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SOME APPLICATIONS OF THE REGULAR MULTIMEASURES
BY

ANCA-MARIA FRECUTANT

In an carlicr paper {117 we have studicd sonie continulty properties
of the multimeasuses and we hove bndroduced the netien of jegular multi-
measuse.

Since on cvery unilorm scuiigroup, there exists o family of trnangle
functionals (sce [9]) induced by a family of special pscudometrics which
generates the uniformity of semigroup, we ¢an associale to every multi-
nicasure a variation with respect to every Uiangle {fnunctional.

In the present paper, we poinl out some regularity propertics of multi-

measures connccted with their variations. As applications we eobtlain cer-
tain thevrems of Nikodvin-type for regular multimeasures and some resulty
concerning the locally measurable sets with respect to a multimeasure.
) 1. Basic notions, {erminology and notations. Let £ be a set and let
77 be the family of all subsets of Q organized as a Boolean ring for the sym-
metric difference and intersection of scts. where the sum @ in 7 is given
by the symmetric difference and the product 3 by the intersection. In this
ring the empty set, @,1s the null clement and the set © is the unity. We
shall also use the following notations:

A'=0N, [0, A]={BeP; Bedl. [, Bij={Ee? ; dcl=

A@0, Bl={1@C; C=B= 4 B, AUB] for vcvery A, B e

S X

Let oF Dbe the family of finite sets in @ and (7" ={4=0; 17 =
which is dirccted by inclusion. If Q is infinite. then ¢ 7 is a {ilter on L2

For everv A4 e/, the family

Bldy={4A® 0. F|: FeF'}

is a4 base of neighbourhoods of A for a topology @ on @ called the rdvy
topology on 1.

From [7: it {ollows :
{1.1) The family O(Fy={{d, B); A@BcF, Fez'} isa basc of vicniti
in 7 for a uniformity 7 on 0.
(1.2) The operations (4, Bj~sAu B, (1, )= IN\B, (4, B)=dn B, (4, B} -
~AA B wre uniformily continuous (The topology @ agrees with the topology
induced by the uniformitv 7).

Thus (7, @. ©. 0) is a topological ring of sets.
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(1.3) (P, @, ©, 0) is a totally disconnected compact Hausdorff topo-
logical ring.

(1.4) The family 7 is dense in 7.

(1.5) I @ is a subring of ? and § is the closure of @ in O-topology,
then (8, @, ©) is the smallest order complete Boolean subring .

Let X be a Hausdorff lacallv convex topological vector space, = its
topology and @ a base of absolutely convex closed neighborhoods of the
origin in X. Using notations as in [2] (.Y is the family of all nonempty
subsets of X, and € (X), the family of closed sets of X, respectively. A denotes
the closure of 4 in X. If we define the equivalence relation |, 3" on o (X) by
(1) ApB=sA =B,

then the factorization of the semigroup (c£{X), +) by ¢, where--1s the usual
a_ddition, may be identified with (€(X), ), where the addition 4 is de-
fined by

(2) A+B=A+B.

In this way, T represents a finite sum or a series with respect to +.
If @ is the invariant uniformity on X compatible with < then the
uniformity % on of(X) defined by the following base of vicinitics :

W(U)={(4, B) sct (X)xct(X); AcBLU, BecA4-U}, Ust
is said to be the exponential extension of U to ol(X).

The topology on <Z(X) induced by ¢ will be denoted by =

Using the equivalence relation (1) we may identify (€(X), T) with
(c(X), ¥)/p and (E(X)}, @) with the separated uniform space associated
with (o (X), AU).

If X is metrizable, then (cf(X), %) becomes a semi-metrizable space
for the Hausdorff distance between sets. If in addition X is complete then
sois €(X). If (X, @) is a complete uniform space, then so is (€{X), at).
If (E,) is a scquence of members of o (X) we say that the serics o E.

n=1

z-converges if the sequence S,=ZX E,, z-converges in of (X) and we write
k=1
(7) £ Ea.
n=1

In what follows we shall consider correspondences y from a ring @
of subsets of Q to X, that is set functions from @ to < (X) or €(X). In fact
a correspondence g may be regarded as a function from @ into either the
semigroup (¢{X), ) or, with the above convention about ,p” which per-
mits to identify two sets with the same closure, the semigroup {€(X}, +).

