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A NOTE ON SINHA’S MIXED TOPOLOGY FOR A FUNCTION SPACE
BY
M.N, MUKHERJEE

In (27 D. Sinha introduced and studied anew concept of mixed topo-
logy for a bitopological function space. Somc theorems were proved there,
which offer certain relations among the different well known topologies
on a function space and the mixcd topology, constructed out of these topo-
logics. :
The purpose of thisnote is to prove two results by virtue of which literally
all the theorems deduced in [2] will follow as immediate consequences.The
results proved here, not only reduce the longer and sometimes complicated
proof of the theorems in [2], but also offer a considerable insight into the
concept of mixed topology for a function space. We shall follow the nota-
tions and terminologics of [27 and refer Kellev [1] for relevant details
of the known results of function spaces.

In 2 the definition of mixed topology was given as follows :

- Definition 1. Zeot K and F be topological spaces and ZC FE be endowed
&ith the compact open topology Coand the point open topology D . Consider the
bitopological space (Z, €, P). Let &t be the family of all D-conpact sets. Consi-
der the subspace (A, €) for cach A€cd. Let = be the finest topology on Z
such that each inclusion map i,: ACZ is continuous for A<at. Then < is
called the mixed topclogy cn Z.

Theorem 2, /f = is the mixed topelogy for the bilopological space
(2, €, Dy then PCeCr.

Preof. Let V=€, Then for cach P-compact set A we have iz(V)=
ANV to be € ;-open. Since the mixed topology = is the finest topology such,
that the identity map 4,: (4, €,)—(Z, t)_is continuous for cach 4 s,
it now follows that ¥ < and hence €C <. P C€ is a known result (see [1).

Theorem 3. [f = is the mixed topology for (Z, @, DY then € ==, for
all Aedt.

Proof. Suppose B(C A) be a =, opcn set. Then there is a t-open set I'
such that B=FNA. Since i7(F)=FMA=B and since 7,: (4, €,)~+{Z, 7)
is continuous it follows that B is € ;-open. Then =,C € . But by Theorem 2,
€,C %4 Hence € =+ .

We are now in a position to deduce all the theorems in [27 as imme-
diate corollaries to the above two thcorems.

We sce that if £ is Hausdor{f, then (Z, 2] is also so (see [17). Then
(Z, =) is Hausdorff by Theorem 2 =0 that Theorem 3-1 of [2 is proved.
Under the conditions of Theorem 3.2 of [2_ we have (£, €) to be regular
1] and hence (A, € ) is regular. Then by Theorem 3 above, Theorem 3.2
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of 27 follows. As to Theorem 3.3 of {21 we notice that @ is Hausdorff,
since £ is Hausdorff. Hence A scd=. is P-closed=4 is €-closed (since
PCOy=(1, €) is Ty since (£, @) ix Ti=(d. =) is T\, by Theorem 3.
This proves Theorem 3.3 of [2.

Now if /. is compact then FF is compact and hence (Z, P)is compact
{see |17). That is, # =cf and henee ==€ on Z by Theorem 3 and this esta-
blishes Theorem 3.4 of [2]. Here we remark that the condition ,F is com-

pact” of Theorem 3.4 (2 could have been replaced by L. Z({x) is compact
in K, for all v £,

Again, the hypotheses of Theorem 3.5 of {2] imply that € is a topo-
logy of joint continuity and those of Theorem 3.6 of {27 are sufficient for €
to be joinuy continucus on compacta (see [1]). Now since €C < both the
theorems trivially follow. Now, we¢ know that if Z is an cvenly continuous
family of functions on a topological space £ to a topological space F
then both the topologics 7 and € on Z are jointly continuous and also if Z
is an equicontinuous family then (Z, @} is jointly continuous [17. Now
since €, P C + we obtain Theorems 3.7 and 3.8 of 2] at once,

In § 4. of (2 topology of uniform convergence is discussed. Here a
family Z of functions on a topological space £ to a uniform space (F, @)
has been taken and (%) has been taken to denote the topology of uniform
convergence where @ is the uniformity of uniform convergence. v has
been used to stand for the mixed topology on Z, constructed from =(7%)
and P for the bitopological space (Z, 7(4), P) exactly in the same way
as done in Definition |. Now, proceeding similarly as in Theerems 2 and 3
we have =("%)C < and the topologies =() and = coincide on every P-com-
pact subsef, .

Now we know that if cach member of Z is continuous then (%)
15 jointly. continuous (see 1), Since =(%)C = we obtain Theorem 4.1 of
[2]. Finally, from the hypothescs of Theorem 4.2 of [2] we immediately
have «(7€)/R)=E€ (sce [1]). Since the topologies = and =(%;®) are identical
on every P-compact subsct 4 of Z, we have at once ,~=€ , which is Theorem
4.20f [2°. We further note here that from the conditions assumied in Theorem
4.2 of [2] it is evident that = is jointly continuous on compacta if £ is Haus-
dorff or regular. In fact, here =(%(/®) =€ and the members of Z are continuous
on compact subscts, of E. Hence € is jointly continuous on compacta [1 .
Since € ==«(/R)C =, + is also jointly continuous on compacta.
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SYSTEMES D’'EQUATIONS AUX DERIVEES PARTIELLES
ANALYTIQUES DANS DES ESPACES DE BANACH

PAR
1O ONCITTLSCH

Dans [4, 37 A, Haimovici a ¢tudié Pexistence d'une intégrale
analvtique pour des svstémes d'équations aux dérivées particlles avant
la forme
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En partant des résultats obtenus dans ces travaux. nous ¢tudions un
systeme qui généralise dans des espaces de Banach, le systéme (a). A ce but
on utilise la dérivée de Fréchet et ka notion de fonction analytique intro-
duite A I'aide des polyndwmes homogines dont nous’ rappelons la défini-
tion bri¢cvement dans I.

1. Fonctions analytiques dans des espaces de Banach, Définition 1.
Seit X,..... N des espaees lindaires normes of Y un espace de  Banach sur
fe méme vorps ' (K o C). Une fonction P, i { vy oo 33) de frnde sur Xyx ..ox
Xy a wvalenrs dans Y, est par difinition un polvadme homogine Jde degré

oty e Xy, dy, ot Xy $TT existe wne fonction dyf T -Hndaire, My .1"“_....,

e XY dd finde sur XD N of dwaleurs dans Y, symétrigue dans

“des variables (af ol o L *Y respectivement de manicre que
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La fonction 4 c¢st appelée la forme polaire” du polynéme.

Nous allons noter par 0 les zéros des espaces qui vont apparaitre
par la suite. :

Proposition, L forme polaive dun  polvudme  homogéne I)":""'r
es-t unigite. St le polvnéme P‘r'"l- esl conting en DX, x .. xX,, alors la
forne polaire I st continne en O «’—_‘Xl":x... % X}:r i, 6.



