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p_n o » Ll
que paimi bes C93) facteurs de [N F) on (Gmulél'c uniquement %=
(€431 — C2rY) fuctears yui ump!uqvnl les C2'1 reluiions indépendantes,
Pour les simplexes cuclidiens de dimension 1L 2, et 3 on retrouve les
résultars obienus dans [3]
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SEMI-INVARIANT SUBMANIFOLDS OF 11, @ . @11 -MANIFOLDS
BY
DOMINGO CHINEA

In[2]D. E Blair, G.D. Ludden and K. Yano gave condi
tions for a semiinvariant submanilold of a complex manifold 1o be normal,
and in {37 we studied the case of semi-invapiant subnumifolds of a quasi
Kachlerian manifold.

The purpose of this paper is to study semi-invariant subimanifolds of
manifolds in the classes, TF, I, @10, W.@ 1, and W@ W@ W, 3. Fira
of all we recall in §1 the delinition and pmlmti(-s of @ semiinvariant sub-
manifold of an almeost complex mantfold and give some relations among
different clements associated to the structures defined i the manifold
and in the sebmanifold. In §2 we study different tvpes of almost condact
metric structures which are induced in a0 semi-invariant submanifold by
the lifferent  types of almost Hermitian stractures above. For that, we
we e Grav-Floervella’s classification of aimoest Hermitian maniiolds
15 andd the claseification obtained by Jo A Ouwhifia [T for abmost con-
tact structures,

I wish (o express my hearty thanks to L. AL Cordero and J. A
Oubina for several comments useful in the preparation of this paper.

1. Preliminaries. A (27--D)-dimensional real differentiable manifold
A of elasse €2 15 said o have a (o, I, yl-structure or an almest contact
stracture if i .u]mils a ficdd ¢ of endomorphisms of the tangent spaces,
in vector fictd I, and a 1-foim « satisfving

(1.1) WE)=t, (12)  gr=—T15®%

wheri / denotes ihe identity transformation [81. Then ¢+ 2=0 and 4 »=10;
morcover, the endomorphisms o has rank 27 {17

If a manifold 3 with a (9, % w)-strueture admits a Riemannian
metric g such that

(1) glp X 5Y)=g(X, ¥)—5(X) (V)

where X, Y=y, then M ois snid to lnw a {p, & 7. g}-siructure or an

almost contact metric structure and g is called a compatible metric (8 .

An immediste consequence is ;r,(ﬁ)-b( z). The 2-form @ on M defined by
(1.4) BN, Y)=g(X, oY)

s called the fundamental 2-form of the almost contact metric structure.
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W recall the definitions of the tvpes of almost contact metric struc-
nres here mvolved, {(see 7}

-

(g 5. 7o g} as drans-Sasakion (45 ) A
(Vi) (Y. 7) {1127 (XY )8®0(Z)— g(N, 2} 30(Y)

(1.3) .

(XY e Z) S o(NL pZ00(Y) 8}
and
(1.6) Sz X)-0

(m £, 0. 2) is newdlyviruns-Sasakian { w5 ) 1f

(0.7 Vi vl Yy 12 (NN 30{Y ) 2N, YY) A {X) 4
Ao N, YY) 8.

and

(1.%) (Vi) Y E2r) (gleN. oY) 8-t gtoN, Y)Y S(Z)) ;

(o0 5. owo w) is admnst-rans Susalivn (afS ) 1f

dth=1p . where o s ihe Dlorm one Wogiven by w(X)=

(1.9}
(1)(30(2.X)— il X) 3.
and
(1.10) de= 1{2r) (3D(5) B — 27.\(80) ¢
(o, 2, e 2) 05 quusi-frans Saealion {0 giS ) Y
(V) (Yo Z2) 50V, b} (Y0 Z) +(Y) (Vox) 20—
(1L.11) iy (gl )bll)(.d) ~o( N, ) (YY) o(N, oY) (3b(ad)—
=l Z) 3y ) (B0 ) - () dv)),

for ali X, Y, 27 =(M).

