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On the other hand, it i
d, it is known that ti
at the length of the sec
econd fundamen-

t
al form 7 of the submanifold 1/ is given by

(4.26) = ¥
|hi2= X |k BVl T
) a,S-lI (EJ' ]‘3)' = Ll % ”ArrEa.-:a
== a={
where {E,, ..., Ep-y, E,=E} (resp. {N,,

norma\{rframcs on TAf (resp. 7ML
e choose the local field of orthonormal frames

(4.27) {E, .., E
15 ey Ly E = E Loy = :
P p+i :? Ty e I:::p :PET" E2p+1, 152p+q3 Em': E}

on TAM sucl coel —
uch that E;eI'(D) (i=1,.., p) and E,;eT{(DL) (j=I )
=1,...,9).

Also, we i
choose the local ficld of orthonormal sections

(4.2(,; ..\ ——';)j‘:-. + d\i b j, +, l ] ! ——:?I
.)p’{ 1 IpTily ey q:" ';) 'Zp @) 'l) SO0 ‘x! ’ 1 J
on j i'L, “‘he] (] .!/,.EI (V) (r—l S) a.nd 25—'d. .
3 reey 11mn. V.

Then by usi
y using (4.25), (4.27) and (4.28) in (4.26) ve o tain

o Vas=95V,}

(4'29) |Iki2=2§ 7 ' q 2
hir= 2 % IIA;E,-:-+ZEI !!Ez,ﬁ,_wzpvf \PAE,?
= i=1t=1 o

where A,=4
) =A5Egp. and A,=A, , j=
assertion (i) of Theorem 4.5 and 241/.'29)%&-:'1;:?37 we e

(4.30)

Thus, the

. 2p 25
h2=2g(p+ 1)+ _E X PAE?
=1 f=1

and tfrlsat)ss?rrtion (i) it follows from (4.30)
pA:E¢=O’fofn;11(‘!z:i0% we obtain that |42=2¢(p-+1) if and only i
X, Y eI(D). The proof of 2p and t=1, ., 25 Lo, A(X, V)< T R
Sl proof of Theorem 4.5 is complete X, Y)el'(Dl) for all
orem 4.5 and Corollary 3.2 we obtain
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(1) 14,z Xj=1 '
i) ila|§=29(P+}If{)).r any unit vectors X eT(D) and Z<I(DL) and
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ON ALMOST CONTACT METRIC SUBMERSIONS

BY
DOMINGO CHINEA

B. Watson [13] and E DelaTorre [11] have examined the
differential fgeometric properties of almost complex Riemannian submer-
sions between almost Hermitian manifolds (almost Hermitian submersions).
In this connection, the purpose of this paper 1s to study the properties ©
almost contact Riemannian submersions between almost contact metric
manifolds (almost contact metric submersions). For it, we use the Gray-
Hervella’s classification of almost Hermitian manifolds [6] and the
classification for almost contact metric structures obtained by J.A.
Qubifa (3]

First of all we recall in §i the definition and propertics of an
almost contact metric manifold and we give some results on invariant
submanifolds of those manifolds. In §2, according to the different types
of almost contact metric structures on 2 manifold M we study the proper-
ties of submersions of M onto an almost coutact metric manifold M.
In §3 we study semi-cosymplectic and semi-Sasakian submersions and we
relate the minimality of the fibres with the transference of the almost con-
tact metric structure to the base manifold. In § 4, we study quasi-trans-
Sasakian submersions. In § 3, we want to cxamine the influence of the

almost contact metric nature of the submersion on 1ts configuration tensors.

In § 6 we prove that the horizontal distribution of an almost contact metric
letely integrable.

submersion whose total space 1s cosymplectic is comp
Finally, the relations between the o-sectional and cp—bisectional curvatures
of the two manifolds of an almost contact metric submersion are studies

in § 7.
21:+1)-dimensional real differentiable manifold

R Preliminaries. A (
M of class C= is said to have a (F, & -r,)-structure or an almost contact
structure if it admits a field F of endomorphisms of the tangent spaces, @

vector field &, and a l-form 7 satisfving
(1.1) 2EH=1 (1.2)

where I denote the identitv transformation [9]. Then E

endomorphism F has rang 27 (1.
If 2 manifold M witha {F, & r)-structure Admits a Ricmannian metric

ﬁ"’-: —_— I—+ f:'|-® Ea

) 7F=0 and the

g such that



78 DOMINGO CHINEA 2
(1.3) JER, =25, T)—a(X)a(Y),

where X, T ey (1), then A s said te have a (I, & 7, g)-structurc or an
ahm‘ast cot}tuct metric structurce and g is called a compatible metric [9]
An immediate consequence is 7(X)=g(X, Z). The 2-form @ on M dcfincd. b}
(1.4) (X, V) =g(X, FY)

15 cn]llggrtlgﬁcfuxsgnmf}ﬂal 2-form of the almost contact metric structure
contact metl"icpstrlzlccrt1]1(;*::‘5,&!:\('10 (1};3}'(1;;ltd:);Smi[dt}jlfiodflg]'ﬁ'!‘CI’lt tamie, of mest