Definition 1.6.. A correspondence u from ® to X 1s said to be :

1) additive (respectively subadditive) iff

() u(Au By=(resp. <)u(d)+u(B)

3 SOME APPLICATIONS OF THE REGULAR MULTIMEASURES 7

for every A, BE®R such that AnB=3.

11) o-additive (resp. s-subadditive) iff:

(4) u(0 An) = (resp. <)(3) T p{ 4a)

ne=l n=1

for every disjoint scquence (An)nen R with U A, =R,

n=1

Definition 1.7. The correspondence u. from ® to X is said to be exhaus-
tive (locally exhaustive) iff w(d,)—0 for cvery disjoint sequence (A,)=®R (for
every T =R and cvery disjoint sequence ()= R such that A,=T).

Definition 1.8. A correspondence from R to X is said to be a mulfi-
measure iff

a) w{@)=0, where o denotes the set {0} in €(X) ;

b} p is additive.

Definition 1.9. The multimeasure u is said to be o-continuous at A =R
(on @) iff the function u: (R, O)=(E(X), T) is continuous at A (on R).

§ 2. Variation of an additive set function. It is easy to remark that

(@(X), +; @)is a commutative uniform semi-group with the neutral ecle-
ment {0}. According to [9] the topology = is gen erated by a family of pseudo-
metrics. By virtue of theorem 1, § L35, [9] this family of pscudometrics
generates a family F={f; f: € (X)—> R} of triangle functionals that is a
family of functions f which satisfy the following three properties :

(Fy) f(A+B)<flA)+(B), for cvery A, Bel(X);
(F.) f(d-+B)> f(A)—f(B), for every 4, B=€(X);
(Fq) f(0)=0.

Remark. From the above conditions we easily obtain that f is non-
negative.

Following E. Pap [10] we define the variation and the semi-varia-
tion of a multimeasure with respect to a triangle functional f.

Definition 2.1. Let u : R—&(X) be a multimeasure and f&(F. The va-
riation of u is the mon-negative sct function v defined on @ by

WE)=sup = f(4(E)),

where the suprenm is extended over all partitions r={E} of E into a finile
number of pairwise disjoint members of R.

It is easy to prove the following properties of the variation :
{3) v(D)=0;
(6) FUENS v(E) for every E e®;
(7) v(A)< v(B) for A<B and 4, BeR;
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v is an additive set function on @ that is v(Ay By=u(A) + ¥ )
for every W1 el with In li=.

(8)

(9 visa supcradditive set fune ot on A that 1s ‘J{'L}E’L'.,-)'_-:)\-_c',,y(hi)

for every at most countable pairwise disjoint family
(£ erc® with y 5, €%,
! iel

Delinition 2.2. The multimeasnrs o P —CQ (X} is said (o be

) of bounded wariation iff (.1} <o for every A e

I complete iff (=0 and Beol=>Da®. )

Definition 2.3.7 [/ is a multimeasure frone % o &(N). the set funclion
W W e R (D — the family of all subsets of Q) defined by

(10) vE(A) =inf{u(F) ; AcE <@}, vd D,

is said fo be the outer measure induced by v.
Definition 2.4. 1/ u is a multimeasure from R lo C(X) and feF. the o
negative sct function | .| defined on ® by

(11) A A)=sp (1)) Ted, Ter), vde®,

is said lo be the semi-variation of w on @,
Definition 2.5. A correspondence w from @ to N is said lo be f-super-

aditive Lff
(0 E)2 = f(u(F)
1€l ef
for vvery ab most countable palrivise disjofil family
(F)igr=® with y E, e®.
1G7

§ 3. Regular multimeasures. Let (€2, T) be a Mausdorff locally com-
pact space. Z, X, respectively the family of compact. compact (5 subscts,
el O, 3%, the d-ring generated by X, and o @—C(X) 2 multimeazure.

