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Proof. Indecd, ¢ gives rise to a H-map between the saturaled spaces
Y, X, ¢ YG) makes sense and is a fincly open set in Y. ]

Lemma 7.11. There exvists a base B for the natural topology on X,
such tha™ BX-U qud BYNe MU grpe balayages, YU =8.

Proof. The reasoning is entirely analogous to the proof of th. 3 from 71

Corollary 7.12. Lot S, 1 b steosidard  H-copes of functions on N, Y.

1 o: Y =X i a naturally condinuons H-map and satusfics ,
) (BN s)em BN (o)),
VsaS. [T €B, then olo-y) 15 a H-map from ${U) to Tle (L)) YU =,

Theorem 7.13. fLct S, T be standard H-cones of functions on X, Y, f

Lel oY =X e a naturall v condinions H-nup which satisfics (7). If T (resp.
T) is a natwral sheaf. then gy 15 o Hemap from $(U) to Tle {U)) (resp.
T HUY) for any naturally open 1

Proof. Let {Uy) be covering for {7, with L, =3. Let s =8(U). Hence
5 e 28(L7,). From cor. 7.2 we have sep o'y € Clo7 (L)) T being
a sheaf. it follows that scp =T '(U)). <

Remark. Sinee (BYN\Es)og € BV 16 (you) for any finely open G, it
suffices that (') holds only for a generator p&5.
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EXTENSION OF VECTOR AND GROUP-VALUED SUBMEASURES
BY

CLARA VESCANCUCHUTREAN and MITPAL CUCHUREANCZADP AN

The results of this paper are related to those rom L. Drewnowski's
article 4] and W. Herer's work [30. In [4] the auther obtains an rxten-
sion procedure for a scalar submeasure ; in [3] Herer gives an oxtension
method for a group-valued measurc.

In this article we define the concepts of vector submeasure and group-
valued submeasure, the last being obviously more general than the pre-
vious one. Using Drewnowski’s procedure, we give an extension procedure
for a vector submeasure (Theorem 1.2), and next, taking into account
Herer's method we obtain an extension method for a group-valued sub-
measure (Theorem 2.3}, In the last section we compare the two extension
methods described in Theorem 1.2 and Theorem 2.3 and we show that,
under certain conditions, the two theorems mentioned above lead to the
same exiending o-nng @, and the same extending vector submeasure v,
{sec FTheorem 3.2).

In the sequel we shalls generally. use the notations and terminology
from 4.

§L. Let (@, A, N) be aring of subsets of a fixed set X and V' a linear
space ordered Dy the relilion < induced by the convex cone I,

Definition 1.1, . s/ fuiction RN is subudditive 1f

(Iv) (D)=0;
(2v) (AUBY<(A) +{B) for all A, Be® with ANB— .

Definition 1.2. 1l'e call veclor submeasure a subadditive sel function -
defined on @ with values in P which satisfics the condition

(v ol o(B) for every A, Be® with A< B,

Example 1.1. Let m . >R, be a finite scalar submeasure and X a
linear ordered space with the positive cone £’ For every p=1 we define the
set function w,: @— £ by g {d)=m{1).p P, for evervy A= ®. It is ob-
vious that «, verifies the conditions (1v), {2v), (3v) so that =, is a vector
submeasure on 2.

Theorem 1.1. 1/ v is a veclor submcasure on @ then the family of classes
U, —={A=R(A)< p}, pEP. p#0 is u normal base of neighourhoods (ns.)
of & for a IFN-topology I'(w). (We refer to T'{#) as the IFréchet-Nikodyin
topology generated by v on @),
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to

Procf. Bagily follows {rom the definition of the normal base ol ns
al . o )

Lot N be a normed ovdered space such that the positive cone {7 1s
closcd and normal, . there exist 3= Re S 0 such that a3 v, for all
vy awith vg oy, o

Definition 1.3, .1 cector submocasire o s a-sabaldiice Uf for ceery se-
guence of mutuall v disjoind sels CE S wexC® with ) I, =@ suck that the se-

. : ] :

»n
" w

»
giueee§ X og(F)) is comvergend in 1L one has (U 1) < X ().
Rl h e n=l nel

To prove the foilowing theorem we shall nse L. Drewnowski's pro-

cedure from 74 taking info accommt the new siteation, the reasening from
4 imples important changes.