A 2r-dimensional immersed submanifold M of a (211 t)-dimensional
alm.ost c‘nntuct metric manifold M with structure (7, &, I'; .:) is.s.'(;m
be invariant il J'FX is tangent to M for any tangent \'céto; { t M S

‘A‘ny invariant subgmnii’old M with the s?ructurc (I o) x(:'m almost
}IcEm1t1an~manif01d and % is normal to M, where Fandg :m; c't.h-*h r‘c%tr‘ictiOb
of F anF'l g in M, [14]. In this paragraph, M is a Zr-d:ihmonsim;ql ;11v1ri0ni
submanifold of a (274 1)—(1._imonsional manifold 3 with 3;1 Ialm(oat C(‘)nté}lr;t

metric structure (I, 2, . £).

e tI}.letIg?,\V, & (.rcsp. o, V, §] denote the fundamental 2-form of the struc-
7(11’) din 1;111@:11;1:\.1.1 c’onnechon and the coderivative in hY, (resp. M), and let
A ote c e glgchra of smooth vector ficlds on Al an (jh" Lt

¢ ector ficlds orthogonal to M. If {¥,, .. X, . I'X 'Y { N ocal
n‘rthonornml basis, defined on an open :sub,sct',(;f Y -tlll’cmv"trt‘hrl ég(? l(')?al
tives of @ and 7 with respect to M are computed to,hc e

(1.5) SH{X)=— ;}il((\:’-"r&’)(‘\"’ D)+ (Vo @) F X X))
(1.6) Si=— = (Ve X o (Ve ) X0

where X =(31), the Lie algebra i

(M), algebra of smooth vector field
Proposition 1.1. For any weclor field XEy([lI; e om
(1.7) 3D(X)=3D(X).

Proposition 1.2, I/ M ds an @ ] /
. 2.0 1 gnvariant submanifeld rast
Sasakian manifold M, then S

(1.8) FO(XN)=[n/(r—1130(X), X ez{M),
(1.9) 5O(N)=(nn)SD(N), N =73, (1.10) S1=(n]r)8%.

Proof. It follows from the definiti i
) . » defin ' ivativ
quasi-trans-Sasakian manifold, [8}.I YNGR and of
Also, we have
Proposition 1.3. Let M be an ] ] ]
. 1.3, Let invariand siubm
metric manifold M. Then gifelliofensimesienes

T CONTACT METRIC SUBMERSIONS £

3 ON ALMOS
NTACT METRE & ——— — -

(1.11) SON)=E(H, TN), N ey (MM, (1.12) Si=—g(H, 8
where I 1s the meai curealure veclor field of the subinani fold M, e difa denoles
the second fzmdcmzenml form of M, Il= ¥ (X X9 La(FN, TN

f=1

Proposition 1.4. Lot M be an inovariant submani fold of an alost conlact
metric manifold M. Then M 1sa minimal subpani fold ifand only if SPHN1=0

for all Ney(M}y and 31,=0.

2. Almost contact metric submersions. l.cl (M, 2. £, e £) and (M,
almost contact metric manifolds, with dim M =2m--1 and
[ M—=A is called a Ric-

Ql‘, E,,l, 'f", .1'") be
Qim M'=2m"+ 1. A smooth surjective mapping
mannian submersion [7] if

(1} f has maximal rank, and (2) f._'(kcrf.)l is q lineal isometry.

\We say that fisan almost contact metric submersion if fis @ Ricman-
nian submiersion which, additionally, is
(3) An_ almost contact mapping {1.¢. o . f.=f%} :

Vectors on A which are ‘o the kernel of f. arc tangent to the fibres
(Foo =f Wmt'y, m’ e A’y and arc called vertical vectors. Vectors which are
orthogonal to the vortical distribution arc said to be horizontal, We denote
the vertical and horizontal distributions in the tangent bundle of the total
space My (M) and H(AD. respectively. Then 7(}!) cnjoys an orthogonal
decomposition : '1'(.-11'):If'(}!)@H(H). The orthogonal projection mappings
are denoted # 3 T(A)— V(A and & T(QN—H(M) respectively. Since the
fibres of a Ricmannian gubmersion are regular and closed submanifolds
of the mauifold AL, the vertical distribution is completely integrable. In
general, the horizontal distribution is not completely integ: able.

Proposition 21, Lef f: M—=A be an almest confuct setric submersion.
Then the fibres o are invariunt submant felds of M of dimension 2(m—m').

Procf. Let W e V(Al). Since f is almost contact, f*(;aﬂ')-—-g'f*ll'-- 0,
thus, o1 {M)s (). Since the fibres fp. are cven-dimensional and in-
variant submanifold of M, Fp with the structure (9, &) 15 almort Hermitian
and the vector ficld ¥ is horizontal (we shall supposc that fu5=8)

Also, we have

Proposition 2.2 Let f: MM be an almiost contact pelric submersion.

Then
Q(I/'(_-‘U‘))-—T'(M) and H(.U)—_@(H(JI)G—)E.