‘the velations among these c;uurtures are repn sented in the following
diagram (where -+ denotes sirict inclusion},
~
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I.et M be a submanifold immersed in an almost complex manifold M
with almost cotaplex structire [,

Definition 1.1, el U be an non- Panishing vecloy field on V1 such ihat

{1.12) jX=¢X -ur(\) X ey (ML jl ;u-y M), U is never fangend tv 3,
L hu’e oX 15 the Lmumn‘ml com ponent to M of JX. Then we say thai M is a

semi-invariond sibmanifold of 3 aeith respect o 1
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It is well known that any semi-invariant submanifold M of an almost

complex manifold 3/ with induced siructure {p, %, ) is an almost contact
imanifold.

Furthermore, if A is an almost Hermitian manifold with structure
(J ¢} and U is a unit vector field normal to M then (@, £, 7, ¢)1s an almost
contact metric structure on A, where g is the induced metric on M, 120
Hereafter. iV} \ull be an almost Hermitian manifold and M a semi-invariant
submanifold of M.

Comparing the fundamental 2-forms @ and ® of the structures in M
and M, tespectively. we have

(113} (X, Y)=0(X, Y), (1.14) dd(X, Y, Z)=dO(X, Y, Z),

for all X, ¥, /E;(\[)

Let £,V, V clenote the Lie differentiation and the Riemannian connec-
tions of the metrics g and g, respectively. Then, for X, Yey(ID, X, Y ex(3D,
we have

(1.15) (£78) (X, ¥)=3(¥:0, V)+&(X, Ve 0),
(1.16) (L:3) (X, Y)=28(V,C, Y)=22(V,U, X),
(1.17) (L)) JX=—T1(Ly)) X,

(1L18) (Lrg) UK. JT)=(Lp) (X, Ty &Lz ) § TV —sU X (Le)) 1),
(£28) (9. oY) = (L&) (X, V) &((La]) X, JY)—eUX, (L) V) +
oK) (L) (T, #Y)Ea(V) (L8) (X, ),

(1.20) (£56) (L, V)= (£p8) (V. 1Y)+ (L) 1),

(1.19)

Also, we obtain
Proposition 1.1. For all X, Y. Z =y (M}

(Va®) (Y, Z)=(V29) (Y, 2)—(1/2) (4(2) (Lgg) (. 1)

(1.21) B
—n(V)(L:8) (X, Z)),
: (Vad) (X, Y)= (112) [2((L5]) Y, XN)—g((Ls ) X, Y+
1.22 o e
; LX) (253 (0 Y)—u(Y) (:£58) (T X)),

(1.23) (V:®) (I, )=/ [—(Lzai {5 Y)

(LN T XY +&(U, (La X)),

Fa 1

3 — Marematica 208
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) (Va®)y (SN, Y)=(1/2) (glL5)) Y. JX)—g((-LrT) X, )+
| (N (L2 (D0 oV )—5(Y) (Lr2) (T2 X).
{1.25) (Vad) (T, V)= —(Var) Y —(1/2) (Log) (N oY),

Proof. (1.21) follows from (1.12), (1.13) and (1.16). From the rela-
tions (1.12} and (1.16), we deduce {1.22). (1.23) is proved in a similar way.
The expression (1.24) follows from (1.12), (1.15), (1.16), (I.l?) and (1.18).
Finally, from (f.12), (1.16) and the r(.-l'ulon {(Vir) Y=g(V, Vi E), we
obtain (1.23).

_ Now. we shall relate the coderivative 8 in 3/ with the coderivative 3
in 1.

If we take a g-basis (N .., X,o oX . .., oX,, £} defined on an open

subset of M. with dim U_Zr—}—] "and by mmplctm;,r it to obtain a /-basis

X, .. AR 5. A 2l with dim 3/ =2#42 and X=X, JX=

=oX; i= l . rowe have
Proposntwn 1.2, For any X Ey(U)

" —~—

3O(N)— X (V5 @) (X, X)+(V,5,D) (JX,, X))+

L 1¥j

SN =

F(102) 5 (X) [ 2 (L) (X X)4(Lr3) (X1 oX ) -+

o) (LR T X,

Proof. Let XN ey(A). The coderivative of the fun(hmcntal 2-form &
with respect to a /-basis is expressed by

SB(Y)= — X (V7 @)

i=1

(LX) (V5. 8) (JX0 X)) = (Ve B) (. X)— (¥, 8) (2, X).

