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Proof. Let M’ e a leal of the disiribuiion @ {z) and denoie by &7

the Levi-Civita conneclion on MY Then the cquadion of Gauss for the timmer
sion of A7 in A s given Ty

(3-4) Yoy — YRR, ) for any A Ve MDLe{E),

where A7 is the second {ondamental forin of the Lomersion of M7 i 30

Now, we take Y=r({D). Then ihere ovists V& l(D) such that 3ol

and by using (1.3 (1.4), (2.7), (2.9) and (74) we obiain

(3.5) XL Y). D)y =glA{N, 0, LYy VY=g BN, 9,7 ¥

(D) Taking acceunt tha D@L is s RETE
3) we get

{3.6) e (N, Y), £)=U

)
for any Nel(Dh), YeI(D) and Z<=I(D}
On the ofher hand, by (1.5 (2 7) and (3.4)

(3.7) (X, %), £3=0.

&

for any Nel(D 1) and Ze (D). Thus
that M s lotelly geodesic immerse d in A

ohiain

1_.\. .’s,r)) w (1 _‘" R l. T

Next, we denote T 2® the second fundamentsl form P t e raion
of M’ in N. Then we have
(3.8) BN, ¥y=A(N, Y) RN Y),

for any X, Yel(Di® f£1). We take a nonzeid vector ficld X e (D)
and Y =%, in (3.8). Then, taking acosunt that 47 s tatadly seadesic immersed
& I . = ] T - e = : . .

in A, by (2.15) we get FE(X, B == (XL 5) NG, Hepee A7 is not

totally geadesic immersed in A and ke preof of Theoremr 3.2 s complete.
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ON NORMAL CURVATURE OF A HYPERSURFACE OF FINSLER
SPACES
BY

CHOKO HIBATA, QHIRLED SHIMADA and MASAYOSH! AZUMA

Introduciion. A systemalic study of geometry of hypersurfaces in
Finsler spaces was recently given by Matsumo to [57. He gave perfect
proofs of H aimovici- Kikuchi-Rapcsak's results and, in
particular. concluded : There exists a hyperplane of the -t kind (with respect
to C1) which is characterized by the equation H,=0 at each hypersurface
element of a Finsler space I(n >2),if and only if F" is projectively flat.

‘The main purpose of this paper is to give an answer of Professor Dr. Au-
rel Bejancu's conjecturc. A totally geodesic hypersurface of a pro-
jectively flat Finsler space is also projectivelv flat*. This wil! be proved in
§2. §1 is devoted to a study of a second fundamental tensor a3 defined by
Berwald, andwe consider the umbilical hy persurface with respect to the
Cartan connection.

The terminologics and notations in the present paper are referred to
M Matsumoto’s paper (3] unless otherwise stated.

\We wish to express our sincere gratitude to Professor Dr. M. Mat-
sumoto for the invaluable suggestions and encouragement.

§1. Berwald's second fundamental tensor. We shall consider an n-di-
mensional Finsler spa“¢ Fre=(M", L{x. ¥}}, reffered to a local coordinate
system ('), whose fundamental function L(x, ¥) is {1) p-homogencous in
v=(y"). The metric tensor of the F* is defined by

gulx, ¥y = (LE2) [yt ey,

A hypersurface M*7 of the underlying differentiable manifold M*
mav be parametrically represented by the equations

r==ai(w?), a=lean—1

where u* are Gaussian coordinates on M™% We assume the matrix whose
clements arc

Bi(m)=axt{ouw?