Let V, V' denote the Riemannian conneetions on A and M, respecs

tively.
A smooth vector field X on M is basic for the almost contact metric

submersion f: MMt
) X is horizontal, and (2) X is f-related to @ vector field on Al
which depends on N\ and is denoted X .

There is a one-to-onc relationship between basic vector ficlds on M
and vector ficlds on M.

Proposition 3.3, Let f: M—AL be an almost contact metric submersioi,
and fet X and Y be Lasie vector fields on M. Then

) g, ¥)=¢(Xar Y)-f

{b) oX is the basic vector fields associated to @' Xy
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{c} AV,Y Is the basic vector ficld associated to VXL, Y.

(d) 2[X, Y is the basic vector ficld associated to [X,,Y,].

Proof. Assertions (a), {c) and {d) arce propertics of a Riemannian sub-
mersion |71, and (b) follows from Proposition 2.2 and [rom the fact that
the map [ is almost contact,

Now, we want fo examine the influence of a given structure defined
on the total space M on the delermination of the corresponding structure
on the fibre submanifolds and the manifold 3"

For the definition of the different types of almost contact metric
(resp. almost Hermitian) structure, we refer the reader to [8] (resp. [6]).

Theorem 2.1. Let [0 M—M" be an almost contact melric submersion. If

(1} vosymplectic {1} Kaehler and minimal
{2) nearly cosymplectic f(Z) nearly Kaehler

(3) nearly-I-cosymplectic (3) nearly iKachler and minimal
(1) quasi-A-cosymplectic (4} quasi-Kachier and minimal
{3) almost cosymplectic (3} almost Kachler and minimal
{6) normal (6) Hermitian

{7) quasi-Sasakian then £ is!t (7) Kachler

AMis | (8) Gj-Sasakian (a) G -manifald

{9) Ga-Sasakian () Ga-manifold

(10} trans-Sasakian {10) Kachler

(111 nearlv-trans-Sasakian (11) nearly Kaehler

(12) quasi-trans-Sasakian (12} I, @i.@ il -manifold

\(13) almaost-trans-Sasakian (12) W@t -manifold,

Proof. Since the fibres F,,, are invariant submanifolds of an almost
contact mefric manifold A7 {sce [2]} we obtain the result.

Also,

Theorem 2.2. Let f: 33" be an alniost contact metric submersion.
Then M s not Sasakian, contact, K-contact, nearlv Sasakian, an quusi-K-
Sasakian either.

Proof. It iollows from the fact that I,. is an cven-dimensional in-
variant submanifold of 3/, and this is not possible when M is Sasakian,
contact, K-contact, ncarly Sasakian or quasi-N-Sasakian [2].

Theorem 2.3. Loff: MM be an almost contact metric submersion.
If M s {a) cosymplectic, (b) nearly cosymplectic, (¢} neariv-K-cosym plectic,
(d) quasi-K-cosvmplectic, (e) almost cosymploctic, (f) normal, (¢) quasi-Sasa
kian, (h) G-Sasakian or (1) Gy-Sasakian, so is Al

Proof. Let X, Y, Z be basic vector fields on A, and let X, Y, Z, be
their associated vector fields on Af'. Then, by Proposition 2.3, the basic
vector ficld associated io (Vy 2 )Y, is A{(Vyp)Y). Thus, if M is cosvmplectic,
M’ is also cosymplectic.

(b) is deduced in a similar wav. (c) follows from () and beeause the
basic vector [ield associated to Vi, 2" is AV Z.

The basic vector ficld associated to (Ve 2 )V + (Vo2 )2 Y, —

5 (Yi)Vex, 2" 15 (Vi)Y +(Vays)oY —%(Y)Vars). Thus we obtain (d).

We have O, Y)=*O'(X, Y}, +(X)=/*4(X). Since f* commutes
with the exterior diffcrential on differential forms, we sce also that 4=
= f*d®’ and dn=f dv’. Thus if 1] is almost cosymplectic, A’ is also almost
cosymplectic and therefore (¢) is shown. (I) and (h) are deduced in a similar
way to {d). (g) follows from {f) and (¢). Finally, since d® = f*dd’, dn=f*d+q

s (N ALMOST CONTACT METRIC SUBMERSIONS a1

and 7 [*n' on basic vector ficlds, by Proposition 2.3, and from the defini-
{tiom of Grsesakian structure [81 we deduwee (7). . '

In vicw of Theorem 2.3, an almost contact metrie §ubmcrsmn[: M-
177 for which both A7 and M’ are members of a class {" of almost contact
metric structure will Le called a [-submersion. - . ‘

3. Semi-cosymplectic and semi-Sesaskian subm(frsmns. As 'IS selcn in
Theorem 2.1 and 2.3, the almoest coatact metric structure on Ar g(l)iﬁll)lcte };
determines that strueture on the ﬁ_hros ’a‘nd @l.u_- hase i}l;unfoldlof the almos
contact meiric submersion /13—l The interrelation hch\_ccn the mini-
malditv of the fibres aud the (ransference of the almost conl:}q m(‘tn;: stliuc—
ture on the tolal space of the almost contact metric submersion to the base
manifold is cvident in the main Theorems of this scetion. ' .

