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ON SEVERAL CLASSLES OF SIETS
BY
HARRY 1. MILLER and POLYCHRONIS ]. XENIKAKIS

1. Introduction. If 4 is Lebesgue measurable and mA, the Lebesgue
measurc of A, is positive, then by a classical result of Steinhaus [10],
D(A) contains an open interval, where D(:1) is the set defined by the equa-
tion D{d)={z—y: v, 3= A}, The set A is called a Baire set if A [6].
can be written, in the form A=(G"_PWQ, where G is an open set and [/
and Q are sets of the first category. Picecard [7] proved a Baire set
analoguc of the result of Steinhaus ; namely he proved that D(4) contains
an open interval if /A is a Baire set of the second Baire category.

Sets Af and ¥ will he called similar in case there exists a function

[ [t R= R, of the form f(x)=ax+-b, a#0, such that f{(M)=N.Ruziewicz

'9] showed that if 7.4 >0 and E is any finite set. then A contains a subset

L%, such that E and E' are similar. Miller [3] proved the Baire set ana-
loguc of this result.

It is natural lo counsider the following classes:

ct={A : D{.1) contains an open interval};

B={B : for cach finite sct of reals E, B contains a subset E' such
that £ and E? arc similar};

If we set

={A4 : A is measurable and mA =0} and

Bi={A: A is a Baire sct of the second Baire category}, then Dby

the four previeusly mentioned theorems we have :

wh Brzedn @,

Let A denote the collection of all universal null sets, i.e. N € if and
only if #N=0 for cach measure a induced by a nondecreasing continuous
function.

In this paper several results about the five above mentioned collec-
tions are proved. Among the theorems presented here are the following.
The collections < and @ are incomparable, i¢. /¢B and B ¢ ot and there
exists a set N & such that N is a non Baire set of the sccond Baire cate-
gory and N ecdnB. From this it follows that

) BfSedn B,

2. Results. We first show (in Theorems 1 and 2), without using the
continaum hypothesis, that of and B are incomparable.
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Theorem 1. &/¢B. Proof, Consider afixed subset of R with three ele-
ments, sav S={0, 1.2}, We will. using transfinite induction, construct a
subset A4 of N such that DAy =~/ and such that no subsct of A {5 similar
to S.

By the well ordering principle the set of positive real numbers can
be written in the form {p.l, ., , where o, s the first ordinal having ¢
{the cardinal of the continuum) predecessors,

Let .1, be an arbitrary fwo point set. A= {a,,, a,.l, such that a,,—

ap=p. Supposc that B is an ordinal number, % <w,. and that for each
-8 a subsct 4, of the real lne has been deflined suely that -

a) dpsd,, if oy <a, = j

b} 4, contains a par of points w,,. 0. such that
cach o -<f3.

c} <, contains no subset similar 10 S for cach « -8,

d) card{A.)smax{card o, ;) for cvery «-<f

Let Cp= u A, Then €y contains no set similar to S and card(Cy) <

E
gmax(card £, ). TFurthermore, curd {{w,,. dg) € R 2R ;s dyy== Paut=c.

Given any two poinis, say vand v, in €y, there exist at most 6 pairs,
(b b)) @R R T=1,2 ., 6such that ai— aij=p, for cach i=1,2,..,6
and such ithat {x, v agi. M) conlains o set which contains v and v and
1ssimilar to Sfor vach 71, 7. 6. Al=o, given any point. say =, in Cy, there
exist 3 pairs («fy. ¢h) S K> R, i=1. 2. 3. such that why— = ps for cach
£ =1,2, 3 and such that the set {z, a},, ¢i.! is similar to S for cach =1, 2, 3.
Therclore, since card (Ch) <¢, there exists a pair ag,, ¢ua such that ag,—
~ag,=pz and such that Ay, = Cuu firgs. wr4.) contains no subset similar to S.

Hence. by transfinite induction there exists a transfinile sequence of
sulse s ol I, {A.1.., , satislying the following conditions.
at) A, i @y <oy w,.

LY} A, contains a pair of peints ayy, d.. such that ye— gy =p, lor
each x <,

¢') A, contains no subset similar to S for each o= w,.

dY card{Ad. )< max{card «, C,)
for cvary a<o..

Waa—tlyy "/7:; for

Let A= 1 A, and it is clear that A =/ and that & &8 cince A con-
LS4 T)
lains no subset similar to S,
Reapark 7. 1t is well known that D{C)=[—1, 1]. where C denotes

the Cantor set. The current authors (47 liave recently shown that C&3
{and hence ~£08),

Theorem 2. D¢ cf . Preof Let § denote the cdass of all finite non-
emply subsets of the real line that do not contain the number zero. By the
well ordering principic b can be writien in the form {Sibrew, . We will
construcet, using transfinite induction, a sel =3B such that Beéf.

