . -
R,(E’,}:——P.gl\'[l2131C_”—4f_f,l',3+3{_13,+~Pﬁ‘)ﬁ_i/h‘i.

for sccond order case. The hoop-stress and displacements on the boundary
are as follows:

P = D142 cos 20) - PE{ 167 cos 40 44 (T—z)y cos 20+
5B,—0,1 ()[3——7.)',’}/]()51,,
tty = PR (1R 2)(2 cos 20—1)[8u PERTASISE, + 9B~ 138) —
(2.21) —38, cos 404 10{6 5, F 28— 6By =3z 1) =013, cos 20
13657 (aeb2) B DY - B, 00
o — [ 1R 1) sin 20 - FER|2[13B,4-9 15— 1381

{2.22) 1 513,) sin 4()--l-i‘,l’)]i,—%—S]ﬁ-——(tb’i’—i—.’)(;c-} AR
00 sin 2014802,

(2.20)

Case 11, 13y superposition the expressions (2.13)—12.17) and (2.20})—
(2.22), we find the uniform biasial tension with Fry=P.= 1,

(2.23) Pon =20 |- FE[16y cos 40-F5B,— By-4-64{3—x) 8.

the radiad and transverse component of displacements are

n,-——l’n!\’(t-+--/.)/-m-:-1glc[15{f131u+-(-/.4-2)B.,—b'l"-..B,}
A{13 B, —9 B~ 131y = 51, cos 101/4804°

(2.23) ttg= UER[(150,4- 98— 138 -1513)) sin 407/120p3,

Case T, I we put 7y4{ec) == and 7Ta{o0)=—1" In (2.13)—{2.17)
and (2.20) -(2.22), by combining the results, we shall get the solution in
the state of pure shear and the resulte are as {ollows

()
I

(2.24)
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(2.26)  pyn=—"11s 05 204 2 16y cos A0-1-58,— 1 RO (3—2) 1 Oy,

M, = — Pa(l-£ =) ] cos 20012+ P3R5 2 Z)H,-i—()]_?,—[_;;' L
(2:27) LA I, S 0R— 5B =51, cos 407/480u%
t1g = [ IPaR( 1 +7)sin 201/20 4 PER[150,+ 98— 1557 +
{2.28)

-3 B,) sin 401712003

which has an absolute maximum | o) =41 at 0=0, 72, = 3=/2 in the

infinitesimal casc. . . - .
In the hoop-stross expressions, the first expression gives the hoop-
stross in infinitesimal case wind which s free from clastic constants. Figu-

res 1. 2 and 3 show the variation of hoop-stresses, radial and transverse
B ] Cho, : . ) )
components of displaccmet for different values of 0, treating FEMITH
(1=0. 1, 2} is unity for all cases.
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SKEW DIVISION BELTS
BY
DANUT MARCU

Let F obe a finite set with two operations , @ and . @, We say that
E is a skew drersion belt if the following propertics hold @ (a) (£, @} is an”
idempotent semigroup, () (£, @) is a group, {¢) for any v, v, €K v @(v@
@) =(r@1B(r®:) and (1 BHBry= @)D @ ).

We enll /£ a skew division belt by analogy with [1] where for a divi-
siont belt (£, @) is 4 commutative iderapotent cemigroup. The aim of this
work is to analvze such an algebra.

Let @ be the wwit element [1] of (£, @) and for every v et yle
e 17 he the inverse of vin {7, @). Let y € and y=v@ &. 1t follows that
VO P =1® SO F=x® @=y. Then I contains at least an element v siich
that v--@=y. Similarly, £ contains at least an ¢lement = for which
G@z=".

et F={vel: v@F=2} be and G={z=L: @ =2}

Theorem. (7, ®) anl (7, @) are wormal subgroups of (L, @) and Ir=
=F®(:.

Proof. Lot vy, v el From v @@=y, on right-multiplving by v,
we obtain (V@ v) @ ve=1,® v, whinee (1@ 1) F=[( @ D)@ \.!@ T =
=R V) ® F={11®))®r.=1® .. Hence v@r. sl Let u=|Lj
Obviously, v i=1""t for every ve&k.

Ii v<F then {bv the above proved property) 7' sF and therefore
vrek, Lot velloand ve Ll From @@ v we have 7@ IVRr=11®
QU IR =[(+T"@V)@+ '@ 1= "@r@ @, L. A\ IRVOYSE 18
Hence {7, ®) is a normal subgroup of (. ®). Similarlv. {(;, ®} is a normal
subgroup of (£, ®). Let vl Then viel, fe, v '@ @=1"" and therefore
on left-multiplying by v vields @@ v= . Similarlyv, if = =(;, then :@ =

. Henee if yeING, then 2@ @ =ry=@@y=§i. i, rmG={g!.
Sinee 27 and G are normal subgroups for cevery S and G [@G=0Qf
and g@F =F®yg hold. So there exist unique f&F and g ={ such that

(1) [@:=:@f and g®f =/ ®¢.
fot now esE and ve=e® @. Then veF. On the other hand v=(Z@e )@

@c¢ and @®et belongs to G, Therefore = (@D v EGRF or e—:\"®
RPBe) ' elF@G. Hence E=GRF=I®G. {Q.LD,).

Corollary (RA. Cuninghame-Green [13). Lhe onl v division
belt having a finile number of elements is the singleton division belt { @}