This research is supported by Grant-in Ald lor Scientific Rescarch (No. 59340005}, Minl-
stry of Education of Japan. 1984,
* This conjecturs was proposed dusing the Remanian- Japanese Colloquium on Finsler

Geometry in Romania, 1984,
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is of rank n—1. The following notations are cmployed
])’;3(1:):63*.1“/61t’('.=rr3, Bii=DB, b4

o introduce a Finsler structure in 37271, the supporting clement yoata
point (x?} of M"™! is assumed to he tangential to A1 so that we may
write y' =B, and then @7 is thought of as the supporting element of M*™!
at the point (1*). Denoting v by v (i, #), the function L{u, v) 1 =L{x{),
(i, v)) gives rise to a Finsler metric of A/*~%; Thus we get an (n—1)-dimen-
sional Finsler space I7mi== (M"Y L(u, v)). At cach point (%) of I, a unit
normal vector B (i, v) is defined by

Let (BE Bibe the inverse matrix of (B4, BY); we have

BiBE=32, B'Bi=0, B} B*+4B'B;=3;.

gy B Bi=1.

\We now introduce important tensors from Cartan’s C-tensor g
(1.1 Mg =ginBiEBY, Ma=g, BB/ B, M=g.B B/ Bt
Lot F* be a Finsler space cquipped with a Finsler connection I'I'= (Fius

Ni, Ci,). Putting the induced Finsler connection IFT=(F}, Ni, C%,) on a
hypersurface Fr1oof F*, owe have

(1.2) Bi, -+ Bi( -;AB’;-}-C_‘il.B"H.:,)=F§YB§ L He B,
where Ha, (resp. ) 1s called the second fundamental h-tensor (resp. lhe
sormal curvaiure veclor) [3], and are respectively given by
(1.3) ”3*{ : zBi{Bi;i'r T st( 1}-’(82’_ j'kBJ:HT)},
I, = BB+ NiBL), Bt = Biguv®.

We now treat the Cartan connection CI'=(F}., N} Ci) of F* and
indicate the guantities with respect to the induced Cartan connection by

C
putting ,.¢ on them. ‘Then the second fundamental A-tensor Hjzy of (1.3}
given by
e

is generally not svmmetric and we have

C { o [
(15)  Hag— Hpu—= MoHy—23 0 Heu=Ha, Hao=Ha4 M H,.

it is well-known [3] that the normal curvature vector H, vanishes

il and only if H, vanishes.

Thus {rom (1.3) we have
c

Proposition 1. Tie second [undumental h-tensor Hag is symmetric if
and only if the veclor My sanishes or the normal curvature vector Hy vanishes.
The quantity N defined by

(1.6) N, v) « =Heu v) /L2, v)

==

3
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is called the normal curvature of F*=v at (i, ) ([3]).

If we put

(1.7) Qua= (32 H, Jov*év? 2,

the above, together with (1.6), vields

(I'T) QJS:JAFIBI-:/Z‘F-\‘::".’&+‘\'537'"1'I"-\'g-:tﬁ’

where A\'a-_—.:tjji\". ;\.’aazf)g'\"?, f,,::[},’()v’.
The Finster tensor fiedd 0,4, defined by (1.7), is called Berwald's second
¢

Sundamentul tensor. Since Al =2H ] ;
i o i, s+ HMyand . H . =H 0 : :
(),; can be also expressed as ’ v . #rHQpy, theabove

¢
(18) £1a3_’H-a3+Qaﬂ'{"”‘zj[,’i+(31J[B+-'11:J[3)H'0/21
where Q. 5= P, B BY, Pl is (t_hc (v) hv-torsion tensor of FI'. This shows
the rclatié)n among Q,5 and H.s. And from (1.7°) and (1.8) we have
I[:z,'i=A?.5?113+-‘\r:x‘31;l!/2" i\r:I'B+J\r{51’1_013'—*’{q-1{{!_(E.]:(*"IS’*'

4+ M Mg H o [2.

Relferring to homogencity {3 - . !
o g ceneity properties, it follows that Qoo=Hopw=H, so we

{1.10) Qnert? | L2=N(n, v).