Definiticn 3.1, 1) A sel A €R is said to be onter regular with resped
i edtimeasire w i ff for every pieinily W ed, there exists an open set D=4
such that ()= 1, TY= 1T for geery Ee® with E<D A, and ceery Te
=0 (X},

11 o sef A= 05 said to be Dnner regular with vespedd to mullimeasire
o Hff fer ceery wicinity WeBl, there exists a conpact sel K=d4  such that
(oI 00y N for cvery E@® awith o AN KN and ceery T €C€(X),

VY o sel 1 e@ s said fo be regular wilh vespect Lo multimeasure 3
L for cvery vicinily W e U there exists an open st D=4 and a compact
st Wed suel that (w(E)-- 0, Tye W for voory Ea® with EcDN K and
[y A 50(\.)

Definition 3.2, A mudtimeasnre w . R—€ (X} s said to be regular (ouler
regular, foner regular) iff cvery A €R Js a regudar set (respectively ouler
regular, fnner regular sef).

= SOME AVITLICATIONS OF TIHE REGULAR MULTI.\‘IE:\S'\.’HES— ]

Ivample, T ou s o s-additive and locaily exhaustive multimeasure
from S{X) (o C(X}. then by virtue of 6] (leimma 3.2 it follows that ;e is a
recular mubtimeasure,

Proposition 3.3. 1/ A =& is an onder regulur sci with respect to muli-
mivasire w then for coery wietnity Weldl there exists an open set D =4 such
Hrad (S, (AN €11 for coory Se® with AeSeD.

Proof. Since A =0 is onter 1egndar, lor every TF =74 there exists
an open set D=4 such that

i12) (i) =T, =1

for everv Fe® with Ec D and every TeC{X). Take S&® such that
A=SaD. Beeause SNA=DN A and § A4 =R, [rom (12) we have

{13) (SN LT Ty

for every TeC(X). On the other hand, S=Auy (S~ A), where An{S \d)=
&, which vields w(S)=u{d}-4u(S ). Now writting (13) for T'=u(4)

we have {w(S) (A ={u(D)- w5 Al a1 as claimed.

In the same wav we can prove

Proposition 3.4. [/ .1 €@ is an inner regulur sct wilh vespect to mulir-
weasire ws R—E(X), then for every wicinity W =30 there exists ¢ compact
woi W d such that (w{A). w(S) eV for coery Se®@ with Kes< A,

Example. 1677 15 the family of all subscts of the Hausdorfl locally
compuct space £, 7 the family of all finite sets in € and g an p-continuous
multimeasure from 2 10 @{X} then w satisfies the property mentioned in
the proposition 3.4. Tndeed. let 4 €7 Since  is o-continuous at 4 it fol-
Jows that for every W edd there exists an O-neighborhood of 4, that 15 an
interval LInAK, Ay K], where N &7F. such that {u(S), w(4)) €117 for every
Se with Seldn K, JU K7

But K, An K is again o compact set and KNyed= o K.

Now i s casy to observe that (ufs), ol 4)) €117 whenever Se@,
SeEii, AL

Proposition 3.5, [f A =@ is a regulur sl with vespect to the mullimea-
sure o R—@(X), then for ecery vicinitx W= 4 there exist win open sct D>
oA and a compuct sel K< A such that (0(S). w(A)) SV for coery § =R with
KeSeD.

Proof. I W et there exists a sybunetric vieiniey =% such that
el =1

From the regalartty of 4 =@ for 117 there exist D=C and Kelk
such that Ke.l= D auld

(14) ((E)-+T. el

for everv E=® with FeD A and cvery T eG(X).
Take S&® with KeSe D, We sce that 4% SeDNRK, S~ e DK
and S—={(An S (S 1), where 0S8, Sl dnSe®
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From (14) we obtain (w(ANS)+ T, T) =W, and (W(S\A)+T,T) s
¥, for every T'e€(X), so that

(15)  (w(ANS)F T, (SN A)+T) s Wil = I, for every T =@(X).
If T=u(AnS), from (15) we have

(0 ANS) - (A0 S), p(SNA)F (S0 A)=(u(d), w(S) =W

as claimed. . ' .
Remark. It is casy to sce that if A e® is regular with respect to multi-

measure p, then the function w defined on ® with values in {(€(X), @) is

continuons at A €@ for the topology I' on @ which has as a base the fa-

mily B={[K,D]; KX, D=TC}. _ _ .
Theorem 3.6. A set 4 =@ is regular with respect to multimeasure if and

enlyvif A is simultancously oudcy regular and e regularwith respect to g
Proof. ,If part” is trivial

