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LOCALISATION OF BLMAPPINGS BETWEEN STANDARD
H-CONES OF FUNCITICONS
BY
LEUGEN ’OTA

Let S and T be standard H-cones of functious on the scts X and
Y. o1 Y—=X is calicl a B-Mapging (Irom S to 1) if, for cach s€S,, sop
is a peary continvors clement from T We zive neressary and sufli-ient
conditions for a Bi-Mapring to focalize, in the lollowing sensc : for cach
naturallyv (resp. finely) open set e XN, of -, is a H-map from &'(U) to
T'(o (L)) (resp. from S({7) to Tlp (L)),

In the particular case of harmonic spaces, we obtain necessary and
sufficient conditions for a Bl-Mapping to be a harmonic morphism (resp.
a finely harmonic morphism in the sensc of Tuglede), These results show
the possibility to describe, cven in the classical case, various properties
of morphisms of H{-concs, using comnutation conditions with suitable balay-
ages. They also clarify a hypothesis used in [t3].

§ 1. Preliminaries. All the notions and notations aboul H-cones are
as in [2]. For the definitions and results concerning harmonic spaces, see
[4]. The notion of H-morphism is introduced in (9] or [2, p. 43]. Morcover,
the following definitions and notations will be used. Let S and T he H-
concs of functions on the sets X and Y. A map 3 Y—.X is called a H-map
{from S to 7, sce [9]) if, for any bounded s= 35, we have seps 7. If Sand T
are standard H-cones of functions, 7 is called a Bl-mapping if, for any s
&S, sop is a nearly continuous clement from 7. Clearly, any Bl-mapping
is a H-map. We remark also that if 9 is a H-map from S to ), then 2* exists
‘and is semi-finite {cf. [9]).

Let S be a standard /-cone of functions on the nearly saturated space
. The next definitions were introduced in [1]. For cach finely open sct
=3 , 84G) denotes the set of all {unctions f: G—¥R ., which arc finitc on a
“dense sct, and for any fincly open set D= X, which has the fine closure
oted by fcl D) contained in G, we have /, =8 (D). is said to be semi-
ated if any H-intcgral on S, dominated by a H-measure, is itsclf a
easure.
The notion of harmonic morphisin was introduced in [3]. We usc the
wing definition : fet X and Y be harmonic spaces and 2 : Y—X be a
ous map. ¢ is called a harmonic morphist if, for any open set U<
any hyperharmonic function s on U. s is hvperharmonic on 57 4{U).
ular set (in the case of H-cones of functions, as well as for harmonic



24 EUGEN POPA e

spaces) we understand a finely open set U X, such that (X () - X UL
Since the fine topology is regular, there exists a base @ {or the fine topology,
which is formed of regular sets. Let X and Y he topalogical spaces ; GF,
and & be presheaves of numnerical functions on X, resp. YV and 2 Yuo ¥
be a continuwous map. We call (in this paper) 9 a morphism of presheaves
if, for any open sct (' X and any bounded fe7F (1), we have fope &
(g 1(17).

We recall some known results about the locabisation of H-cenes.

Proposition 1.1. Lef (X, 7U) be a B-lurmonic space with countuble bage
(see [4]), such that | =0 (X). Wedenele by S the set of positive, su perharmoni.
Sfunctions of X.

a} S s a standard H-cone of functions on the semi-salurated space N ;
the topology of X is the same as the natural fopolog v with respect o S.

Ly For any gpen st U XN 0 S(1)=8"(1) 45 the set of hvperharmonic
Jfrnctions on U, which are finite on u finely dense set (cf. [1], [/2]). Particu-
larly, &' 1s a compicic presheaf for the natural topology.

c) If, morcover, X salisfics the axiom of domination, then for any fincly
open set G=X : S(GYy=8"(G) 1s an fnereasingly dense and solid convex  suh-
cone i the sct of all the positive, finely hyperharmonic functions on U, in the
sense of Fuglede (see [3], [8]). Parliculurly, $ 1s a complete presheaf with
respect {o the fine fopology.

Remark. Let S be a standard H-cone of functions on the nearlv satu-
rated space X. If & is a natural complete presheaf, then 87 is also a natural
complete presheaf.

Proposition 1.2, a) Let X and Y be B-harmonic spaces with countable
bases, such that 1 =2{(X), | €@(Y). Wedenote bv S and I the set of positive
superharmonic functions on Xand Y. Lol 2 Y—X bea H-map from Sito T,
such that: (i) o is continmuons ; (1) YU X open -y, tsa H-map from
o (U) fo T'(o(U)). Then o is a harmonic morpliism.

b} Suppose morcover that X and Y salisfy the domination axiom. Let
U2 Y be a finely open set and 9 : U—=X be an H-map from S fo T, such
thet : YV X naturally open, 9lor, 15 a H-nup from S(17) o Tlo '(17)).
Then o is a finely harmonic morphism in the scnse of Fuvlede (cf. 167, [7]).