Theorem 3.1. Lei f- M—D2" be an almost contact melric Sltb?zer;i?;{‘.
I 2 is a semi-cosyinpleciic, .\:ﬂmz'-ros'\-;_nfzhrlcln .:m.rnm!, G,—se;f::—cu’s_x fn:b (,(: ic
or Gesciti-cosvi plectic mantfeld. {hen .-Hf 18 :;f",m.-—ms_\'m{)!.ect?r, s:rf;r.:’c;c;s;x ml}
]‘Jl.’(‘l‘;f‘ parmel. Gsemi-cosvinplectic or (.:_:-semz-ros_w.n;‘:!a‘!zc, respectively, i
and anly if the fibres Fur of [ are minimal sihiani folds. i

Pronf, Tet 1 ooy Fuos 9F 1 ooy @Fams Fay oo T 9F 00 - oFo 8
be a loeal o-basis defired on an open subset of MM, \\hqs‘cl 1orizonta
vector fickds T‘ are basic. and the vector ficlds I;,-.:ch vertical. )

fot ' e’ and X le a basic veclor field defined on F,.. Then

m'
=

SO =S ([ BHEX)HTes @ E ) = X (T @)Fu X) +

m’

LV, o @) (2T X)) (V) (5, X)=30(X)— S {(V, @), N)+

i1
s (V;J F,‘l")(:?Ffs‘\'))'_(vi(b)(a’ ‘Y)

On the olher hand,

(9, @)(F . X)= —g((V ) F i X)= -g(V2,2F 0 X)4(2VpF o X)=

-~

== —-g(kvf‘-‘i')l'.i, X)—{-g(r’t:p'\_", Fz-_. .\'):——g'(vfr‘.*:‘j'l:p, J(\) . f"r

(3 Vi Fooy X,) o = (Ve @Yo, X ) S

Analogonsiv,

(7, D) (9T o X)= (Voo @) (@' F e X,) - f and (Ve®)(E X)=
(Vi ®)(ES NS
Thue, SB{X) =30 () =3 D'(X).f.

In a similar way, we oblain Sr=38%+8"7"f .

Thus, {rom ihe definitions of the types of nl‘m.oi't contact metric
strnetures and from Proposition L4 1t follows the assertion.

In a similar wayv to Theorem 3.1, we deduce :

snativa 28
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Theorem 3.2. Lef A be g semi-Sasakian mani feld and let [ M-
be an almost confact metric cubmersion. Then the fibres Fu. of [ are minimal
submanifolds of M if and onlv 1f 1 =[1[(2m}] 3.

I{ now we consider in M the almost contact metric structure
{='. (m"fm)E" (s /m’) s (mfm")?, 24%), we obtain :

Theorem 3.3. 1.of f: M= i’ be an almest conlact melric submersion.
j M s senmi-Sasakian, semi-Sasakian normal. Gpsemi-Sasakian or (.-
semi-Sasakian thew M’ is semi-Sasakian, semi-Sasakian normal, G -semi-
Sasakian or Gyesemi-Sasakian, respectively, 1f and only if the fibres Fu. of f
are mininal submani folds.

Eells & Sampson [3] studied harmonic maps f: M—M" bet-
ween complete Riemannian manifolds. A map f is said to be harmonic if
it minimizes a certain energy integral, or. equivalently, if it is the kernel
of a gencralized Laplacian operator defined by them. For instance, an immer-
sion is harmonic if and only if it is minimal. A Ricmannian submersion 1s
harmonic if and only if its fibres are minimally immersed. Eells &
Sampson. using the curvature content of the Laplacian operator, were
able to prove several rosults which restrict the existence of harmonic map-
pings hased of the Ricmannian curvatures or Ricci curvatures of M and
M’ These results obviously apply to Aimost contact metric submersions as
we formulate in

Corollary 3.1. Let M be semi-cosym plectic or semi-Sasakian mani fold,
and f: M—M'" an almos! contact metric submersion. Then M 13 SEMT-COSVIN-
plectic or semi-Sasakian, respectively, 1f and only if [ is harmonic.

Theorems 3.1 and 3.3 allows us to say a great deal about the submani-
folds of the twe manifolds of an almost contact metric submersion for which
both of the manifolds 3/ and M’ are semi-cosymplectic or semi-Sasakian.
In fact, we gain information aboui {he Riemannian sulananifolds of M and
M’ without vequiring that they lave even dimension or be invariant sub-
manifold.

In his thesis. Bscobales [4] proved

Theorem 3.4. Lot f: M—=M"bea Riemannian submersion with mini-
mal fibres. Then subhuoni fold N of M7 s minimal in M’ if and only if
fHNY is winiad i M.