To prove the sonly 1f part" assume A e® simultaneously outer and
inner regular, )

Let W =@ and W, e such that W,ol¥,C W. From the outer regula-
rity of A €® there cxists an open set D> A such that

(16) (WE)+T, T) TV,

for every E<D™ A and every T=eX).
By inner. regularity of A =® we obtain a compact set K< A such that
E)-LT. T) eI, for cvery E€ANK and every T <@(X). Now let us
gl&e)ge@ )with 1SCD - K. We observe that SNAeD\4, Snd=ANK
and S=(Sn AU (S\ 4), where (Sn 4)N (S\A4)=D and S\ 4, Sn 4 =%. From
(15) and (16} we have

(15%) wl(S\A}+T, T) €Wy, for cvery T =e(X) and

(16%) w((Sn A)+-T, T) e W,, for every T €€(X).
Taking T=p(SnA) in (154 we obtain

(17) (u(S), w(Sn A))=(uS\A4)+u(Sn 4), u(Snd)) W,

which implies, by virtue of the invariance of @,

(18) (W(S)L T, u(SnA)+T)eW,, for every T =€(X).

Now from (16) and (18) it follows
(W(S)+ T, TyeWolW =W, for every T =€(X),

which completes the proof.
Let Ae® We remark that the families {u(K); Ked, K s®Rn X}
and {w(D); D4, D=TnR} are nets with respect to inclusion.

SRS~ N
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If, morcover, the set A =@ satisfics the condition {(*) ,for cvery com-
pact sct K= A there exists a compact set Ky =@ such that K< K< A7, then
we have.

Proposition 3.7. 7/ A =@ is inuer regular with respect o the multimea-
surc w and sabisfics the property (*) then
(19) w(A)=lim {n(K); K<, Ke®nX]}.

Proof. A4 =@ is inner regular, according to the proposition 3.4 for
every W edl there exists a compact set Koc A such that

(20) (w(Ad), a(S)H e, for cvery Se® with K,cS=4.

In particular (20) holds for cvery K&®nX such that K, K< A. Hence
for every 1We@ thercis a K,=X such that {u(1), w(K}}=N for every
Ke®nX with K,=Kc A, that is the incquality (19) holds.

Similarly if 1 e® satisfics the property :
(**) .for every open set D= there exists an open set D, €& such that
AcDeDJ
we can prove

Proposition 3.8. If A =® is ouler regular with vespect o multimeasure
w and satisfies (**), then

(21) w(d)y=lim {a(D): D=4, De®nT}.

Also the following result is true
Proposition 3.9. If 4 =R satisfies the properties (*) and (**) and it is
regular with respect lo the mudiimeasure p, Hhen

w(d)=lim { @(D); D=4, DeRnT}=lim {u(K); K=4,
KeHKnpR].
Remark. If @ is the ring generated by the {family X then cvery 4 €2

satisflics simultancously (*) and (**) and hence every regular multimeasure
u on @ satisfies (22).

Special case. If X is a rcal normed space and €,(X) is the familly of
all bounded closcd scts of <Z2(X) endowed with the Hausdorff metric D we
define

(22)

ldll=D(d, {0})=D(4, 0},
for every A <€€,(X).
_In this case, taking into account the special form of the vicinitics
of (%, we observe that if 4 €@ is a regular set (respectively outer regular,

inner regular) with respect to a multimeasure u then the definition 3.1 can
be restated as

_ Definition 3.10. A =R is said to be regular (outer regular, inncr regular)
with respect to the multimeasure w if for every ¢>0 there exist a compact
set K< A and an open set Do A (respeclively an open set Do, a compact

set K< A) such that D(u(S)4 1, T) <e for every S€® with SSDN\K (resp.
SSDN\ A4, ScANK) and every T =€,(X). il -
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where Lie supremum is extended over all putibons =