§ 2. The Main Results, Theorem 2.1. Lol S5 and T be stundard H-cones
of functions. an the nearly saturated spaces X and Y 2: Y- XN be a Bl-
mapping. 1f the following conditions are fulfilled :

(i) YI'=Y naturally open: carry ., 1=0 m (V).
i) “C' s a natural complele presheaf on the scmi-saturated space Y,

(ili) 2 s naturally continuous,
(ivy Lhere exists a base B of vegular scis for the natural topology on X,
Then, the following propertics are equivalent

1) o s a morphism of natural presheaves from S§* lo T
2) (BFUs)en= B """V (s00), VsS, VL B,
The next result is the L line” version of the preceeding theorem.

Theorem 2.2, Let S and T be standard H-cones of functions on the near-
Ly satwrated spaces X and Y ; 9: Y= X be a Bl-mupping. If the following
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conditions are fulfilled © (1) VV'EY fincly opeir: cartor.- ) l=®. in ’C(V).;
(ii) Tois a fire complete preshea f. Then. the fellowing propertics are cqui-
valenl! ‘
N 1y = is a morphism of fine presheases from 8 to °C.

2) (B:&(x\t:)s)op=1)..,1-5.\;?-‘(:)1(50?)‘_ vse§, VI e

In the case of harmonic spaces, we get the following chatracterisations :
Corollary 2.3. Lot X and Y be harmonic s paces and o : Y =X be a con-
{iunnonus map, with the properties : (1) X lzf{s :'::mriablfc basc, 15 b’-.lmrmom_c
space and has @ base B f)_f pegiday sels ; _(u) vh c-un.iunmus pr.-{(-uiml -(m X,
pop is a petential on Y. Then, the following properiices arc cyuivalent :
C ) o s a harmonic morpliisn.

2) (B¥NY s)ope= BN (s09), Vs hyperharmonic on X and YU e B.

| The ,finc” version is:

| Corollary 2.4, Let N and Y be .

| sel and I’?—y)‘\- a map such that : {i) X has a com:!frble‘__basa and 1s B-har-

! HonIc s/;acc; (ii) Y salisfies the aviom of domination ; {iii) V/)__fmgt‘c', conli-

suons potential on X, poyp is a fine potential (cf. (5, def. 10.5]). Then, the
ollowing propertics are cquivalent .

f l)c:p is @ fincly harmonic morphism (see [61, [T])-

harmonic spaces ; VY a finely opert

2) (B™\Us)op = BV W"W(s0p), Vs hyvperharmonic on X YU < U,

§ 3. The Proofs. \We give a slightly more gencral results than those
announced in §2. .

Proposition 3.1. Lef S and T be standard H-cones of functions on the
nearly saturated spaces N and ¥ let 3 be a morphism ofthe natural presheaves
§' and T'.If (i), (ili), (iv) from th. 2.7, hold and morcovcr :

(ity Y'Y naturally open, for any naturally open covering (Vi) for
V, such that fcl V.=V, for any finite aud nearly conltnuons t = Iy we have :
B = o BN BTNV

(Fareeni )

(BENYs)opg BYNT 0 (s0rp)

€5, YU X naturally apeu. . oyl

“Proof. Let s= S, s< 1. By [1, th. 2.3] we have: 1 — BY s e SHY,
1~ (B¥\¥s)on = (1 — B¥\Us)one T! (p7((L)). From (i) it follows

ere exists a naturally open covering (F,) for 7 1(07) such that fel Vo<

) and : B*UNr | — 1, va (4 denotes the balayages with respect

g !(U)), But:

s Beonvar| - (BYNCy)op]g [ — (B Us)op

B"'I(U) \"1{(13,\'\1,'_\‘) 0:?]=(B.\' o 0 .S‘)c'_:).

shows that we can apply (i) in orfer Lo get:
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3 ENs l':[';'(SQ?) =

> A BUNn L BN [(BYNES) on]=(B¥\Us)op

(Fprenm

on o (L) But: B'"Ne"'(Msoz)=s0p> (B Vsjou on 6(Y\ 2 4U)). Since :
Yo lo (W (YN 7 ()] is semi-polar. the inequality holds everywhere.

Proposition 3.2, Let S and T be H-cones of functions on the sels X and
YoLel 5:Y >N bea H-map. For any A< X and s<S, we have :

B3# A (50m) < (Bs) 0.

Proof. We have b(A)z[B4s=s], hence: o ' (b(4))c H{{Bs=s])=
=[B 50 =s0n],

From the preceeding propoesitions, it follows that 1=s2 from th. 2.1.
holds, if we remark that condition (i} from th. 2.1. implics (ii’).

