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Now a suitable applcation of theorem 4.1, provides an upper estimate on
Artragy, 1) in terms of known functions which 1s
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Simitarly. corollary 4.2 provides
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GLOBAL SUFFICIENT OPTIMALITY CONDITIONS FOR A
FAMILY OF NON-CONVEX OPTIMIZATION PROBLEMS

BY
TEODOR PRECUPANU

§0. In this paper we shall be concerned with the following family of
optimization problems '

(Py) min {f(V)—g(dv—1); xeXl, yey,
where X, ¥ are two separated hnear topological spaces, o N =Y is a linear
comtinuous operator and f: XN —]-—co, 0], ¢: Y >5[ —0o, o[ are two proper
extended real-valued functions, ie. dom f={v =X ; flx} ool £
dom g={veEY  ¢(v)>—wlxd. . ' ,

It is well known that in the convex case some optimality or duality
propertics are expresed in terms of the following set ]

(0.1) H={{Axv—ny, flx)—g{v}d+r) =V <R

——g—

v e dom fooveE domog r 200

e

In an carlier paper [10], we have established the following two results :

Theorem 0.1, The prolilems (), ey huve solutions whenever val Py —o0
and the velue function v val Py, veY, is lower-semicontinuons on Y 1f
and ondy £ f the st I oas closed i Y K.

Theorem 0.2. 1f 1) has the finite value al least un element v Y, then
the family (D), ey s dually stable on Y (i.c. min Py=sup D # —z0 for all
YEY) if and only if the set I js convex and closed”

We recall that the dual by conjugacy of Fenchel tvpe [1]of Py,
denoted by D, is as follows ' .

(1) may {g" (V) —f" (A7) = (v ),
yrel*
where /15 the (convex-) conjugate of fand g* is the {concave-) conjugate
of g. These two results can be regard as refinementsof Levine-Po n? ¢-
rol's result from the convex case [12]. Thus, by Theorem 0.1 we can obtain
various sufficient optimality conditions, which assure the lower-semicon-
tinuity of value functivn using eriteria for the closedness of the set . Tt
n addition the set Jf is convex. different sulficient stability conditions are
obtained. In this line, several main results derived from sufficient closedness

rey,

conditions of [/ was given by J. I Dedicu [4, U, Dicter [5],
I\'y Fan [7.W. Krabs [8./9, K. Kretschmer [I10, P, Le-
¥ine _[: Ch Pomecrol 01, 12, T. Nakamura-M. Ya-
i Mmasaki 13, R Nozawa [14L J. Poenstein (153, T. Pre-
: Cupanu [I7, C. Raffin 18, M. Yamasaki 20, C. Za-

dincscu [211 In the linear case, .

Nakamura-M, Yamasaki
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137 remark that the set # can be considered in several wavs as a difference
of two sets and thus applving Dieundonné's cdtetion [67 they obtain
various suflicient conditions for closedness of 1

The present paper is a continuation of vur work T16] its aim being
io extend some results established by T, Nakamura-M, Yama-
saki [137]in the lincar case 1o the case of problems (1), (generally non-
convex) of Fenchel-Rockafellar type [19]. This is done using
Dedicus generalization of Diecudonne’s citerion [3. In §1 we
give some 1esnlts derived {from [3 1 and with their aid we ohtain o §2 some
cafficient conditions for the global optimaliy of the family (), ey and
at same time, for the lower-semicontinuity of the value function. The special
case of the positively homogencons funetions 13 considered in §3.

§1. J. Dediecu (3 gives a sufficient condition for the clasedness
of the imaze of @ closed st by a muliivaleud mapping replacing the usual
fucal compaciness condition from the cemvex case by the stronger condition
of the asvmptotical compactness. In the following we point out some special
results concerning the closedness of the difference of two sets.

Definition L. 4. For a groen set K, the st Ko defined by

(1.1) K.—=N00 <K
e 0

i called the recession (asymplotic) cone of K.

Kemark I The set K. is a cone consisting (rom all limits of the convergent
nets of the form (2,v,),er, where (2} erts anet of positive numbers convergent
to zero and (V);er 15 2 net of elements of N.Ii the set A is convex we obtain
the usual coneept of the recession cone introduced by G Choquet [21.