Analogously, the coderivative of the [undamental 2-form @ with
respect to a p-basis s expressed by

— X (v

iml

3(X) ) (X0 X) (Vo ) (N1 X)) — (Ve®) (5 X).

( Using these expressions, (1.17), (1.19), (1.21) and (1.23), we obtain
1.26).
2. Semi-invariant Submanifolds of IV, @11",@® W ,-Manifolds. \We shall

divide this parag raph, according to the type of almost Hermitian structure
considered in M. in different subparagraphs.

2.1, Semi-invariant submanifolds of 11 -mamfold

Theorem 2.1. /£ AT is a 1 -manifold and U s analvtic and Killing,

then (. 50 4. g) 18 a trans-Sasakiaon structure on Al

g
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Proof. We consider a [-basis on M obtained as in Proposition 1.2,

Qince Misa I ,-manifold, we have

T1{(2n) 3W(X),

7 ®) (/X X)=

(Vs @) (X0 N) =(V,

for all X €x{M) and j=r4-1,
and Killing, it follows

a) b‘l’ X)y=

n. Thus, from {1.26) and since (" is analytic

(nfr) SO(X).

On the other hand,

Ve @) (JC IX)=—(Vyx®) (JT, Xi)==—[1/(20)) 3O(T), for 7=1, ..7.
Thus,
31— — % (Vi) Nok (Voxn) 9X0)= — T ((V29) (5 X+
HT D) X)) = = B (@D 0. TX )~ Tox BT, X)) =1m)38(0),
that 1s,
I3) Sn=(r/n) 3wl ).

Also, from (1.23) and since M is a W ,-manifold, we obtain
=(V2@) (0, Xy=—[1/(2n)] BO(X) (U, JX) 5(5)),
and thus,
0) SD(pX) =0, X =y(M).

Therefore, from a), b), ¢), (1.12), (1.21) and since Misa W -manifold
and U analvtic and Killing, we have {1.5) and (1.6), and so M is a trans-Sa-
sakian manifold.

2.2. Semiinvariant submanifolds of a U',@H'._(—BH',,._manifold.

Theorem 2.2. [f Misa W,@W.@W manifold and U is analyvtic and

Killing, then (o, %, v, g) is a quasi-trans-Sasakian structure on M.

Proof. In an analogous way to Theorem 2.1, we obtain
(1]r) BO(X), X e4(M) by ¥ =(rjn) SB().

Thus, from a), b}, (1.12), (t.21), (1.24), (1.26), since Misa W, @W,®
W,-manifold and { analytic and Killing, we have (1.11), and so M is a
quasi-trans-Sasakian manifold.

2.3, Semi-invariant Submanifolds of a 1I',@® I1",-Manifold.

Theorem 2.3. If M is a W.@W -manifold and U is analviic and
Killing then (g, %, w. g) is a nearlv-trans-Sasakian structire on M.

Q) SW(X) =
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Proof. Since any W, @' -manifold is a @i ,.@e 0 ~-manifold 5,
ftom Thenrem 2.2 it follows
a) 3O(X) == (n/r) BX). N =y M), D) 8r(rfn} SB(0),
_ Now. using (1.23) and since " is analvtic and Killing. we deduce 0
={V5b) ({7, X)==—[1/(2n)] (3O{X) —1{.X) 3D(3)). From this relation and a),
we have

¢) 3o X) =0, L =y{M).

Thus, from a), Y, ¢). (1.12), (1.21), sinee (" is Killing and W i a
W, @1, -manifold. we have (1.7).

On the other hand. since 1/ is a 115, @ 11, @ 1I'-manifold and a G,-
manifold [5], using (1.12). {1.22), (1.23), a), b). ¢), we have (1.8). Thus,
we obtain that M is a ncarly-trans-Sasakian manifold.

2.4. Semi-invariant Submanifolds of a 11,4 I{",-Manifold.

Theorem 2.4. [f M is a W, @ W -manifeld and if [ is analvtic and
Killing, then {o. =, 6. g) is an almosi-trans-Susakian structure on M.