Theorem 1.2, Consider N o nurmcd  §pace which is a complete vector
lattice with the normal cone P, @ a ring of subsots of a fixed sel R and 4 : R —
= P an exhaustive (cxh) awd order-continuous {o.c.} veclor submeasure o5 ®.
Then there is o o-ring @, of subsets of K aw! an o, veclor submeasure 7
Ry so that the fellowing corditions held © a) RCR, and Ry= @ren
where V@ depoles the closure of @ i topelogy (z), b) 7@ =1, ¢) The o-ring
Ry is nudl-complete with respect fo v, d) 7 s the uniguc o.c. vector submeasure
on @, which verifies the condiiivn la), ¢) The e-ring Ry is the nidl-completion
of the o-ring & generaled by ®

Proof. Let us consider the class

(n @, {.4..-: O A =R 12, }

n 1

@, has the following properiies @ 1) @, is closed with respect to coun-
table unions and finite intersections. 2) I F e &, for every e @, and
Fe o 3) It bs casy to see that every clement from @, is gencrated by an
increasing scquence of sets ol @0

We define the set funetion % L= hy

(2) Y =sup o F) F S B, 1 a®@y for Fe®,
I 38, enis a gequence of sets of @ such that Iy B, owe have :
{(3) (==l ().

This relution (3) Is a consequence of the o- mniinuit\' of the vector

submeasuiv 7 Once can Hl ow that the seil Tunction r has the following pro-

perties @ 4) r.jfl’ —, 0 ) «, sutisfics the conditions (1v) , (2v), (3\); 6) ~r, 1s
s-subadditive n the sense of Definition 1.3 7) If I.,,/YI then w (5N Fa)N0

for n—w M v, 1s exh. on @, Indeed. Lot l',,},,e\- C Ry be a sequence of dis-

. . - - —k T
joint sets. IFor vach n#=N. we have /7= I" Ika@ Fic EE'. vneN.
k

By 7) 5(F> EEN0 for Lo and hf-.t-.i.!f-s TR EY 4on{ EE) also

e
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holds, But » is exh. and 2 is normal; ihus for each 2= 0 iliere exists
i, =N such that for cvery wzo,. |/}'l"__.;||-:_8 ?g! 5y 2, 3R 30
We obtain (when & — o) Hr( il o Jor every gz e, thatis ',::(F,,)-—‘ 0
for sr—o0. Y) 2 ts 0.¢c. omn Z,
Now we define the class @, and the set function 7 and we prove that
@, und § satisfy the conditions of the theorem, et us take

(4) @=L /ESR and E<i for some I/ =@} and

() T(E)y=inf (3(F)/FE e el for cach e,

- - =
Clearly, we have: (0} @ is a g-ving of scts 1 1) 75— 12) w is a
vector submeasure on @, Next we denote

(6)  Re=RL® where LT is the closure of @, in I'{7) tupalogy.

Since @, C R, we gel R, @ and then 7 is so much the more a vecter

submeasure on @,. :
_ Now let us verily the conditions a)—¢). 1t 1s obvious (for a)) that
PYMC @, Ta prove the converse inclusion consider €@, ; then there is
L,,J,,E\ C 2, such that q([.__,].,,)—»() for #-cc; morecover then for cach
TR N there 1s a sequence ,l.,,}‘e\ CR, EEAE, f01 k—co and therefore, by
DI (If,, EEPN0 for k—eo. Obviously there exists 3 =0 with [|5(£AER| <
= 8"r,(J’:-'_\.i’:,,)!li -84 5(1.,,_)! Bl But. for ecach =0 (for e.g. z==1/4-8) there is
i =N sueh that, I!'r(]:A]:,,)” < 1/k-8 for nzu,. Thus we oblain :
(I'AL,,) <kt 8'|r,(L,,AI.'ﬁ)'| for cach nzwn,. MHence, lor b -2 it
follows r(J"A!,,)—»(‘, e, Fepri,

Next, we obrerve that @ 13) 9@, is a ring of sets

In the sequel we shall use the following property :

(N (H I =, then there exists [ H b pex© @, such that F= H, for alln eN
and 5 H™ Y= 0 as n-soc. We can ceven choose a decreasing {H,}, exl,