Suppose Sy= iy, e o . Where the clements of S, are listed
1 vinereasing order. Consider the familv {5 S.1. .. where sS,= {Sarpn, Syp sy
s-w-O'(’ln_l}'

If I<i=j<u(1}, then the set {se R: s =0, s{u,,—a,,) isrational is coun-
table and thercfore there exists s;,= R, 5,0 such that the difference set
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D(s,S\)=1{{— 1*: t,# =55} conlains no rational number other than zero.
S0t By=¢,5..

Now suppose 3 1s an ordinal number, 8 <w,, and that for cach =<8
we have defined a set B, such that

a) Bae B, il ¢y <o, f

b) I3, contains a sct similar 1o 5,, for cvery a=§8.

<) card(B)gmax{card o, J,) for everv a<j.

dy D(B.) contains no other rational number than zero for every

=B
o Let C,— U £, Then card{Cy)< max(card 3, 2(,;) and D(Cy) contains

L)

no ofhier rational number that zero.

H S,=1{az dga o Pz, then, as before, for ecach 17 <jgn(B),
the set {seN s>, s{uy,~~as)) s rational} is countable. IFurthermore,
since ay;#0 for cach 7, 1</<n(f), card {s= R s>0. for which there exists
an clement heC,. such that b—say, is a rational number other than zero
for some /€1, 2, (BN max(eards. )] < (as B <o),
Therefore there exists an s, = R, s, =0, such that D{H;) contains no ra-
tional number other than zcro, where I>’3=C3U 5555,

Therefore, by {ransfinite induction, there oxists a transfinite sequence
of subscts of I, {Ba}-a.zwc with the following properties.

at) By =B i oy <. o,

bY) 1), contains a subset similar to S, for every a<o..

¢ty D{I3,) contains no rational number other than zero for each a <w,.
Let B= u B,. Clearly Bsel and by L'} 5 B, for if B contains a subset

X TGy
similar to cach set in &, then B contains a subset similar to each finite
subset of K.

Remark 2. Actually a result stronger than Theorem 2 holds. Specifi-
cally @ €2, where € denotes the collection of all subsets C of the real line
with the property that for cach at most countable subset £ of the reals,
C contains a subset C* that is similar to .

In the introduction we mentioned that wty BatSedn @ . The next
result shows that the svmbol € in the last sentence can actually be repla-
ced by <. i

In the following. Q will denote the set of all rational numbers, 4 set

D is said to be concentrated on @ [8] in case D 1 is at most countable
~each open sct 7' containing Q.
~ Theorem 3. .issuming the contimuum hypothesis, there exists a set N
entrated on Q with Nect nB.
r"Prooj. Assuming the continnum hypothesis, the cardinal of o, is @,
therefore card <<, for cach <o,
Let @ denotes the class of all open sets containing @, R+ the set of
e real numbers and 8 the class of all non-empty finite subscts of K.
¥ the well ordering principle @, R, and & can be written as trans-
quences, namely we have
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R= {Rf}r <o, Ri= rf'.}:-f- e d= {Sf:‘ft‘-' W,

Take x5, v, to be any {wo points of R, such that x,—v,=¢,. Clearly
such points exist as Ry=RN\ (R~ R,) and RN\ R, is nowhere dense and ({+
H (RN M) (R My @ for every £ 2 if 3 isa set of the first Baire cate-
gory, where #4-(RNA)={t4u ue= RN AT

Since Iy is a Baire set of the second category, R, contains a subset,
say 1, similar Lo S, (sce [31, Theorem 4).

Now supposc that = <w,. and that x;, v, and T, have been chosen
for all ordinals ¢ less than = in o way that ensures :

) {vg yajUTee n KNy, for all n<s,
aEsn

i) vy~ v, I, and T, is similar to S, for all s<=.
We now proceed to sclect ao, v. and 7. Consider the set
E.= U (RN
asT

I/, is a countable union of no — where dense scts. By our previous remarks
(in the case ==1) there exist v, y.€RN\FE. such that x —y.=f. Fur-
thermore, again by [3], Theorem 4, R\ E. contains a set, say 7, similar
to S..

Thercfore by transfinite induction we have constructed transfinite
sequences A}, . {Vidoo o, and {770, satisfying the following properties.

1 {vaov.) v e n B, for all <o,
ort] '
i) ay— =1, and T, is similar to S, for all «a<w,.

TLel Ny

T

{({xas ViU 1), Clearly Necl n’B.
If R is any open set that contains @, then R—=R, for some ordinal
Py X,

Then Ly 1) we have:

fv, v uT . ek, for all agr<w,

and therefore the only points of N not in the sct f\’=Ra belong to the coun-
table set
U ({33 T,

TeX

Therefore ¥ is concentrated on Q.

Remark 3. 1f N is anv sct concentraled on @, €>0 and « is a measure
induced by a non-decreasing continuous function, then clearly there exists
a sequence (1) of open intervals, whose union contains @ and such that
a{ln) < e/2" for cach n. NNU [, is counlable since U 7, is open and con-
tains Q and therelore has » measure zero. Hence the a-outer measure of N
is less than ¢, for cach €20 and therefore 2(N)=0, which implies that &
is a universal null set.

