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L. Dimension theory of topolegical spaces (woe refer o the Menger-
Urvsohn,  Brouwer-Cech  and  Cech-Lebesgue  dimensions — see [1]} is
an inconvenient tool for an investigation of the geometric properties of
metric spaces {in the Menger's statement — sec [2, Part 37). For example,
ind (/M(2)}=1Ind ("(2)})=dim ({"(2)}=2 for cvery p2 1, but. in the case p=1,
there exists an infinity of metric lines which contain the points (0, 0)
and {1.1).

The purposc of this paper is to introduce a new dimension for metric

spaces ; this dimension is an isometric invariant, but, generally, it is not a
homcomarphic invariant. The mcthod used was inspired by the technique
of introcluction of the dimension for vector spaces. So. in 2 we define the
metric bases and-we prove (sce the theorems | and 2) that. in certain con-
ditions, there exisi metric bases and every  two metric bases are equivalent.
In 3 we establish some sufficient conditions in order that the metric topo-
logy be generated by a metric base. We give also, some properties of the
finite dimensional metric spaces and  several examples.
3 2. Let (M. ¢} be a metric space ; for a finite set 4 =M and x <21,
‘wenote A(xv)={v:g(f, x)=p(t ¥) forevervis At Theset H{A)={r: A{x)=
={x}} is called the metric hull of 4. For an  infinite sct 4. the metric hull
of 4is:

H(d)={x: there exists B<. 1 with B {inite and v e H(B)}.

Assume that H(@)= . Hence H is an operator assigning to cvery set
A M aset HA)yc ]l ; v H(A) iff there exists Be 4, B finite, such that
for every vy there cxists 2= B with o(f, xy£a{l, v).
.. Wec omit the proof of the following casilv established,
© o Lemma 1. (i) A< H{A) for everv AcM: H(A =1,

(i) if 1B then H(A)c (D), B
(i) CH{AY=H(A) for cvery A S M, where A s the closure of A,
((1\')..: vf A is dense in M then H(d)=M,
) VHTAY = H(H(AY).

Y sty B

:‘ ! Examplc. Let *(2) be the plane R* with the norm || v [,={] v, "+
*;-_";!""2 e for every x={(xv, v,) €R% where p2 1 and let x,=(0,0), v,=
=(1,0) and z,=(0,1) be three points in K2 In 7(2) we have H{{xo, v )=

[x, vol={(x. 0): O I H{{v zo)) =[x, 5]1={(0, 2): 0gag1]).
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H({y0 zn}‘)'—{,.\'o- Zof H{{xy o zo})=‘{(a’ g): 0gag 1 or O<B< I} and
H(H{({x0 Vo, Zo}})=RE£H{{x0 Vo o) =H{{xe, Yo Zo}). In £ {2} we have
H{{vo, vol} = {(2, 0) @ R}, H{{xe, 20}}=1(0, %) re k! and [H{{ve Vo Zo})
R for every . we R H{fn, v)) 1s a straight line G{u, #) such that
e weEln, v).
A finite sot €M is called a wmclric independent scl il lor every (<.
t H(A-- 514, 1t is obvious that A={ is a metric indcpendent set, for
every { =M. An infinite set A is melrwe tndependent if for every finite sct
Beg ., B isa metric independent set.
A mietric independent set A with H(A)=21 is called a melric base,
Lemma 2. Let (M, p) be a metric space satisfying the condition :
() For every A M. v, yeM, ve HAU{Y)—H(A) if and only if
ye H(AU{xh)—H(A).
Then :
(1)  Forevery AcM, v, v H(A) we have v eH{AU{Y) f and only if
ve HAUG).
(2) xeH(d) if and only if H(d)=H{AU{x}).
Let A be a metric independent finile set; then

(3)  For every {: k=1, 2, ..n}sd we have N H(A—{4})=
k=1

=H{A—{,, ts..., 1}).
(4)  For everv x €)M there exists t €A such that x& H(d - {t}).
(5)  x&H{A) if and only if AUx} is a metric independent set.
_ Proof. (1), (2) and (5) follow directly from (). Let .{ be a metric
independent finite set. (3). Let f; s=.4 and ye(H(A—{HUH(4—{s}))—
— H(A—1t, sY); becausc .4 is metric independent s ff(A—{s}) =2 H (d—

ft, s}) and tEH(A—N2H(A-{, s}). But veH{Ad-{}}=H{{4d—

—{t, siUfs}), hence. from (1), s<H((d—{t, s})U{x]) and simifarly,
te H{(A—{t, syu{a}). Now, from (2), H{(A—{7, shu{s)=H(({-1—={ shu
U ufsh = H{(A—{)uiv)) = H(4 —{f}), hence t& H{A—{t}): but this
is a contradiction. Let {4, .., 0 sd; H{A—{EWNH(A—={L)NH(A—
) = (H(A— ()N H(A— () O — )N H A — () = H(A— {4, 1)
OVH{A—{ty, )= H((A—={t. )= U DNH((A—={t:}) = ) =H{{A—{})
~ft, L) =H(A {1, t, 1;}}). Now. (3) follows by induction. (4) follows
from (3).