14} From (7) it follows that : For I, <@, there are A, =@, such that
.=, .uu! UL L -0 as o s,

15) .1 s o.c. To prove this, let [l ), ex be a sequence from @, £, &
for w-—ee. It I, €, ¥Yu<sN, [rom [4) we get that there is H, 2@ such
that E,c H, and ({1, ) >0 for n-oo. Hence, for cach = =0 there exists
n, €N such that for every nzu, we can find H, €@, for \\'hich

(8)  IR(H ) <e/{2™8), with § defined below, Let /- ﬂ H,. Since

"

EN @ we have succesively

@l L] ¥ m
He o U (H,_.\ii‘,_)g( U (H, I:';))u U H,
woel . k=1 ke=po 1
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Thercfore, we infer the existence of 3 -0 with
~ o s
;, i) Hr,, st 3‘ n
el 1

1 (5}) ! H“]“

. s )
according to (8). But U H, M @ when p—oo and as 7 is o.c. we obtain
ne ]

BT S (TN E -8
1

EH

that ?,( ULDJ H,,] =), for p—co. hence H{H)=
n- ;sll

Then. because 7(H) =inf {7(F) /H € F, F & @}, for each p= I p#0

there is F =@, verifving H el and r(!) p. Consequently |iq{F) <8lipf <
/32, for =>0. Since [' @R, tlu re o\lsls Wb ex C®R with [, # F for n—

w0, From [, it results that -r(l".)s-r,(l) and thus
(9) AEN<BIREN =5 </s2=2]3. -
Because H,=®,, YreN there is a sequence {Ex}, enC R with Ey A H,
for k- ; according to 7 r,(H . EEYNO for k—oo. i.e, for each 2 >0 there
is k. =N such that -r,(H,, B <<f2882 for every kz k.
Next, let us remark that:

(10) ST AN Y PERSR (T FANY 1)

< =[5,

ot
Denote G, EX F, for each # €N. Obviously G, @ as u -0, Since 7, 15 0.¢.
and G, @ for 1 =N, it follows that
{11 #(G,) -0 when n—on,
We have Hp,o (H N ENUGLUF,: hence
o H) < 81 a( HNEM 3] 4(Ga)l +

for ull nzn, (according to (9), {10}, (11)) and thus lim 7(H,)=0.

But E,cH, forall n=N, so #HE,) <H(H,) and we conclude that
lim H(E,)=0 q.c.d.

% oh

-3 [(E)) <3,

Finallv, notc that 16) @, is a a-ring. Now, clearly wj®=v, and b) is
valid. )

If Fo k. E=®, and (E)=0. then we have F €®, and #(F)=0 as
in c).

For d). consider v be an o.c. vector submeasure on &, such that
v/®=+. One can nnnu.dlatcl\ see that [@,=1. Let now E belong to @,.
By virtue of ( ) there exists a decrmmmT sequence IH}ﬂE\C@ such th'lf

EcH, and 4(H,~ E)-0 for # 0. Therefore, the sequence{ (H ) aex 1S
decreasing and lim r,(H,,)—mf 'r,( H,)=n(E). Moreover, since y[R,=w, we
¥ nEN

n—rm

have +(E)=lim y{I1,).

H=* o

==
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To prove the uniquencss of v it is enough {o show that (/) -=lim ().
Horw

Indestly because <, for cach n&aN (f )<1un A, From '(H”\f jo=
inf{':,(H); H,) - ol He@]) it follows [}l‘lt for cach p= P, p#0 there

is (0, SR, with H X\ <G, and .ﬂ'((“'n)g%(}{u\};) (1) p g0 lim %(611}2'0
In view of inequalities: "o

v(H,)< q (HNE)+v(E)<g r,(G,,)-|—~_r(E) one gets him y(H)<y(L).
The null-completion of the g-ring &, generated by @, noted &' and
defined by

$'=ldck /A=BUT, B8, T=®; 5(1)=0},

coincides with @, and thercfore ¢) also holds.

§2. In this scction we introduce the notion of group-valued submea
sure and next we give an extension procedure for such a kind of set function.

A subset /¥ of an ordered 1dditivo group ( is called a full set if xy, 1, &
ek implies [x, v, S E([x, v]l={rv 26 g}

A topolog_x on an additive ordered group G, compatible with the
group structure, is called locallv full if the zero element has a base of full
ns. (see |3}

In what follows, by an ordered topelogical group, we shall mean an
ordered gioup cndowed with a locally full topology.