Proof. Since any . @MW -manifold is a @1, @1F -manifeld [5],
ifrom Theorem 2.2 we have

Q) BO(N)=(n/7) BO(X). X syM). by Sn—(rin) S0

Thus, from a), b), (1.12), {1.13). (L.14) and since 7 is a 1.@ -
manifold, we have (L9}

On {he other hand, 3d0((7. X. V)=2d4(X, Y)+(L:®) (X. V) and
since (" is analvtic and Killing. from a). b). (1.12), (1.13). (1.20). we obtain
(1.10). Thercfore M is an almost-trans-Sasakian manifold.

REFERENCLES

L Blair D.F. — Contact manifolds in Ricmasniae goondry. Lootures Notes in Math, 500
{1976), Springer, Berlin-Heidelberg-New York

CBvair DUEL Ludden. GDoand Y ano, K. —Somi-invariant inmersicons. Kadai Math,

Sem. Rep., 27 (1976) 313 =319

LOhinea D). — Semi-invartan! submanifolds of quasi Kackivrian manifdds. To appear

1. Gray, A. — Sopwe examples of almost Hermitian manifclds. Nhinois J. Math. 16 (1966) 353 —
366

CGray, Avand Herwrella, LM, — The sixtecn classes of almost Hermatian manifdlds ard
theiy Hoear invariants, Ann. Mat. Pura ed Appl. (1Y) Vol. CXXIIT (19803 55—38

6. Kobavashi, . and Nomizw, K.—Famdations of differential geemetryy, w0l 1 aral 11,
Inters. Pub. (1903), (1969)

. Oubina, LA — o cassification for almost contact structures. To appear

. Sasaki, S. —On [ fferentiable manifelds with cortaist stracivaes which ere clesedy relatid
{0 almasi comlact stvucture 1. Tohokn Math. J. 12 {19€0, 452G 470

2

n

20 =1

Recerved 15 1. 1983 Departaments de Geemelria y
Topodugia Facultad de Matemalicas
Uniivorsidad de La Taguna

Canary fsles—Spain

Analele stiingifice ale Universitagii AL 1. Cuza” din lasi
Iomul XXX, s. I a, 1984 — 1

ON GENERALIZED FINSLER SPACES
BY

MASAO HASHIGUCHT

Let M be a differentiable manifold and 707 its tangent bundle. A
coordinate svstem (1) in M induces a catonical coordinate system {v,' 3"}
in TM. Let Ly, y) be a positivevalued differentiable function defined
in 7 {01, and we assume that L s positively homogencous of degree 1,
ard the matrix (4;;) is regular, where = (12l ey, 1f the length s
of a differentiable curve of =3¢} in M is measured by s=§L(v, dxdi)di,
we call (M, L) a Finsler space. Then gy, s called the Finsler meric,

A Finsler metric is sometimes adopted as a basic concept in the
theoretical physics. However, the fact that the metric is provided {rom
a lunction L may be not alwavs destrable for phvsicists. For example
in his paper (2. H. lshikawa modified the Finsler metric o in a
Finsler space (M, L), and introduced  the metric gi=a;—20d;, where
JeemeLéat, I (ay;) 1s positive-definite. any vectlor v(#0) is time-like
o= vt <0, Tt scems that this is the reason why he had been
interested in such a metric. It has also the another interesting property
that the modification is projective. But it is not a Finsler metric,

Another example is given by a conformal change of a Finsler metric
0, g=c®a; (R Miron-M. Has higuchi [7]). g is not a
Finsler metric, if ¢ depends on direction. Interestingly, the tensor 2(a,—
— 20} 1* is expressed as ¢ log L:éviért, and appears in the conformal
theory of Finsler metrics as an important conformal invariant (M. Has-
higuchi [17).

In his paper [61, R. Miron gencralized the notion of Finsler
metric to the metric.g;; given as a differentiable tensor field of tvpe (0,2)
which is symmetric and non-degenerate, and he gave an interesting the-
orv. We shall call this g;; a generalized Finsler melric and ( M, o) a gene-
ralized Finsler space. ‘ o

In this note we shall consider such a generalized Finsler space from
the standpoint of variational calculus. Then we hope {0 refer {o'a signi-
ficance of axioms for Finsler connections. o _ ’

The terminology and notations are referred to M. Matsumoto [3).

1. We shall first investigate what conditions should be imposed on
a generalized Finsler space (M, ;). Putting L=(g:;p? v)V2, the length s