Proposition 3.3. a} Lot S be a standard H-cone of functions on the semi-
salurated space X 1f 5% is a natural complete presheaf, then (ii") holds.

b) Let S be a stundard H-conc of functions on the nearly saturated s pace

AN Lot us suppose that S satisfics the axioms of convergence and that o f nearly
continuity. Then, for any balayages B, {B,) such that (B ud(B,), and for
n

anry universallv bounded s<=5, we have

Bs< A Bf! B;n 5.

t{l""ﬂ)

Proof. a) By [1, prop. 3.5. a}] follows that, for any naturally open
covering (U,) for X, and any finite and nearly continuous s S, we have

A BTN BN 50
(iyreerty)
We remark that: (s—B¥"%s)|,- is ncarly continuous in SHUY. Indeed
let &= 5%* he a weak unit, such that s is w-continuous. i 1s a weak unit
in SYI7). We prove that (y—BY\Us)], is #|,-continuous. Let (fi} be a
family  from SYU), increasing to (s—BY\g)[;. From f, <s— BY¥\Us it
follows [1, th. 2.1.b}] that: fi=v,—B¥\ts, where :

vp=sup(Vgh— BXNUY gl 4 BYNUg)

and Vgi—BY Y TI"gl is increasing to f,. We have 9;€5, #,<s and s=sup z;
on /. By construction, it follows that s=sup »; on b(A\ U), and also that,

(v3) is increasing on O(N' ")y U. Being increasing except a scmi-polar set,
it follows that (i) is increasing and s=1"v, Now : ¥e>0 3 /, such that :
sy +eit, henee: (s— BNy, <fi +¢Y;. It follows that:

BUa L BUNY, (s— BX\Ug) =0

't'l,....in]
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denotes the badayvages with respect to 87(07)). Hwe remark that @ (AN L)
fel(LN 7). we get, from [1, prop. 3.3]:

BESY (s— BINUg) = ¥ s — BV Uy on U,

Sinee ;. BYNUg= BU5E N s) the proefl is complete.
L) Let us denote: = A B . B s From the
figrelyd ' , - =
eonce, we obtain o By=1, Vi, henee @ catr, o0 (= n b(£,). Then: carrpy, :)
= ! - ’ "

axiom  of

-

colver-

R(t — Bs)=. By the axiom of nearly continuity, ¢ is neorly (:ontinu(')ms, hence
tePN, ). The sume is true about R{(f—Ds)s{, hence R(t—Bs)=0, so
that /< s,

The implication 2=1 from th. 2.1. fellows now from:

Proposition 3.4. Let S and T be standard H-cones of fuictions on the
wearly salurated spaces N aind Y. Let o0 Y= X be a Hemap, [f U X ds finely
open and

*) (B¥\Us)op— BY W (505, Vs =S

then 2l oW IY=U is a H-map from SHU) lo ’C’(:pl‘f(U)). [f. morcovey,
o 1s J:Jtrrru!!_r condinugus and one of the folloiwing conditions hold . .
— {*) lolds for any UCfrrwz d base for the natiral fopology and T 1s
i complete presheaf. Or '
J atuml_ (?’:‘)U;whis {bfur cm;\"[nalumll_)' open U, then 9 1s a morphisie of naturil
presheaves ' T
The proof is direct. o o . .
We pass now to the proof of the th, 2.2, The mmplication l=2 can be
proved as foilows : since there exists o base of regular, fincly open scts, p‘!op.
3.3. by and prop. 3.2. show that the prooi of the prop. 3.1., with obvious
modifications, gives the desired result. The tmplication 2=1 follows imme-
diately {rom a result entirely analogeus to prop. 3.4 N
We give now the proof of cor. 2.3, Let us remiark that the condition
for ¢ to be a MBl-mapping must be added in {10, prop. 6.2, cor, ?.3.].
=2, Let U2 X be reguiar. Tt follows that BYNs=s on AN, hence
(B*\Vs)op--sop on Y\ » Y{{’). so that: (B¥NEs)on = BY o (U o I;L‘t us
denote : p—sop— BIN\="1W(507) ; p'==s0n— (B \Vs)op. By 2, ih. 5.1.9. ¢) '_
nd [4, th. 8.3.2], it follows that pop is a polential on 57(U). Since p—p*
a harmonic, positive function on 3 {{7), we have p=p" on 3 '(U'). bn_1ccf
N (s00) — (BY\Ys)oow on H{Y . w Y(()), we conclude the cquality
where.
- 2=1. Since there exists a bounded, strictly positive, continuous supcr-
nic function (cven a potential) / on X, replacing the two spaces by
€ resp. (fop)™t. @, one can apply th. 2.1, (cf. [8] and [1]).
Or. 2.4. represents the particalarisation of th, 2.2 to harmonic spaces.
any S, is a cordnuous, finite potential, hence pop is a {inite,
tential. Now, from [3, def. 8.3] it follows that p=@P(V, =), Hence,
arly continuous,



§ 4. Other Results. We begin with complementary results to th, 2.1,
and 2.2.