Definition 2 (31, A set K is called asvnptotically compact if there exyist
ey -0 and a neishborhood V., of the origin such that (10, =g Ky 1V s relatively
com pact,

Remark 2. A closed cunvex st or a elosed cone is asvmpiotically com-
pact if and only if is locally compact. Also, if K 1s closid and asymptotically
compact then K and K., are locally compact, but the converse is false [37.

Theorem 1.1. 7 et Xy, X be tio sepavated Unear topological s paces and let
T be a positicelv homoreneous operator e fined on o cone of Xy into Xo Let
BC X, CONXNLbe too dosed sets suech that con BC dom 1 anld the restrictions
of T to con B is cortinuous. If
(1.2) B.NT YCo)=1{0!
and B is asvmplotically compact, then T(R)—C us Jdosed

Froof. Since 13 is asvinptotically compact there exist g,>0 and 2
circled open neighborhood 17, of the origin of N, such that the set By=
— (00, g, BNy is relatively compr et Let (8,~¢.); ¢, be a net of clements of
L{B)—C which converges to an cl=meni ¥, = X. Without loss uf generality
we can suppose that 4,20 for all fed. For each re/ there exist positive
numbers 7 =0 such that W, = 17 sinee 1y s absorbent, Let us 2p=min ({2, U
LI 200 and 226, V0. Tt s clear that 0-3,<¢, and 2.0, a1, for all
i€ 1. Therefore (1,5), e, By, Stiee Sy isrelatively compaet and (2, is bounded,
we can consider that (7.,0,);e; is convergent 1o an element by .\, and (24) is
convergent 1o a number 2,0 (taking a subnet). We elaim that 3,#0. To
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prove this, we obgerve that if 2,=0, there exists 7o ¢f such that 7, <=,
fur all 1>1,. Thus

(1.3) 2abid IV for all 700,

O the other hand, (#,(7Th,—c ), e; being convergent to zero and {2,6.). ¢,
being convergent (o bo = Do v continuity of 1 3rp it Tollows that (2. 70), e,
converges to Thy Therefore (riciier 15 also convergent to an chementof €., e

oo BOT7HCL) By (1.2) 1t follows by=0 which contradicts the property
(1.3). Thus 20 and then (I,es is convargent to 1fra o= I and (T(0,))ier
comvergent to :ln_f:l(_-lm.'nl of T8, Also, {¢;) is convergent to an clement of
the closed set C. Finally, we obtain that v, < T(D) — C, oo T(B)—C is closed.

Corollary 1. Lot T und B be as in Theorom 1.1, 1f
(11) Do ker T= {0;.
then T(R)Y Is closed. If in adifition 13 is « locallyv compact cone then F(B) is
also [ocally compact conc (howce so much the more is closed).

Proof. The first part of statemont follows taking C-— {0}, For the sccond
part of corollary we recall that a cone is locally compact if and only if it
is i':[(‘lll.‘l';l!t:(] by a compact set which does not contam the origin, Thus, if
B-con A, where K is compact and 04 K, then 758= con TR, where TR
is rompact and 0= 1K (according to condition (1.4} for B.=215).

Corollary 2. Lot B, € be tico clused scts such that
(1.5) B-NC.={0].

If B or Cis asymptotically com pact thew thetr difference is also closed.

Proof. Let us consider 77 as identity operater.

Remark 3. Theorem 1.1 can be obtained from the gencral result of
J.- Dedicu announced in {3]. At the same timie it is an extension of
the result of T Nakamura-M Yamasaki [137 used in the prool
of several suflicient conditions for duality theorems in infinite lincar pro
gramming problems. Also it is casy o observe that the proof of Theorem
1.1 rest valid if Bo dom 77 and the following two weaker propertics hold
{1.6) 1f (0T B, (YO, such that b, —b, Thi—c v, then Th—vy=C,

(L7} of (0)CR, ()T, 0T Ry such that 2 (Th—c,) -0, Wb, -+l

and 3,0, then by=0,

It iz clear thai the properiv (1.6) is equivalent to the clnsedness of the graph
of the 1}11111ivulucd function v>7Tv—C, vell, m N, xX., while the sccond
propertics (1.7) replaces the asymptotical separation property (1.2).

§2. Itis easy to sce that the set I associated to the {family of problems
(Pyyer can be written as o difference of two sets in the following four ways
(2.1) H=1"—NY' i=1,2,3,4,

where

(2.1) “Ilz{(r‘l.l'_._f'l.\')— vy; xe dom f,r2 0}, N'={(v,g(y})}; y= dom gl
(2.1:) Me=={(Ax, f(x)); v domfl, Ne={(v, g(v)—s); ve= domg, 520,
(215 A7 afr, Nz N2,

(2.1,) M =f4x—1, fx)—g(v)) ;v dom [, y&€ dom g}, M= {0} x R _.