Remarks. (1) 1f A4 @ then from (%) we have v =[1({v))
e M), I Cv ) #1 for evay ve . r -0 then H({al)={v}]
Clx, ry={y: p{v, ¥)=rt.
(2} H =[x} and y, z& H({x}). then [rom lema 2 (1) we have v H({x, z})
Hf z=H({x, v}): in /%2) this condition is cquivalent with : v belongs to
the straight line G(x, z) iff = belongs to the straight line G:{x. v). Hence,
the conditions (=%), (1)—(5) from lemma 2 have a geometric character.

Theorem 1. Lot (M, ) be a melric spuce salisfying the condition
(1) from Lemma 2. Then, for everv metric independend sci A there exists a melric
base Ay such that A= A,

iff ve
, where

=
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Proof. Let ol = .0 A isa melric independent set in A} <€ 1s a non-
cmpty family ordered by the relation =. For cach lincarly ordered subset
P cf there exists 4, UL such that -4 = A, for every 4 =.£. From the Zom
lemma. for every A4 =/ there exists a maximal clement A, €l such that
Az, Let o, bea maximal element in o and suppose that there c.,\:lsts
ve M H(AY: let 1= A,Ufv]. We shall show that ., Is a metric inde
pendent set. Let B be a finite subscet of 1, if B, then B is a metric
independent  set. We supposc now that veB; v&H{d)2H(B-—{x})
hence v FI{B—ixt). Now, let £& 5 {1} because B—{x} is a metric
independent sct we have that (& H(B- [t a}) and it is obvious that ve&
& JI(B—{t, v1). It follows hom & H{(B—{, vHu) and from the con-
dition (1) (lemma 2) that t& H((B—{t, WUl =H(B—{t}). Hence B
is o metric independent sct ; thereforc 4, is a metric independent set and
4, 4, But .1, 15 a maximal clement ; thisisa contradiction. Hence H{Ao) =

M so, Ay is a metric hase, -

Theorem 2. Let (M, ) be «  meiric spuacc salisfying the condition
(=-) from lemma 2. Then, everyv liwco metric bases are cardinal equivalent.

Proof. 1. Tet A, B, be two metric bases with tud, j=n< B, >
where 4 is the cardinal number of A. From lemma 2 (4), for every € Bs
there exists £, =4, such that x,& H{do—{t]). Let A,=(d,—{HEHUN]
from lemma 2 (5). A, is a metric independent set. But, vy, t & H{Aow—{t})
and v, &M= H{d,) = H({4.— {$,)U1,}). hence, from lemma 2 (1), & e H(4,).
From lemma 2 (2), A{A,)=H(A,U{l}) - H{AJUfn)=H(d)=31; hence

4, is a metric base. Let now 1, € B, [y} 1 because B, is a metric inde-
pendent set. x.€H{({x)=H(N{1~ {4 : (£ 10,)y=(from lemma 2 (3))==
SAVH(A 1)ttt Henee there exists ;€4 —{h} such. that
EHA, =Y et A== (A - LD U] Similarly, it follows that 4, 1sa
metric base. After n sleps we obtain a metric base A, ={¥, Yo .. % C
C B,. Let veB,—,; because B, is metric independent, it follows that
A.J{x] is a metric indcpendent set. Hence v H(A,)=2M: but this is a
contradiction. 1t follows that B, js a finite set and | B. < “o . Syvmmetrt-
cal, if supposc that | B, |<|-, we obtain a contradiction. Therefore
‘40 == },),n .

11. Let A, B, be two infinite metric bases:; for every red, s
= M=II(B,) there exists B, = B, with B, finitec and v=H(R,). let B'=
=U{R,: vedl and suppose that there exists v &R, B'. Then. from
v M= H(d,). there exists A, < 4 with A, finite and v & (). For every
NE, ve (B HBY : from Temuma 2 (2). it follows that (B =1I{B"U
Uy, Because .1, is o finite set, it follows that 71(B') H(B'UA) 2 HiL),
hence ve H(B'). Then there exists a finite set 7 such that veH(B").
It follows that B’ is not a metric independent set. But B B'c B, this
is a contradiction. Henee B,—B": it [ollows that B, < Ay - No=
=| A, . Similarlv. we obtain |, = B, L.