Theorem 2.1. Lot (GG, 4, <, =) be an ordered commuialive topological
group with G the closed cone of positive elements. Then, there exisls a base
of full and cicsed ns. of the zevo element in G endoived with the induced topology.

Proof. The proof of this theorem will be immediate if one takes into
account that G, is closed and the closure (with respect to the topology in-
duced on G} of a full #. of 0 in G, is a full sct.

Definition 2.1. Lef (R, A, N) be « ring of subsets of a fixed set R and G
an ordered commutative group. A set funclion n: R -G, 15 called a group-
valued submeasurc if 1t satisfics the conditions (1v), (2v), (3v) with their
meaning in G.

Remark 2.7. From now on & will be an ordered commutative topolo-
gical group and G. wiil be considered closed.

Definition 2.2. We sayv that a group-valued submeasure v : R-G, sa
tsfics the condition (C) if:

(C) Ior cvery dt""l’ casing sequense o) exT R with (M.l
llm Q(—"I") HEN

Furthor, @®, is the class of sets defined by (1), @ the class defined
by (4) and

(12) Ry {277 = N\ Zy, LR, n=1,2, ..}
n=1

2= (& onc has

In the following theorem we shall introduce a suitable topology on
the class @ structured as an commutative additive group_ with respect to
the symmetric difference of sets as addition : for @4, @ — R

2 —= Matematich 208
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UAD =4 AAB 4 edt and Bew).

fot : @-G, bea group-valued submeasure which satisfics the con
dition (C) and § a base of full and closed ns. for 0 €6, considered in G with
the induced topolegy {scc Remark 2.1 and Theorem 2.1).

Definition 2.3. For everv U= the class (M CRis defined as follows
(13) (T =@ if and ouly if there is an Ee@, such that T E and for A =72,
ASE once has {A)sl).

We shall use the notation :

(14) O =AU 0.

Theorem 2.2. (' is a buse of ns. of @ for a group lopology on @
Proof. According to (2] we have only to show that:
1 vag e, gel”; )
2° YaA*, @ e’ there cxists H' Q" such that W' CU'ND";
3¢ vt =0 there cxists @ =Q" such that @ A@C AL,

17 and 2° are immediate. We shall prove 37,

[.et @* be such that for the corresponding 17 €€ we have '+-1"c U
Consider now 7, Z=@" ; then there exist 17, 0= @, with T < E, Z< (¢ and
n(A)eV il cither AcE or A<SQ, A=®.

We have TAZ<c EUQ and EUQe®, Take A &®, A= EUQ. Since

E, Qe®, it lollows that £ = U 4. Q0= U By, ({Aduluens {Bujuex are in-
. ne] n=1

N=

creasing sequences from @), Thus, we obtain T,(:I):v,(:]ﬂ( lj (4 ,,UB,,))) =
]

—( (Am(.»l,,u!ﬁ,,))).

n=—1
We note that for a group-valued submeasure 4 which satisfics the
condition {C). the continuity on decreasing (increasing) sequences holds,

i.e,, for any decreasing (increasing) sequence {D,),exCR with D= N D,

LR |

efB(I)-- O D, e} one has lim (D) =7(D).

=1 o

Because ANA,cF, ANB.=( and 17 is a closed n. of 0,
g(A)glim (AN A) - lim 4(ANB,) = LS L

Finally, V41" < U implies that o(d) =07 (We recall that U is a
full set). B

Remark 2.2. The group topology on @ determined by " does not
depend on the choice of the basis @ (ns. of 0 in (- with the induced topo-
logy). This topology will be called the z-topology on @ (shortly 7-top ®@).

Proposition 2.1. The operations of union, diffcrence and inlersection
for the sets from R are uniformlv cowtinuous with respect to r-top R.

Remark 2.3. The trace of r-top @ on @ determines on @ a structure
of topological ring of sets (TRS).
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Theorem 2.3. Suppose that R is a ving of subsels of a fixed sct K and
Goan ordcrc.’:f_.lc‘ommz,r!ah'w, complete and separable T, fopol()"f'(:(ll aroup with
the rl._os:'d posmlve cone Go. Consider 4 a gron pvalued subme:?surc ?{r i z';m; on
R with values in G, satisfving condition (C)y exh. and wniformiy continnons
in g-top R. Then there is only one uniformiv continuons Zrout /-')—mhwd sub-
measure n, extending v to the a-ring @ {closure of 2 in +-top &’—).