If fand garcarbitrary functions the above sets can be non-closed and
fon-convex {except N' which is a4 closed cunvex conc),
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et us consider-the operators Iy dom fo}Y 2R, d: XN xRaY =R,
defined by

(2.2) 1Ay =(4x f(x)). v domf,

(2.3 .'T( vy a)={dy, ) (voupe XN R
Then we have

(2.4) Mr=T(epi )= A dom f)4-{0) < K,

(2.5) .1f2::.T(g1':t1)}1 [y= A {dom f).

Sinee the set Vs a locally compact cone (henee is closed and asvmpto-
ticailv compact) combining Corollary 2 with Theorems 0.1 and 0.2 we obtain
Theorem 2.1. Suppose that [ and o have the following properiy .

(cy) i (v)eer© dom f, {(v)erC domn g, 2, 0, 2, -0,
Ri( v a) =0 il 2 f{a)— g v = €0 then de—10.

1f M s closed then (1) have solutions schonerer val Pyt —we 1f M,
is also convex and (10 hus o finite value, then the fanly (Py)yer 15 duaily
stable.

Tndeed, it is sufficient 1o obscrve that MO0 - K )=1(0, 0)} if and
onlyv if (v,) holds.

Now, we can give sufficient conditions in erder that W' be clesed
applying again Corollary 2 hecause MA2:— N To use Corollary 2 for the
decompositions (2.1,.5) we observe that the condition (1.3) mayv be expressed
with the aid of the recession frunctions (v convex and concave type respecti-
velv) defined as

(2.6) fo(x)== sup lim in{_inl 2fu/n), v&.X,
gx0 tox O rgz

(2.7) fe{v)= inf lim sup sup pg(efu), y=1.
=0 vy 0 p=s

Both functions arc positively homogencous. Also, f. is lower semi
continuous and g. is upper-semicontinuous. The {following cqualities are
well known

{2.8) (ept 1. —upife. (hypo g)= = hvyio g..

According to Remark [, we obtain that the condition MLV, ={0}
is equivalent to the condition (¢} i— 1,2, 3 where

(c.) if Au, =g v—xa and boo# lim 2y flae2y - roy==lim g (vefieas
where hay wi =0, £,20, 75 p=>0 then yo=0 wind iim wig{ vifsey =0,
(c;) 1f Awi—yoe don oo 2, =0, 1o o0 and —re 2 lime X S dn)<g=(00),
then va=—0 wd 1w 2y f{ief2) ==,

(cs) if Adui,—yas domg.. 2,0, 2,=0 and —oc# line 2 [ fat 1) 7 1€ e { Vo) ;

where 20, then va==0 wd Jin 2 [fafrd)-+r1=0.
Tf A is the identity operator, the above three conditions are equivalent
and can be expressed as
(€) if folV)€g.(1) with v = dom fa dom g., then v=0.

|
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Theorem 2.2. The problems (P}, ey have solubions whenever val Iy# —ox
wind the waue frnclion is lower-semicontinuous i f one of the following conditions
fioddds

() A and graph ¢ are clused. the condition (c,) s ful filled amd MY or
araph gods asymploticall v conpait
' (1) g Is upper-scmicontinuons. hypo ¢ is asymploticall v com pact and

(1) AL is closcd and (¢2) @5 ful filled, or )
(2) Al is closed and (c5) 15 ful filled,
(i11) & 15 upper-scnzicorntinions wid
(1) M= s closed and asym pioticall y coi pact und (eo) 1s ful filled, or
(2) M is closed asymptetically com pact and (2} 15 ful fillod. ,

Eemark 4. 1f a function is bounded from below {above) and its graph
is clesced, then it is lower (upper)-semicontinuous, On the other hand, if
hvpograph or cpigraph of a function is asvinptotically compact then its
eraph is also asvmptotically compact. In particular, if A'is asvmptotically
compact it Jollows N is asvmptoticaliy compaet. Also, if dow g 55 asy mpio-
ticaliv compact, then graph g and hypo g are asvmptotieally compact.