Let (A, g} be a mctric space which satisfies the condition (3} and
]C.t A, be a metric hase  the cardinal number ., is called the melric
dimension of (M. &) and we note dm (M0 &)= oy -
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3. Let (M, g} be a metric space and A= fet =, b the topology
gencrated by the family of mappings {e{t,.) 1 ¢ =} (=, is the coarsest topo-
logv in the class of all topologies on ..11' that make all o(/,.})'s continuous).
For everv/ie.l letd, ; Mx M =R, defined by d{x. y)=|g(f, v)—g(t ),
v, veM. Then {d, f=d)is a familv of pscudometrics on W the unifor-
mity generated by this family. @ . induce  the topology = If (L1 &)
is a separable metric s.ui)spzwo. of (M. g), then @, is pscudometiizable.

We get casily the following :

Lemma 3. For cvery A<M, i, U5,

If =, =%, we say that | gencrafes the metric topology of (M, o).

Coroltary 1. Jne ciery separable metyie space (M, s} here casls e M
such that | 4 <N, and A generales the melrie lopolog v

Theorem 3. Lef (M, &) be o findde compact melric space {ceery closed
and bownded Subsct of M is compact). If A< M and H(A) M ihew L1 generates
the topology of {M. g).

Proof. For every v &M, v =0let S{x, v)—{v:alv. v)=riand Sy, r)=
={v:p(y, V<r}. Because v €JI(1) there exists B={/, {y, .., L} = such

that ve/I(B). Lot I‘,,_kﬂ][S(!k- allee A)+1[Py—=S{ plly Y}=1(p)), pEN.

For every peN, 1, is a ncighbourbood of v in < We suppuse that for
every p&eN T, & 5(x, 7); hence there exists (G)pey =M — S{v 7} such
that a{t, x}—1{p<plle. x)<pllh. x)-E1p for every peN and k={1. 2,
o it {(W)pex 15 2 bounded set in the finite compact metric space (3L p).
Henee there exist va< M and (1, Jwey  a subsequence of {v,)pex such

that rj,m—: vy oand gl V) Upu=pllh 3,)<eln 3)+1p, for cvery
meN. If m—-+4oc we have a{fy, v)=s{fi. x5} for every h=1, 2, ., ». But
o S{x, #). hence v#v,. This is a contradiction (v & H(B)). Henee, there
exists p €N such that [7,=5(x, r}). Therefore ;=

Corollary 2. [n a finile vom pact melric space cvery mielric base gencrates
the metric topology.

et AcAf and o, M <M =R defined by o (v, v)= sup {d{+. v):
cted) for every v, vel. Then d s a pseudometric on and U =, =
=7,. where Q{,,| and @, are the uniformities induced by d and 5. We sav
that (M, 2} is ‘A~comp.,’-cis if (M, d,) is a complete pscudometric space.

Theorem 4. Let A be a finile sel which generates the metric lopology
of (M, @). Then (M, ¢) is a finitc compact metric space if and only if (M, o)
ts A-complele.

Proof. Suppose that (M, ) is a finite compact metric space and let
(¥a)eey be a dy - Cauchy sequence ; then (v, iex Is a bounded sequence,
hence there exist v, @37 and a subscquence (""'k)"e"' of (v)vex such that

- d
Tu, —pn,,. Now, .r,,—pb.r[, and because d,€ g, it follows that .1',,—'-;.\'.,.

Conversely, if A==[t, 1, .. 4} and (M, ) is A-complete then the
mapping ¢ : M — K" defined by @(v) =(p(t; x), o plte, ¥)) for every x e M,
is an uniformly continuous one-to-one mapping (d (v, v)<|| elx)—e(y) I
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Vr:,-d_,(_r, vy for every i, v = Y, where the norm | -] on R is the usual one).

Because (M, p} is A-complete, (M) is complete in R”, hence o(M)=o(3).
Let K be a p — bounded set in M ; then K is d, — hounded. It follows

that o(K)= (M) is compact in R". Hence K is compact in (M, 4,). But
T4=7%a, =7, hence R is compact in (M. 3). Therefore {M. g) is (inite
compact.

Exvamples. (1) Let (M, o) =(R", |"],)=1?(n), where | v [,=(X| v, #)"?

[k

for everv v--(xy, s .., ). Then, for 1opo oo every set olg of w41
points which do not belong to the same hyperplance is a metric base ; because
(M. ) is a finite compact metric space, 1, generates the metric topology
of R",

(2} In () and 7* {(#) no bounded sct generates the metric lopology
hence every metric base is unbounded and, because these spaces are sepa-
rable, it follows that dm (/*(n))—= dm (= (n))=N,.

(3) If ¢ is the discrete metric on a finite set 3/ then a set A generates
the metric topology iff | M- <t everv set A M with | M—4 =11is
a metric base, hence dm (M, ¢)= M -1
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