Thus we have

Theorem 3.5. et [ M—=M"beu semi-cos v plectic or semi-Sasakian
wihmersion. Thei a Ricwuontian submanifold N of M’ s miinimally tmmner-
sed in M’ if and onfv if [ HN) is minimally tnmersed tn AL

4. Quasi-trans-Sasakian submersions. \We shall study the quasi-trans-
Sasakian submersions, bul previously we have the following result

Proposition 4.1, Lef [ A= M be an almost contact metric submersion
and Iet M be a quasi-trans-Sasalkian mani feld. Then for all basic vector field X.

(4.1) —8-(l>(X)=[(m—11:'][»1]8(I>(.\') (4.2) 8(1)(}\'):[(m—111’)]{?1:8'(13’(}L',_._).f
{4.3) 3= [(m—m}m]d7 (4.4) F=[(m—m' '] 8" f

Proof. (4.1) and (4.3) follows from (1.9) and (1.10). In corder to prove
{he formula (4.2), we choose a <-basis in z{M) as in Theorem 3.1. If X
is a basic vector field, then

e ——
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SD(XN)= T (g(Fn X)3O(F)4-(eT s X930 (o F ) 4-g( % X)3P(E)-
i=1
Thi::‘-,
_yO(N )= S’El (5, @) (F ooy Xa) S (Ve O NG F X ) N)F
VL) (E, X)) = ;_, (V- DY )k (VO (5T X))+ (Ve O)HE, X)=
fanl

(1) & (elF PR (T N)FD(F)+(Fi 03RRI

(1) (g5 EAD(X)— g(Z, N)BO(E) = (') SOLX).

Also, we have SB(N)=3D(N)+8"(X.)-f:
thus,

[(m— )" 13 O{N,) .f——=§(IJ(X).

(4.4) is proved in a similar way.
By Proposition 1.4 and 4.1., we have ‘ '
Theorem 4.1. Let [: M=31" be an almost contacl melvic submersion
and let M be a quasi-trans-Sasakian mani fold. Then M s a sewti-cosyvmplectic
mani fold 1f and only if the fibres Fa of fure minimal submanifolds of M.
Theorem 4.2 Let f:M—3l be win almost contuct melric submersion.
L) Tf M oas {rans-Sasalkian. neard v-lrans-Sasakiot, almosi-trans-Susa-
lian or q:msi—z’mnx-Sasm’u’mr wran fold thew M s fyans-Susakian, uearly-
trans-Sasakian, uhrms!-a‘r.*ms-S‘crsu/u\rn nr qrmsz‘!mns-Szrsai;ian, rvs/)ectiwl_\,'.
(by 17 M 1s frnns-Susaleian, nearlv-trans-Sasakian, frhiwst-irans-_S{ISu-
kian or quuxr’—!mnR-Sdm;’mm mani fold Then the fibres T of [ are minimal
subpranifolds of M if and onlv if M'is cosym pleclic, nearlv-K-cosym plectic,
almosi-cos v pleclic or qucrsi—I\'-[ro.s'_\'m/J!c:‘m' mani fold, res pectinel y.
Proof. {n) 1 M is trans-Sasakian then, for Wb LY, Zey(M):
n (Vx®) (Y, Z)=— (¢(V, Y)30(Z) —g(X. Z)30(¥)+5( X QY)(Z£)37-
i
— (X, 27)5(Y)8n)y

(2) A (o X)==0.

For all X, Y. Z basic vector fickls, we have (VyP)(Y. Z)=(Vx $)
(Y, Z2)-f X, Vi=g'(NV.V)S and 7(N)=17(X).f. and by Proposition (4.1)

BIUTAGES ()3 (X y./ and 1= {(mjm")8'% [

Thus, substituting in (1) and (2). we obtain that 1" is trans-Sasakian. The
other relations are proved in a similar way.

(b) is deduced from {a) and Theorem 4.1,

Corollary 4.1 Lot M be a {rans-Sasakian, ﬂ:'ariy\'-fr.-m&S.-rsafez'mz,
almaost-trans-Sasakian oy qzmsr’-!mus-Snsafn'mr manifeld and [ M—=M' an
almost contacl metric  submersion. Then M’ is cosymplectic. nearlv-K-



J————

84

cosym plectic, almiosi-cosyi plecticer greasi-K-cosvm plectic manifold, res-
poctively, if and onlyif fis harmonic. ' o

. Proof. Tt follows from the fact that a Ricmannian submersion is har-
monic if and only if its fibres arc minimal submanifolds,

5. The properties of the tensor fields 7 and .1. In this paragraph
we want to examine how the almost contact melric structure on M bplnce;
restrictions on {he configuration tensors. ‘

1

L_ot- v. V. V denete the Ricimannian connections en 1/, A ant Fu.
rg‘spf'cn\'el\'. and let I2 and F he vector fields on 3. The O’Neill configura-
tion tensars {7] of the Ricmannian cubmersion f: M— M’ are given by

(5.1 T FoahV ol oV Al 4 F=vV,phF+ 1V, ok,

For the properties of T and s, we refer the reader to [7] and [13].
IThfr.*or('er'n §.1. Let f:M—=3" be o« qirasi-I-cos ym plectic submersion,

{;‘t] Voand 11 be wertical vector filds, and lef N and Y he horizontal vector ficlds
iein .
(5.2) Tl =T, W, (5.3)

(5.4) Ao X =0, (5.5)

Ty N=—0TyAX,
.'1xf?}-—'—A)'CP‘\'.