§3. In the special case of positively homogencous (unctions all sets
A N are cones (with vertex at origin). Because of K, =N, il N is a closed
cope. and fo==flg, =g), il f{g} is lower (upper}-semicontinuous and positively
homugencous, the results of §2 hecome more simple,

et us suppose in the following that
(1) f and — g are posittvely honmogcncous lower-senticortinunns Junctions,

In this case we have f. == f and go=g. Thus, if the sets 1 and N are
closed then the coercivity conditions {¢), i=1. 2, 3, 4, and (¢) may be replaced

} Ax), then Ax=0,

) f f()gglAx), then Axv=0 and f{x)=0.
Y (f fx)sg(Aw), thew f(x)y=2(x),
) )<

\

gli), then v=1,

!
(e day if v ker A,
N F() =glidx) for all v € ker o () ker f.
Foyze(dx) for all x X, :
) Jlay e} for all v € XN\ {0}
According to relations 2.1,_.) several sufficient conditions for closedness
of If van he derived from Corellary 2.
¢ Theorera 3.1, The set I is clvsed if one of the following thrce conditions

15 fulfullcd

(1) () and onc of the cones MY or Nt is locally compact and the other 15

closced,
(e7) (cB) and
(1} hvpo g is locally compact and MY (or M%) is closed, or
(2;,) Meor M s lecally com puct,

(766) (§) and M* is closed.
Since the operators A, and A are positively homogencous using Corol-
lary 1 we can obtain sufficient conditions in order that M Le closed or localiy

compact, For this we vonsider the following stronger cocreivity condition
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(t9) f()sgldxy) implics +=0.

It is clear that (T9) is just {co) if g is replaced by god.

Theorem 3.2. /[ the condition (35) holds, then cach of the following con-
ditions is sufficient for clesediess of I

() epi f (or hypo god) is locally compact,

(i7) graph [ {or graph go.l} is locally compact,

(i17) dom [ (or dom god) s lucally compact.

Proof. (1) Consider 7'=.1 end E=cpi fin Corcllary 1. It is clear that
(%) and epi fNkerd — {(0, 0)] is cguivalent to ((§). Since graph A is closed
and epi fis locally compact it follows that 3" is locally compact. By Theorem
3.1 (i) we obtain that If is closed. To prove the sufficiency of conditions
(i7) and (7if) we observe that (i) —(i7) and (1) -+ (7). Indeed, opi f=graph
[0} = R and graph f -/, (dom [}, where [, is the operator associated
by (2.2) to the identity operator. Now, we apply Corellaries 2 and 1. The
symmetrical form of Theorem follows replacing f, ¢ v —god, —f respecs
tively.

Remark 5. According to Remark 3 the result can be extended if A
is a positively homogencous operator with closed graph.

Remark 6. If in addition the sct f is convex, from Theorems 2.1, 2.2,
3.1 one can obtain sufficient conditions for dual stability. In particular.
if
(3.1) [l = <09 =+1{x), gy)=—Ty),

where P and Q are two closed convex cones and /5 is the indicator function
of the set I, we obtain the sufficient conditions for stability in infinite linear
programming problems. Several results of this type are given by T. Na-
kamura-M. Yamasaky [13. In fact, the proofs of the results
of our paper are based on an idea of this authors via theresultof J. Dedicu
for non-convex case. In the special case above mentioned the conditions
(¢3) become the conditions () from (137, Other results of stability for lincar
case with the aid of the locally compactity were established by Ky Fan
7,0, Diceter 3, W, Krabs 8, K. Ki ctschmer [10.

Theorem 3.1 mav be extended to the non-homogeneous case under
analogous conditions for the recession functions taking into account Remark 2.
Also, the conditions of local compactness {or asymptotical compactness)
may be assured by the following dual interiority conditions : the polar has
a non-void interior with respect to Mackey topology.

In the neat we consider the following homogencous program

(P,) min a(1)
subject v v=EP, ey,

where ¢ ; N = —x., +—x[is a positively homogeneous lower-semicontinuous
function, 1 : X =Y is a lincor conlinuous operator, ¥, 18 a fixed element
of Y and PCX, QC Y are closed cones. This minimization problem is of Py,

type for
f=a+lp, g==1,

GLOBAL SUFFIC'ENT OPTIMALITY CONDITIONS a7

and o, as dual problem we linve
() max v
subjeel o v &0 AT S Ca p {03,
where fap(t) is the subdiffereniial of @ at origin with respect to 0, 1.e.
cap(0) =1 e N7 {) g a(n), forall ve= 0
I a7 ar i clear thar  Gap{0)at I
where P?is the polar of the cone P,
Also, we have
(3.2) Ho{(Av—x, a(x)+r) o ve IO dom el y=0, r2 0}
The coercivity conditions (¢,). 1= 1.4, hecomne

(H) of v PN ) and (a{a)<0, thon da 0,
(H.)y = ({1 of x= 'OVl O) and a(3 €0, then Ay =0 and a(x) -0,
(g of ve POy and a(xjg0, ther a{v)= 0,

From Theorem 3.1 we obtain the [ollowing result.