Proof. By Prorosition 2.1 it follows immediately that @ is a ring of

sets. To show that @ is a o-ring. it is sufficient to prove that for any in-

I— i 7 d : :
creasing sequence {M, 1, enC @, n-lim A, = 11 )M, {#-lim denotes the Limit
. o W1

in 5-top Ry, This can be obtained as in the similar situation from |5
. !:;ncc the uniform gpace G is complete and 7, with respect to the
induced topology and # is uniformly continuous, the set function % can be
uniquely extended to an uniformly continuous function, » on @ according

- - - ] - j‘
to (2, chapter 2. It is not difficult to verifv that % 1s a group-valued sub-
measure on 2, ‘

§3. In the sequel, remarking that any vector submeasure is at the
same time a group-valued submeasure, we shall draw a paraliel between
the two extension methods deseribed in Theorems 1.2 and 2.3,

The main result of this paragraph is Theorem 3.1.

_ ‘I_,et X be)a normed space which is a complete vector lattice with the
pi(;?:tl\;: c;wlni1 ](‘}conslde\rcd to be normal. This last assumption and Propo-
siilon 1, § 1.4, Chapter VI from [31 assure that the A
cally full topology [ ¢ ¢ norm lopologv is a lo-

® is a ring of subsets of R with respec ic diff
] b subsets :Spect 1o sy ] re
interseato aps o espect 1o svmmeetric difference and

As thefel operations are uniformly continuous in v-top R (Proposition
2.1), 'ri-top ®Risar topology on @ (see 47, Part. I, §1).

E n fact, according to 10) from the proof of Theorem 1.2, @ is cven

o-Ting. Let 0 ®@— P be an exh. vector submeasure and assume the hyvpo-
th'es:s (‘L) '(Obvmusl'\' 7 will be o.c.). By means of the extension 7 of 'r,v ob-
tained in Theorem 1.2 we can define on @ the familv of classcs

(15) fi_{(j{-n".}rﬁ.i"
po0

;\'l;ere Q(.,,-.-{A €R . m(d)<p} for everv pe P, ps£0. This family: {Theorem
1) ct')rx;lstltutes a n(?rmal base of ns. of & for a I"N-topology denoted F(;,).
. beorem 3.1. The families of classes (' (see (14)) ant Q (see (13)) are
rmaP as.;s of us. o [ & fqr the same FN-topology on @.
. goéagach U =Q" is a normal subclass, that is: if Be®@ and there
i with Be A, then Be@’ Indeed, because 4 =dql", there is
e ..) Ee®_ such that 4 < E and for every W e®@ Uk 4 \=)U.
t_ :()_Qlt follows that B< F and consequently B e’ ‘
n-top & is a FN-topology. To ¢ thi a ot
1 1 3 logy. prove this, let " = Q. @* corre
Oan of @, U «Q. For this ' there exists 17 €0 such that ' (rr(iiﬁg)r;li:
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@* e, the n. of @ corresponding to I from above and _t_nk'é:._]-} 2@, Bs
<A e@”, Since every element of 7 is a normal cubelass and @ A7 we
get Bedt’, _ Coge
Further we shaw that =, —7-top @ colncides with 7.=17(7). .
e e Let @7 eQ" and Ve with "+ Ve, where [ &) is just
that ». with the help of which @ has been constructed. When there is p &
P, p#£0, p=l’, if we take U,=44/7(A)< p} then U, Indeed, let
Aedl,; for cvery ¢ € P, ¢#0 there is F @, with J <l such that :;(I) =
25(4) +¢ (due to the definition of 7. (5)). Bat HH)<HF), YH=®R, Ho I
(according to the definition of »?,“, (2)) hence (I} <a{d)+g, inequality
which is valid also for p choosen above, p=T17. But (A< p, so (1) <p-h
+peV 4T U, U being full it follows w(H)=U. Then A< " because
there cxists FF €@, such that 4 < and for any H=®, H<F, W H) belongs
to U. a8
If 1"—{0%,0ne has {A/7(4)=0}C @, for cvery p=P, p#£0. Let A<
S, for p <P, p£0 arbitrary and fixed. There is ' e®, with A cF such
that $(F) =%(A)+p. But (I1)<7(F) for any H=®, HSF so that 4(H)<
<p+p for all p=P, p#0, hence w(H)=0<TU. Thus, obviously A =@,
ot Lel (?{,,E-.ﬁ., Uy={u 0gugpy="n(p—") is a n. of 0 in
P endowed with the indueced topology and p < Uy, Since Q is a base of ns.
of 0 in P for the induced topology, there is U eQ, Uelh, i -7
\We have (4 C oA (G corresponding to 17 Q) ‘where of = {7 = Rthere
exists E =@, such that 7<FE and for every A e®, A<k, 5(A4)sU.}.
We shall prove that the family of coincides with the family of sets: B=
={T < R| there exists B=®,, I3 &@®,, T<B) B is nonvoid hecause & =3.