Proof. Assertion (3.2) follows frem the stmilar result on the second
fundamental form of the invariant submanifolds Fo, [2]. To see (3 3)
note that ' '

g(T e N, Wh=—g(N, 1, (V)= —g(X, Tl =glTeX, 9i1)=
=—glol X, ).

For a maniiold which is quusi»[(-cosvmplectic we have ([8])

XV, X oV X oVogpd — (2X)(a( X)) &

Using the vertical part of tLis equation, we obtain AgpX {

2 a 5 1 » 3 _"/1- A"':
=odyX -'-'p{l:xp.\ =0, therefore Ayp X =0. “ -

Assertion (3.5) follows from (3.4).

) Theorem 5.2. Lot frM—=M be a searly cosym plectic submersion.
Then, for all vertical vectors I oand W,

(5.6) 207 W =TV 1TV,
(5.7) 2T pN=0T:X T, X, for ol horizontal X
Proof. (5.6) By direct calculation we have

~

Tyl =Vzl'— Q’vﬂ':(\?v?)T'+?(Vv1")-—(‘&rf?)T'—?(VrV)—v
:;(V"V—e’pV)7—'#_3'1“-1’.

Using this equation. we ebtain (5.6).

To sce (3.7), we have

(270X, )= —glaX, 2T T1)=g(X, 29701 =g, TrglhF

+ 1, o W)y=—g(T+d, Yy —g(T, e X, W) o T N =T X, 1)
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Theorem 5.3. Let /¢ VoM e a ncarl y=K-rosym ploctic submersion.
Then for all vertical wector 17 and 1

(5.8) TegWe=oTelW =Tl (5.9) TpoN=7TyN, for all horizontal X.

Proof. Tt follows frow the fuct that a ncurly-I\'—(‘.osymplcct'u_: manifold
is necarly cosymplectic and quu.si-1\'-(:05_\'mplcctic, [8].

Theorem 5.4. Lef /- [ Lo a cosymplectic sichmersion. Then, for
all E, I'ey7(M)

(5.10) T oE=214E, (5.11)
Proof. By direct calculation, we have
T,.';wE—h-Vl.,.wE—[—UV,.,-IE?E:h(\7,.,.-;))91’3 N EAY ,.7:15—{—:.!(\"!,.-:p)hE-i-

- z‘ch,,-/zE-—'pT,E.

(5.11) 15 proved in a similar way.

6. Cosymplectic submersions. Since all invariant submanifolds of co-
symplectic (in fact, quusi-I\'—cosympicctic) tasifolds are minimal 74
‘i is obvious that the fibres of o cosymiplectic subimersion are minimal.
Moreover, we shall sce that the horizontal dist ribution of @ cosymplectic
submersion 18 completely integrable. This obvicusly places severc restric-
tions on the existence of cosymplectic submersions.

Theorem 6.1. The /! isontal distribufion of a cosyin pleclic suburersion
is completely integrable. _

Proof. Lot X and Y be horizonlal vector ficlds on A, and I vertical.
Then

g( A Y, V)=g(dsoY, V)= o(5Y, Ay V) =—glpYs h¥eX)=
oV, gV X) =gV 1V X) =gV e ()= —gldox¥: V)

Therefore .-1,\,_‘-')":—-0. Moreover, J: 1= R — 3V ,- £ =0, thus, AyY =
-=0, and from [13, Prop. 2.7 p. 15341 it follows the assertion.

A smoolh mapping [ A= N between smooth  Riemann manifolds
is said to be totally geodesic if [ presurves paraliel translation. Vilms 112
classilied totally geodesic Ricmannian submersions and showed that a Ric-
maanian submersion f: M—N is totally geod sie if and only if both confl-
guration tensors 7 and A vanish. He also proved that a Riemannian snb
mersion of a complete manifokd is totally seodesic 1 and only if it is » fibie
bundle with flat connection and with the sroup of isonietrics of a fibre we
structural group.

Corollary 6.1a. . cosva plectic submersion with tolally geodesic fibres
is « totally geodesic mapping.

Corollary b, Let f:M=M be @ cosvim plectic submicrsion @it
totally geodestc fibres. Then fis « snior th fibre tindle with flal connection ditd
M is a locally product manifold.

Proof. (12, Cor. 3.6.70.

Corollary 6.10. I A be a simply coniected rosviplectic manifold, and
f: MM a cosynt plectic cubmersion with fotally g odesic fibres. Then M is
w cosymplectic product space. and f is projection
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7. Curvature relations. An almost [Termitian submaersion [ Af— M
is holomorphic sectional curvature increasing on horizontal holomeorphic
2-plancs, [13]. Similarly, we have found thal an almost contact metric sub-
nersion is of #-scctional curvature increasing on horizonlal g-sections
(i.c., on planc soctions where exists a vector N & H (M} orthogonal to 2 such
that {X, X} is an orthogonal basis in those planes). However, we prove
that a quasi-K-cosympleetic submersion f: M — ' preserves the g-sectional
curvature on horizontal vectors, and, moreover. is @-biscctional curvature
decreasing on pairs ol nonzcero horizontal vectors. Restricting further to
cosymplectic submersions, we find that such a submersion is »-hisectional
curvature preserving on pairs of horizontal vectors. This is a reflection of
the complete integrability of the horizontal distiibution, which was demons-
trated in §3.