Theorem 3.3, [he homogencous programs (1Y), ey hove solulions for
ceerv v Y such that val 'yt —x and the valuc fenction v—val P, veY,
is lnwer-scmicentinuous on Y i f onc of the foliowing conditions holds

(r)y 2 as dncally compact and
(1Y (Hy) s fad filled and A (cph alp) is closed or
(2) (H,) is fud fitled and A0 dom o) 05 dosed.

(e8) (#y) ds fulfilled and A (cpi aly) s locally compact,

() (M) is fulfilled and A (POdom a) £s locally com paci

(re) (M) is fulfilled amd A, (P'Mdom @) —0 w0 R 1 locally com pact.

DProaf. Tt is sulficient to observe that
M=M=y a() ) vePAdom a, rz07=A(ept «fp). where dfp is
the restriction of a to the cone P
Mo (v a(x) 0 v e PNdom al = A{graph af p)=1,(IM dom a), where A,
is defined by (2.2).

N 0t NN R, N[0l R, A=3-.N=

The Iocal compactness which appeer m conditions {fi—w) can be
derived frem Corellary 1. Ju this mav, the cocrcivity conditions (1, —11,)
are replaced by the follewing stronger conditions

sy i = PO and a(x)< 0 then v -0,
which is analogous to the condition (7).

Thus, i the eondition (115} is fulfiled we also obdain the following
thiee sufficient conditions.

(z) 'ty don a is locall v compact and graph a p 15 closcd 1n Py dom a,

{v7) graph alp s locally compact.

(wif) epial, 18 locally compact.,

Ifa =X the conditions of this Gipe ave givenm (137 Infactif aisa
convex positively homogencous function the above results can be also derived

fron{. 133 since the problem (£,) is equivalent to the following problem
on XN R
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min A

Subject to (v, 2)= cpla, vel’, dvey4Q.

But this prablem is {incar and its constraints (ep ) RY wd ()
are obviously convex closed cones in X R and ¥ respectively.