Clearly B s cf. Consider now 7 cf. This means that there is £= @ such - |

that T<E and for cvery A =@, AcE, n(4)«U,. Since E =®,, there is an

increasing scquence [E},exC® with E= U F,. We have FAE, = UT,;

#rl hmnd1

EAE,=®_ (according to the point 2} from the proof of Theorem 1.2) and:

“’ 5 , . ;
the sequcnce{ i El} is from ®@,, decreasing to . hence E,— £ and
nEN P g

k=n-1
then n{E,) —7(E) for n—o0. :
But E,cF, E,=@® for cach neN; thercfore H(E,)=x(L,) = U
vineN, i, 0<H(E,)<p. Conscquently H(E}<p, that is I = @, Moreover

Ee®, and Tcl, thus TeB. We conclude that of=3. Hence, we have "}

W C et =B, and thus for any @, there is an @' = Q" such that"_;
U AU, === implies that the traces of thesc topologies on @ coincide
and thus

ér‘-tnpp . f—é-f‘(;,')

I} EXTENSION OF VECTOR AND GROUP-VALUED SUBMEASURES 21

‘T.heorem 3.2. Suppose N is a complete veclor lattice which is al the
.wnufim.'e a complete normed space, iith the normal cone I Lel be @ a ring
Il- T y oy > ] it 3 ’ ; y ; b
of sihsels uf u f{.\uf‘s(! Ky awd o0 R 1w evh. wnd fermly condinzous veclor
submicasitre salisfving conditicn (Cy. Then . )

'feu ¢ f()l-” i (ET. {op P ””_tf E E‘I top A!-.

. . f 5 o e B e i
s shall denote this coclor submeasure by o Tu addition ¢, satisfics the con-
ditions ay—cy from Lheorem 1.2. ' '

T . A G ¥ -

(RTm and dtnutu,_ the s-ring. respectively the vector submeasure
from Theorem 1.2, and R PR and 7R the o-ring und the vector sub-
measure from Theorem 2.3 respectively). ' .

7y The hy o Thed 1fi
. Proof. Ih(, hypotheses of the Theorem 1.2 are verified, since v satis-

" “ . | " ¥ LY 1 H ] ™ N M b ; : ‘ 2
fies the condition (C), hence it is o.c. The assumptions of the Theorem 2.3
also hold, B
o I'he cone 7 being normal therc exists an X a lecally full topology.
Faking mto account that X is a vector lattice which is at the same time
a complete normed space we conclude that Y is a complcte and 1, ordered
commutaive topological group.

T Prap R D Sipyee 2wtep R | i

| B lhcglcm .3.1, RTE - pvtop B2 Singe " “PRis a uniformly con-
tinzous fun_u:tlon with respect to the trace on @, of the h-top GQ‘-, 'rT"‘“’P-?é
is also uniformly continuous with respect to the topology induced by
I'(h) on'GQ.,. I_J_Illtf()llm continuity of 7%*PX implies the o-continuity of 77 t©eR

o - 10 7
on %, Thus 4*%PE is an o.c. vector submeasure on 2, and according to d)
from Theorem 1.2 : e PR s \s isfi
s . one must have §*“PR—<y—v, Clearly, 7, satisfies the
conditions a)—e) of the Theorem 1.2.
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