We assume that the norm ature N oof FP7g
‘ s g al curvature N of F*71 is constanf ¢ (#0
Then from (1.7") we obtain - ) el
. ain O,5—cg,a. On the other hand, (1.10 '3
the converse is true, ’ o (BB S
hus we gt
Theotem 1. The normal curvafure N i ' ' ]
' . : [ - N 4s constan! ¢ (#£0) Lf and only if.
Berwald’s _scromi Sfundamental tensor Qyg de fined by (1.7)1s giZJmfb\' Q”:)cgi
In [5], Matsumoto showed the important results for sulrviving
of quantitics which are derived from Cartan’'s C-tensor.
VLt;,mma ([31). 1f there exists a hypersurface with (an(=PiaBhB)=0
at each by persur face element of a Finsler space I*, then I'* is a Landsberg s pace
'1* rom this and Proposition | we have ) ‘
Theorem 2. [f there exists « hypersurface such that Berwald's second

. . N (‘
ftm;ia;ncuta! fensor Qg coincides with the second fundamental h-tensor Hyg at
each hvpersurface element, then, the Finsler space T* is a Landsberg space

. . )

(1.9)

Proof. Assume thatil,ac= H, 5 holds good at cach hypersurface element

of a Finsler s 7k Sine is sy iti
pace F*. Since H,s is symmetric, from Proposition t we have

M,=0 or H,=0,s0 (1.8) implics =0. C 7, by i
Jer space I is T,agdsl))crg? s 0,a=0. Conscquently, by Lemma, the Fin-
Further we have

Theorem 3. If therc cxists an umbilical hypersurface "™ (with respect
¢

i{: :}ze Ca;{av: connection CV'), Le., Hap=0gap(c#0 : constant) af each hyper-
irface elemend, then, the Finsler spuce I 1s Landsbery ’
Y.
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-
Proof. Assume that H.s=C0g. (#0: constant) holds good at cach
¢
hypersurface clement. Then we have H,.—H,—=cL? so that (1.6) implies
N=c¢. Thercfore. from Theorem I we uct Ly =08x3> SO it follows that Qus=

_H,, Conscuently, from Theorem 2, F" is Landsberg.
§2. Bejancu’s conjecture. We arc concerned with the Gauss equation
in case of (1" which is given by

C C c [
(2.1 1’\’,3-{3:1'\’“”*-3';5’33-1’ P BBy BYH) B+ (HayHu HasHa,

where Rya.s 15 the Jh-curvature tensor of the Finsler hypersurface J gt
\We treat the Finsler space of scalar curvature K which is characterized
by the equation
Ropor= KLUJM.

and if the scalar K is consiant, I™* is called to be of constant curvature K.
Then (1.5) and (2.1) show

£ i ¢
{2.2) RoppiP® =KL (H 1., - 0, 1= HaoHoy-

An umbilical hypersurface of Riemannian space R" {(#2 3} of constant curvatu-
re. as is well-known. is also of constant curvature. O. Varga considercd some
generalizations of this property to I insler geometry. He proved the following.

Theorem {}arga [N, It a Finsler space of constant curvatire K, if
.

Hy=cg,s holds geod o I then T has the constant curvature K(2—¢c.
Tt was pointed out by Matsumoto that this constant curvature should
be KN | c=

Now, in above Theorem if Hys=cgxa holds good in F"7* at each hyper-
surface clement, then, by Theorem 3. [ is Landsberg. Therefore by Numata’s
theorem (67, the Landsberg space F7 of constant curvature K(#0) is Rie-
mannian. Consequently we have.

Proposition 2. fn a Finsler space of constant curvature K (#£0), if there
evists un wmbilical persiy face Fror (with respect 1o the Cartan conmnection)
at each hyvpersurface vlemen 17 then the Finsler space T is Riemannian and the
hypersurface I'™! is alsu the Riemannian spact of constant curvatire K42

Next, we shall consider A. Bejancu's conjecture. It is said that his
conjecture 1S affirmative.

theorem 4. [ the Finsler space F*(n=3) 1s projectively flat, then the
totall v geodesic Iy persurface Fu-1 g also projectively flal.