REFERENCES

L Barbu V. and Precupanu T. — Coneerity and Optimization o Banach Spaces
Tublishing Houwse of Romnamian Academny and stjtheff Noowdheof. 1978
,Choqguet, G Frcombics of conee faiblement complets, C R, Acad. Sai. Paris t, 254 {19C2],
p. 1908 —1u40
3, Idediew, JP Critcies de foometiore poier Uimage dun foomd non cenvene par it maelti-
appdication R Avad. Sci. Paris 287 (1978), p. 941 —943
1 Dedicu, ]P0 = Cone asymptete dan citsemble non conveae. Apphcation & Uoptimisate.
¢ R.oAcad, Sl Paris, to 285 11077), p. 501 =503
3 Dreter U, —(timierigsanfeobon o fopolegizehon Viktoyydumon. T Duelitdtsihceric,
7 Warsscheinlichkeitsthoarie Verw - Gebiete 5 (1900), p. 89— 117
b Dicudonné, J. - Surlo ofparalicn des ensombles conicxes. Math, Ann. 1653 (1966), p
-3
Fan, Ky — Asgmptotic estes qind dralily of Lincar relatiens. J. Appiex. Theay 2 19647,
p. 152 — 134
& Krabs, W, — Zur Dwaldddtetheos e ber Ineay {ftimicring froblem in halbgeordneton Ve
fopragomon. Matlu Z0 121 (1971, p. 520—328
0 Krabs, W, —(plinuzation and afprevimatien, John Wiley & Sons, 1979
W Kretlschmer, K. — Progranoncs i1 patred spaces, Canacl. I Aath. 16 (1961}, p. 22—
238
1. Levine 1% oand Pomerol, J. Ch. — C-closed mappiigs and Kuhun-Tucker veclors in
coniex prograpuning. CORE D P e, 7620, Uy, Catholigue de Louvain. 1970
I Levine 1" and Pomerol J. Cho — Sufficicnt condilions Ser Nulin-Tiucker vedders o
cenvex prograpmmg. SEAM ] Control and Optinnzation 17 (1979), p. 689 — 604
13. Nakamura [oamd Yawasaky, M — Sufficiont conditicns for dwaditg theerems in
inforite incar frogramming frcblons. Hiroshima Math, J. 9 (1979}, p. 523 —-334
H. Norzawa K. — Programmung with constraiints of convenr processs, Hiveshima Math, J.
Pl L981), p. 369 —378
15. Ponstein J. — dpproach to the Theory of Qbtomization Camliridge Univ. Press, 1980
16, Precupanu T. — 0 fhe stabilify in Fenchel-Rocka fellay duality, An. sto Umv. Tasi,
Tasi, 28 (1982), fasc, 2, p. 21=24
17. Precupanu’l. — Closcdness cenditions fer the aptomality of w family of men-conzea cph-
mization problems (to appear in ,Math. Operations furscl. staiist. Sev Optimi-
zation")
18 Raffin,C. — Surles trogramme: convexes définis dans des espares vedoricls tofelvgigaes
Ann. Inst. Fourier 200 {1070), p. 457 —+491
19. Rockalfellar, BT, - faltty and stability in estremuom prebloms invelting convex
Frnctions. Pacific J. Math. 21 (1967), p. Y7 — 187
A0 Yamasaahi, M.— Dualtdy theorons in mathonatical programming and (heiy af plications,
J. Sci. Hiroshima Univ, Ser. A—TI Math., 30 (1968). p. 351 =336
2. Zatincsen C. — A generalization of Fareas lemma and applicalions lo cohiviy frogra-
moninig. J. Math. Anal, Appl. 06 {(1978), p. 651 —098

Fuacully of Mathenatics
Unrversity of Tagst
6600 fasi, .S, Romdnia

Reecived 30. V. 1983

\nalele stiingifice ale Universitigi AL 1. Cuza” din fas
Tomul XXX, s. [ a, 1954 — I

COHOMOLOGILE A VALEUKRS DANS UN FAISCEAU CELLULAIRE
SIMPLE
PAR
CRISTEAN NICOLAE CusTINESC!

l.es f:i[‘-(‘(‘d'll\ colludaites simples apparaissent dans la caleul des Ky,
groupes de ?(33't'.|1n.~'l(;-( SPACCS il ont SO ttroduits dans 2, mats la neton
genvtale o cte cns=uite degagde dans 4.

Lo but de cette note cst de domner In coliomologic d'un simplexe eucli
dicit quelcongue, & vadeurs dans un faisccan cellulaire amnple.

Lo Nous sappelons diabord quelques délinitions et résultats de {31
On note ci-apics par N (Ve it de sieplexe enclidien de dimension w
{engendré par ve, 3 n) ol par oF un aiseeau Jde hase V4 valewrs dans
la catégoric b,

Définition 1.1 Lo fuiscean (7 ost dit collndaire simple si, prur tovbe face
owverte Y ode N e fuisccan Dadudd par ¢F dans Y oest simple (e 7y e=Gy ©

=0b 1),

Dans ce travaik, on designe parts, . Lo falsceau induil par 7 dans fa
g-cme face ouverte X,y v, v Lopoul toutes es stuites siriclement
croissantes fo-.., = £, dentiers 20 ol € »

Proposition 2.1, Sejont (7 wn fursceai ccllidaire simple de base N et Y, Y,
Y trols fuces ewverles de X

a) SEYNY " G alors il existe wn homwnor plisme [, 1 Gy =Gy,

W ST Y'Y AG ¢ YO NY e @ aors on a [ ofe= [y

IT est clair que la condition Y1) s @ se traduit par le fait que Y
est une face de 37 Alors, pour g <7, on convient de noter Ios homomorphistes
de Ia proposition 1.2 par:

) i 5 -
R e P P
. o T D [} n r
on 0=, el PR e <.

2. Sotl N*la réunion des g-¢mes faces fermées et X7 la 1éunion des ¢-Gines

faces ouverles e \ Calorson ar s N0, 0,0, A"1=TrX (la frontitre de
) oot :\"" NN ponr tout g=1, 20 07!
En ntilisant la fermule

G sim=n

(1) H:gR’";G)---{
0 siomEn