In addition, if N is a universzl null set and A€V then M<$ B To

see this observe that if AfEB;,-‘ then it can be written in the form M=
=GU P, where G is an uncountable Gy sct and [’ is a sct of the first category
([6], p. 20). There exists ([6]. p. 23) a subsct A of G and a non-decreasing
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continuous function # which maps .f onto the Cantor set ([6]. p. 4). Let F
denote the Cantor function. Lot 2 denote the measure induced by the non-
deereasing continuous compusite lunction I'og. Ihen a(d)j=1. This con-
tradicts the fact that .V 15 a universal null set.

By the above, N, the set constructed in the proof of Theorem 3, 15 in
A nB and Newtu B, Therefore mty Bidgcd nds.

The last mentioned proper inclusion can also be obtained without
using the continuuim hypothesis by constructing, using 11}11’1;[1111}0 induc-
tion, a Bernstein set B (see [6]), satisfying Beddn® since any
Bernstein set is non-measurable and Jucks the property of Bare. Erdas
and K akutani[2]have constructed a bounded perfect set L of measure
zero having the so-called S.. property that is for cvery natural number #
there exists a constant s, >0 such that for every set of 7 ponts fiy, doy oy )

I of diamecter <, the set N (F4-a) is non empty. It s a straight forward

s=1 . .
exercise to show that this implies Eecfn, and therefore once again it
follows that m*y B} Saln@.

The set Eyinthepaperof Davics, Marstand and Ta vlar [1]also
satisfies E, e (ctn B\ (m*u B7), if /i, the measurc fu_nctlon uzed in the con-
struction of E,, is taken to be the identity function.

Remark 4. The construction of the set N in the proof of Theorem 3
can be modified so as guarantee that N is a set of the second Baire category
(in addition to having the other propertics preseribed in Theorem 3).

Specifically, a set A is of the sccond Baire vategory if and only if

(R, G FJnA#0 for each sequence [I;]21 of closed nowhere dense
fmx]
ts.

e =

the well ordering principle the collectivn of sets {R™ UF,: cach
. i

1

ed and nowhere densc} can be written in the form {7 b, .

‘Using transfinite induction, cxactly as in the proof of Theorem 3.

e can get V= U ({xs Yo ZayU L), where 1, vy and T, arc the same
[/ a <oy
4

1n the proof of Theorem 3 and z, €V, for cvery z <o,
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B3N LASI

O BIVAPPINGS BETWEEN
H-CONES OF FUNCITIONS
BY
EUGEN I'OPA

LOCALISATION STANDARD

Let S and 7 be standard H--ones of functions on the sots X and
LY. 9 Yo X s caliel a B-Mapging (rom S to 1) if, for cach s=5S,, sop
is 4 neary continvovs clement from T We zive necessary and suffi-ient
conditions for a Bl-Mapring to lota’ize, in the [ollowing sensc : for cach
naturally (resp. finely) open set e X, of -, is a Hl-map from 8(U7) to
T Y(U)) (resp. from () to Tz (L))

In the particular case of harmonic spaces. we obtain necessary and
sufficient conditions for a Bi-Mapping to be a harmonic morphism (resp.
a finely harmonic morphism in the sensc of Tuglede), These results show
the possibility to describe, cven in the classical case, various properties
of morphisms of I{-concs, using conmunutation conditions with suitable balay-
ages. They also clarify a hypothesis used in [t3].

§ 1. Preliminaries. All the notions and notations aboult H-cones are
as in [2]. For the definitions and results concerning harmonic spaces, see
[4]. The notion of H-morphism is introduced in [9] or [2, p. 43]. Morcover,
the following definitions and notations will be used. Let S and T he H-
cones of functions on the sets X and Y. A map 5 Y—.X is called a H-map
{from S to 7', sce [9)) if, for any bounded s €3, we have sepe 7, If Sand T
arc standard H-concs of [unctions, 7 is called a Bl-mapping if, lor any s &
&S, sop is a ncarly coniinuous clement from 7. Clearly, any Bl-mapping
is a H-map. We remark also that if 9 is a [l-map from S to [, then 9* exists
‘and is semi-finite (cf. [9]).

Let S be a standand #H-cone of functions on the nearly saturated space
. The next definitions were introduced in [17. For cach finely open sct
X, 35(G) denotes the set of atl {unctions f: G- ¥R, which are finite on a
‘dense sct, and for any fincly open set D= X, which has the finc closure
oted by fcl D) contained in (7, we have f ,=8 (D). is said to be semi-
ated if any H-intcgral on S, dominated by a f-measure, is itsclf a
easure.
The notion of harmonic morphism was introduced in [3]. We usc the
ing definition : Jet X and Y be harmonic spaces and 2 : Y—X be a
ous map. ¢ is called a harmonic morphism if, for any open set U<
any hyperharmonic function s on U, so7 is hyperharmonic on 374{U).
ular set (in the casc of H-cones of functions, as well as for harmonic