In (his case the variation of p is defined by

g
an

(23 w(A)=sup ) . V.ol =1,
= .':',

1k ob L inlo

finite number of pairwise disjoint members of €.
It is clear that

(24) al g v(ah, lor every o = o

Now assuming o with bovnded variation and fakmg inte anni

(23) we obtain o ) o P
Proposition 3.11. ff the variation v of the madlineesure g 15 regiis
(resp ounter regular. inncy regulary then s regular (resp. nufer recular, inier
pegilar). .
Generally the converse dees not hold cxeept {ol the inper tegulanty.
Tudeed it is true the following "
Theorcia 3.12. The muliimeasiure o is tiiey peovlar o f and ondy if the
tolal vavialion v is irier regular oi 5(1{. _ "
il s trivie % sition 3
Proof Only il part” 1s frivial by pepes o
To prove ,if part”. consider A4 e inner regular. By the delimtion
of v we find for every €0 a finite partition (7 ,= % of A for which
1 .
(25 WAy < X (el gf2
il
But 4 is inner regular on every A, and {hen according o proposition 3.4
there exists a compact K< 4y, i=1, 2, ... n, such that

(26) D (a(dy), w(S)) <2,
for cvery S <@ with KiecScd,, i=1.2, ...
Lel ns tuke K= U“ K, It is clear that K s compact and Ko,

‘;t . ; n & o . -
HEedand Kefad, let us denote I;_,-_ Eood i1, ..on Obvionsl
Ei E(K)‘ {{l":E;CA‘lj ﬁll(l Eiﬂ I_Z.J:@ [or l’,‘é]
Now using (23) and (26) we obtain

*
L L]

W A)—v(Ey<X aley) Fzf2—X | w(fEiy = X ally)

1aail 1==1 r 1

" ,
—lalEQl 4gf2g & DAy, w(FE))ell ==
’ 141

w hich assures inner regularity of v by virtue of propoasitict 2 of TU, p- 200,
This completes the proof. -
‘ 1 H e - ‘Theore Nt-
§ 4. Applications of the regular multimeasures. i) Ih?_‘,mlil’n-s (.)lf[x]OlA
kodym-type for multimeasures. Using the Diagonal Theorem, L. -~"‘d“[iued
obtains two uniform-boundedness theorems for regular 111(,.15}11:‘:'1(.‘ wed
on the familv B of Borel subsets ol a compact Hausdorfl topo Ob}}g.l 1:"1]11‘;11&
0 taking values in a semigroup (An additive set function w on =2, takiflg

p—e

S
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values in a semigronp S is vegular in Pap’s sense on A =3 iff for evervy e >0
there exists a compact set K and an open set D such that KeA=D and
m (D Ky~ e, where | is the semi-variation of .

In what fallows we point out two resukts at the same iyvpe for regula
multimeasures defined on the Borel subseés of a locally compact Hausdorff
space {2,

Let us denaie by 2 the Jamily of Borel sets of the locally compact
Hausdor{f space €, that is the a-algebra generated by the open sets.

Theorem 4.1, Let (wdier be ¢ family of regudar f-super-additiee mudt-
measures defoncd on B 1f for every open set DT, {pi{D) 11 €1} 1 bownded,
then the famidy o, (=18 is wntformdy bownded o B, that is

sup {f(w (AN iel, Asbi<m,

The prool cousiderably uses the E. Pap’s scheme given in [10] and
therefore we do not reproduce ii heres But we remark that i our case we
usc instead of the vegnlarite in semi-variation of u, the following regulariry
propertv of fou, (f is a triangle functional of the family 77 which generates
the topologe T on (X)) ebtained laking into account onr regularity defini-
tion of the mulimeasure (0= ) and the conlinmity of f:

A e® then for every = >0 there exist an open set ) and a compact
wel Nosueh that Ko A=D and | fidD))- flp(A)) <ev Wealso precise thal
our condition on £ {o be a lacally compact Hausdorff space does not essen-
tialv modify Pap’s proof. By virtue of theorem 4.1 exactly in the same wayv
as in 1107 we obtatn a Nikodvoetype theorem connected with the variation
of the multimensures,

Theorem 4.2, Lot (0 )ierbe a funnly of vepudar snullimeasires oo fined
o B g ds of bownded vavigtion on every G et of O far each f=1, ten
(i )oer oy wndformdy bownded,

Using one resnlls ftom [11] concerning a-continuous multiineasnres
on a ring @ of subsets of O aud Pap's uniform boundedness theorcs given
in 8] we also obinin:

Theorem 4.3, /f (,)uev i5 o Seqitence of o-continuous mulltmensures o
the o-ring S generated by the ving @ and Jor every A €@ fhere cxists a wwmber
N{A)Y =0 such that jO )< N(A), vn e N, fhen futuenis und forml v bonndod
an S 1 f and only of {pateey Sabisfics the following tico condilions
1y far every equence {A,} of patrase disjoint sets of @

sup{ f{wa(4.))} <o, VfEGF
HEMN
I) for evers A eS8 there exists a set Te{l"; P=0 A, d =@} such

supd fpal A TNl TNAN <o,

that

11) Loeally measurable sets with respeet to multimeasures. Let ¢
be the a-ring generated by the compact sets of locally compact Hausdortl
space € and et A be a Banach space. Assume w: R—C(X) a complete
multimeasure with bounded variation and v, v* the variation of 2 and the
outer measure induced by v, respectively (with respect to a triangle fund
tional f).
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Definition 4.4. A sequence {C.} of sefs from @ is said to be convergent
fo xeQ iff it satisfies the following fwo conditions

I} x&C,, for every neN and

11 C,)=—0 for n—0o0. _
We dcn)otvc( b\)'—Z’(x) the familv of all scquences convergent fo 2 an'q by cL’
the family of all sequences {C) such that for ecach x&Q there exists at
least sequence in &(x). . .
o ]g];?ilfﬁ?on 4.5.1f A(E)CD, the family of all sets of &, and x e wedefine
by
(21) D*(A, x)=sup{lim sup VAN C)V(Ch) ¢ G} L(x);

the upper outer density of A at ¥ and by
(22) D*(d, x)=inf {lim inf v*(AnC)v(Ca) ; {Ca} &)}

the lower outer demsily of A at x, whenever
v(C)#0 and v{AnCy)[v(Cy)=0 if v{Cy)=0.

If D*(A, x)=D%(A,x) we say that density of A exists at ¥ and
denote it by D*{:, x). N B .
If A =@, then instead of D*(A, v) or *(4, x) we put D{A, x), D(l, x)
and in this case we speak of the upper and lower density of A at'x.
If D{A, xy=1(A, x), then we say that the density of A exists at x.
The common valuc is denoted by /2{A4, x). A point at which a set A has
(outer) density onc is called a density point for A and a point at which 4
has {ouler) density zero a (outer) dispersion point Jor A. .
As in [3] we can obtain the following properiies of D*(,, ¥} :
(1) if A=B=D0*(d, x)<D*(B, x)
(I1) D*(., x) is finitely subadditive ;
(111) if D(A, v} and D(B, x) exist and An B=@ then D(Au B, x)
exists and
D{Au B, x)=D{4, x)+D(B, x) ;

(IV) if A=®, then A has density at x ilf
A, 2+ DIONA, 2)=1;

(V) if a density theorem holds for &, that is for every set A almost
every point of A is an outer density point for 4, then 116@1 if and only
if almost all points of @\ 4 arc outer dispersion points for A.

R (V1) cht I' be the density topology of €. If a density theorem
holds for ¢, then Te@. . . -
Definition 4.6. Let A< and x Q. A ds said tobe locairy measuraoie
x if there exist a Fo-sef I and a Go-set G such that Fe A=G and D(GN\F, x) =
=0, where D(GNJ, x) is the density of GNF at x.
Let #(x) be the family of all locally mcasurable sets at x. If 4, Be
eP(Q) we write A= A(B) i and only if 4 ey A(x).

zEB

x
.
{
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Since in our case @ is densc in 2 for the topology which has as a base
the family B={[K, D]: KX, D=C} and y 1s a regular multimcasure,
by virtue of the considerations from § 3 the total variation v of p is regular
on 2.

Taking into account this property of v we immediately obtain from
[4] the following results :
(I) The family #(x)} of locally measurable sets at xvis an algebra.
1) If A=y #(x) for v-almost every points of B, then An B e®@
1) If A, Be? and AnBe®, then A= 4(B).
(IV) If (B,)=®, u(B,AB)—=0 and A = #(13,) for every n €N, then
A ey H(x) for v-almost every point x€ B,
(V) A(B) is a c-algebra.
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