For the properties of the Riemannian scctional curvature for Ricman-
nian submersions, we refer the reader to [7].

If X is a horizontal vector field, we shall denote the vector field £, X
on M' by &..

Let (M, ¢, % 7. g) be an almost contact metric manifold. The o-bi-
sectional curvature is defined for any pair of nonzero vectors Eand Fon M
and orthogonals lo & by B(E, Fy==\EliF g (R(E, 2F)F, ¢F).

The p-sectional curvature asigns to the nonzero vector I and orthogo-
nal to £ the value H(Ey=BlL, E}.

Thus, H(E) is the sectional curvaturc of the 2-plane orthogonal to %
spanned by the orthogonal vectors L and oli.

We denote by B and /[’ the a-bisectional curvature and the o-scctional

curvature in A2°, respectively, and by 5 and I{ the holomorphic bisectional
curvature and the holomorphic scctional curvature in the fibres Iy respec
tively.

Theorem 7.1. Let [ M—M' be an almost contact melric siubmerston,
Let X and Y be horizonlal and orthogonals to %, and T amd W vertical.
Then the o-biscctional curvalures salisfy

1) B, W= B, W)V (Tl T =gl Tore )
B(X, V)= IX[IVI{e((Ved)sa X, 2¥) —gldx2 Vs doxV)

(72) gV, Aexe ) —gl(Tard)xo X V) Hg(TonXs Trpd)—

—o(TyX, TovoX)},

BIX, Y) = B/(X., Y.~ IX Y I {25 Axz o o)) —
gy, AyY) =gl Ny Agx?Y )

Proof. {7.1) is just the Gauss cquation for the fibre submanifolds.
Relations (7.2} and (7.3} follows [rom certain cquations ol Q'Neill concer-

ning the covariant derivatives of the 1 and A tensors for a Ricmannian
submersion.

Specifically, (7.2) follows from cquation (2°) and (7.3) from cquation
(4) of [7}.

2l
&

(7.3)

11 N ALMOST CONTACT METRIC SUBMERSIONS :

Theorem 7.2. If /- NAM—-MT s uquzrsz'—I{-ms-,\-rnp!c1fu' submersion, then

a4y B, W=D WYY T e W IT VI
LB V) =IXIVIHE( e V) —g((For D2, V)=
(7-3) _2g(T+X, Tar2X)}-

(7.6) BX, Y)=B(X,, Y4 XY SRR RN BRI

Proof. Tt {ollows from Theorems 5.1 and 7.1 . .
Cofgl{ary 7.2a. If f:M—=M ds a qztnsz-I\_-cos_\'m/)!ecizr. subntersion,
then, for all wertical vectors Voand B, )= BV, V) and equalily holds
if and only ifthe fibres of fare fotallv geodesic s‘rrbr_uamfohis of M. .

' Corollary 7.2b. If foM=M is a qruzsz:lx-c:os_y'nfj)lag‘tr.c submcrsrlo.n,
then, for all Jorizontal vectors X and Y. B{X.Y)2 BN, Y, and c;;{rc! if3
nolds if and only if the horizo lal distribution -zs_complciely ::-ntcgmb ¢
" Theorem 7.3. If [: M—M' s an pearl y-I-cos yn plectic subniersion,
then

(7.7) B(V, 11-’):19(1'. Y2 T A TES
138 BIX, I')=i\Xll'ﬁl‘.T"li"*{g((Vr:l)qu, ?I")*.-?(-’ix’?T-e A V-
A LAY, Apx2V) g((Vord) 2N ¥y 42| T XN

Proof. 1t follows from Theorems 5.3 and 7.2. .
T;lgz{em 7.4, 1 [ MM is a cosvmplectic submersion, then

(71.9) B, V)=20X1 roxe o (710y BUA y)=B'(X., Y.)-

Proof. An immediate conscquence of the previous Theorem and
‘ ms 6.1 and 7.2. _ . o
Il]corgorsollary 74a, If M isou cos i pleclic mma.zf::!ri of cunstand lcﬁ_bw;[[-'
tional curvature by, and [ M= is o« cosymplechic szrbm..'r:smn. then .
is o cosvinplectic mani feld of constant cp—b:s::r!rmful CIH’E"H!'IH]; ",
Corollary 7.4.b. Ior cos v plectic sibmerstons B(Xi, )/. .
Corollary 7.4.c. /f Al is a cosymplectic pend fold wilh sl(zr!l)' chg(‘l.hu‘
o-bisectional curvature, then there do not cxisl any cosyinpleetic submersions
s MM . . .
! Corollary 7.4d. [/ M is d cos v pleetic mani fold il h upnposiri’wr 9
bisectional curvature, and [ MM is u (‘OS_’\'JH-])]L;(!!; su(;;;c_rszun, then [ 1s
. ) 3 s  pro ing.
iotally peodesic mappiing, and M is a lu_cah‘_x product mappiis. -
' I-’rogof. B(E, F];Q()bz’m;‘)!ius B(X, 1)=0 for all honzontalA.;\ .Ll{lduél;l‘}
vertical V. Therefore X =0. Thus I vanishes, and the asseriion 10
from Corollary 6.la and 6.1b.
Now, we adapt Theorems 7.1 though