DProof. Tt 1s W cll-known [47 that a Finsler space F*(n>3) is Projecti-
vely flat il and only if the Weyl tensor and the Douglas tensor both vanish,
and then F* is of scalar curvature [87. Suppose [* (n>3) be projectively flat.
Then from Rapcsi k-Matsumoto's theorem [5], the normal curvatu-

¢ c

re vector Il vanishes, Therefore, from (1.3) we have Hoz=Hz0=0 and
H,=0. The equation (2.2) shows that the hypersurface Frtis also of scalar
curvature, so the Wevl tensor W, of I vanishes.

- B

5 :
ON NORMAL CURVATURE OF A HYPERSURFACE 101

Next we are in i . L

pa b "t_l‘\(,‘_d['(_ in a position to show vanishing of the Douglas te

R Of Fr71. Since " 1s projectively flat, we hav rectili S oordinate
D o ) ‘suehh that R projes v flat, we have a rectilinvar coordinate
ystam, (1) S 7 (v, ) appearing in the differential cquations of a
g sic curvre of F* is written as G'(xv, V) plx, v)rf, which implie(S

2.1 LA g j ;
(2.3) Gii =G (=N = pi— p¥y pi=iap.
Taking account of the conditio
aking acc ! ns H,=0 and B, =0, (1.3) and (2.3
BB, =0. Thus there cxists some Finsler tensor field(.-lg)(u, ) (Slic%l S‘]cll?z:";
(2.4) Big= AL B .
Differentiating this by =*2*, we b 6x ) 1B 51
: _ s by , we got (85 d,48) B, =0. Since By ()= Bi(u)) ar
n—1 ;lu}.eal:\' independent vectors tangent tf) Mrrata })Oil:;t(i ()n“)( Vi%(flz))llloﬂ'i
tf?é (j_fz.lg I(,) 5? thcquantiti‘cs ¢33 depend on only u* 1., g (A2, )=
. tf‘ %) (u). Let denotce by B1'= (03, G§. 0) the intrinsic Berwald conncction
ctermined from the induced metric L(x, »). Then we have ([5])
Ny=(Bis+GiBh)BE, N§=26%,

therefore the quantities G* of a hypersurface £"7! are given by

(2.5) G*—(G'+ Bipf2) BE.
Substituting G'=—py" and (2.4) into this, we have
(2.6) G*— —pr* 4+ X%,

“.h . T f <1t - ) .
0‘h(ir_e “: put X u_A.g,z. Further from (2.6) we get the connection coctficients
& 3,G* and G§,=2,G§ of BI as follows :

(2.7) Gi=— pav*— P33+ X5 Ng=& X% pa=ish,
28)  Giy=—bar— e p3it NG baiinbs NE=0XF.
For the vector X® in (2.6), we take the partial derivative for v® to get
2X5= (35 ALy - A3
Differentiating this by % and referring to (9gA2) (1), we get
2X3,=20, Ni=2g A2+ 2,43,

Thus w v o S
_h;s}(\:c o(:)se;;}fc; X3, = Xg (). Taking account of this fact, we get X5
sX§,=0. Differentiating (2.8) by %, we have the hv-cu =
h 3 A g -curvatu ms
Gng = 35GBY of BI' as o

2.9 =

(2.9 Gfpe==— Pavet” ~ P8t — Prei— Peyd%s

where we put py.. = & pa,- From this the hv Ricci tensor Ga, =Gi,, is written by
2. : ‘ ‘

) Gay=—npay.

Therefore (2.9) can be rewritten as
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(2'9') G.’i‘t'rs = (Uxé}sG.’:‘r -+ SEGBT + SEGEY + 336.'3:)/”.-

which shows that the Douglas tensor Dis od [T vanisheg. Consequently
the totally geodesic hypersurface Iy s projectively flat.
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