{ensor.
) Theorem 7.5. Lct [: V— M’ be an alnost condach melric

N« veclor orthogonal to %, and V a zertical vector. [hen

7.4 to the @nsct‘tionul curvalure

sitbniersion,

A

(7.11) H(Vy=H () +iTl 6Tl g Vs Tl )
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(7.12) H{N)= 1 (X,)= 3Nt X0

Proaf. The equations [ollows from Theoren: 7.1
Corollary 7.5 a. For ait almost contuci metric subpicrsion p o M-l
X)) {(N).
Theorem 7.6. I/ f: M—M"is a quiasi-W-cosvm plectic subnicssion, e
{7.13) H(V)—_il(l’)+||!f'i' eV -4 Ty D (i) HX)- H

!

Proof. Tt {ellows fromt Theorems 7.2 and 3.1

Corollary 7.6 a. If f: M—=M' is a guasi-K-cosyi flectic submersini,
H(VYys V), and  cqualily holds 1f i oudy if the fibres of f aid folctly
geodesic.

Corollary 7.6 b. qieasi-K-cosvaeplecle s mersion  preserves e
o-seclional curvalure on hovizontal o-sections.

Corollary 7.6 ¢. Lef f: M —Ai" be u guusi-N-cosam pleotic silfuersici
and suppose that M is of cuistanl o-scctional cureadire ¢ L 3015 2 quasi-
K -cosvin plectic mani fold of conshail a-sectional curvefure ¢

Theorem 7.7. Lei [ @ M= be an nearlv-K-cosym pledic sitbinersioi.
$hen

H(V) = (V) F200 0TV HE

Proof. Tt follows from Theorem 7.3.
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SEMIINVARIAN

T SUBMANIFOLDS OF MANIFOLDS
WITH A

L SASAKIAS 3 STRUCTURY

BY

SUREL REY A amd NEOL W PAVAGHIU

dimenzienal differentiable

H 3 3 H i mc N | s
1. Prefiminaries, Lot N bea real (4 1 dil o
Tosfructnre 1015 endowec

{
manifold. We enll N omanifotd wilh a b ki endowe
with three Sasskion siru FUECS {Pus Gee T g, p=:1, 2, 2 auch that 2, Ger 23
are three vector ficlds mutunily orihrocnnd fo encly other. Yor cach a— l,’.’{, 3
we have denoted by gq A teuser ficld of o {1, 1) and by % @ 1-form. The
Rigmannian mretric on N is dennted Ly 4. Al1 these tensor (iclds are related
by (sec [37)

(]1) ({?G)L_ —I Y !®E.‘!! ; 5911(2..4)“ L O -0 -'f:u( E:n)‘_‘-‘l,

(i.2) ] . (Epy=-0 ot asth; @.{Zu)=- ol Eap= 30
v I~
1 Tlao"?b_ T.'Jr “u _‘T]l' 5 '?H,O':’b_ 2 ®Tr _‘?bg‘;’;t I 1':@ i :‘?CE

where (a, b, ) 18 2 cyalic pesmittation of {1,2. 3
(1.3) (XYY, £, g 2=t ) )
(t4) (T2 Y =gl X, 1) w1

] i Y on N 7 aeneles the identity -phism on the
for all vector fiddds X, Y on Ay e denotes tie identity morphisnt o

! 1 e Lot Civite cormestion on N s it is well
tangent bundle io b and g Fhe Levi Civile conmection on N. A

known (sec [27) we lave

(1.5) e YL W £ e

for anv vectot field X fangent fo N _

v, v, Kue provedin [3] that Kis gl S0 have exaiuples of mand-
folds wvith a Sasakian S-structure. .

~Now, let A be an {5113 dimensional .uub;n:wifo'l‘ll -:wl‘_\ tangent
(g the atructure ve lor fields £1. Gu G0 Of pourse, the geomelry of M df'pc‘nds
on Ll behaviour of the fangenl spase AL at cach ¥ =il 1o the actions of
O 0=1,2,3 Onc of the present authors sl.t_lrhf’c} i [! generic sul‘)mmufolds
and proved that cach real hivpersuiiaee o N inherites 21.11'{11'1,11‘.'_1 s‘rruct‘nrc
of a generic submanifold. We shall give here gmmrahm‘tmn of the con(,cl?t
of generiv submanifold of N, and obtain {u adamental resuits on the geometry

of M.