Proposition 4.1. Lct S and T be standard H-cones of funictions on the
nearly salurated spaces X and Y. Let 9 : Y =X be a Bl-mapping. Suppose
that conditions (1), (iti) from th. 2.1, and (ii) from prop. 3.1, hold, and mercover :

(v) The potnts of X are totally thin.

Then the following properties are cquivalent :

1) @ is @ morphism of the natural presheaves 8 and T, and 5 pre-
serves the fotally (hin scis,

2%y (Bfsjop=B*"(s07), VYs&S, VI wnalurally dosed.

Proof. 1'=2". Onc of the inequalities is proved in prop. 3.1 ; the other
onc follows from the fact that o ¢ preserves the totally thin sets and from
[11. th. 1].

'=1". Using prop. 3.4. we get that % is a morphism between the na-
tural presheaves §° and T’ Applying 27) for 7= {x}, it results that 97({x})
is totally thin. By [13, th. 1] it follows that 5! preserves the totally thin
sets.

Proposition 4.2. Let S and T be standard H-coites of functions on the
nearly saturated spaces N and Y. Let 5 Y—>X be a Blomapping. 1f condition
(1) from th. 2.2, and .

(it} YVEY fincly open, for any fincly open covering (V,) of V, such
that {cl VeV, for any universally bounded te=1

A BT B ey

3%y

BN

hold, then the following properties arc egquivalent :

V) @ 15 a morphism of fine presheaves § and T and oV preserves the
totally thin scts.

2 (BM 5 op = BRI N 0ny Vs eSS, VUSX finely open:

Proof, 1'=27. Onc of the inequalitics follows [rom an obvious modifica-
tion of the proof of prop. 3.1. The other one is cquivalent with the fact that
¢! preserves the totally thin scts. Indeed. if o7 preserves the totally thin
sets, then by [I1, th. 1]: B(e ' (A)) =2 1(B(A4)), VA=X. Hence:

Bﬁw-hm'(so?)’é IE "(BM”(S op)g 7 IIh"g"'“:(s 07)< (B’m":"rs)o.?

by prop. 3.2. and the fact that : 8(A4)=3{p(A))=d(B(1)). Conversely if A= X
is totally thin, we have B(A)=b(4)=d, hence B [0, It follows that
B(972(A4)) is a polar set, so that 744) is semipolar.
2= 1% It is cnough to remark that, from the alove considerations
and [t1, th. 17 it follows that »7t preserves the totally thin sets.
Analogous results are valid in the casc of harmonic spaces :

Proposition 4.3. Lot X and Y be harmonic spaces and 2 : ¥Y—X a con-
tinttons map, such that: for any posilive hyperharmonic funetion s on X,
sop is hyperharmonic on Y. If the following  conditions are salisfied : (i)
X is a B-karmonic space with countable base and the poinis of X are totally
thin ; (§) Y salisfies the domination axiom and is a B-harmonic space, then
the following properties are equivalent :
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Yoo d iely open morphisn
?1.1)) (?Bz'f\gs{;:pi‘li"{)@"(t’)(s:{:), for any s positive hyperharmonic, for
' fe X

o [’ﬁigof(.J 1_5;25. « Dbeing finely open, onc of the inequalities follows from
(11, th. 1]. The other one follows from cor. 2.3. ] -

2t= 1L The fact that 2 132 fh:j.;momfc morg;l;sx:il 1sl?rovcd in cor. 2.3.
The {: i is finely open follows from , the 1. ) _
e f;\("e}mtf::ftt }9[ 9 is fi%elypopen and Uc X is regular, then ¢ (U)gY is

ar, by [I13, prop. 6].
et iCorolilar[j,' 4.4p Let X and Y be harmonic spaces, VY finelv open mzj
o Vs X. Suppose that @ (1} X 15 (r_f;’-fzycrrmo_mqspac:-' with countable base an ‘
ih'e points of X are tolally {hin ; (u.) Y sat:sijs the_ axiom of a’mmf;atzmlz/
(¢i5) for any finile confinnous potential p on X, pop is a fine potential on V.
Then, the following properties are cqmm;lmzt .

1) o is a finely open, fine harmonic morphisnm. .

2) (BX\US)O?EJi' N (sog), for any s hyperharmonic on
ny finely open UcX.
o fProg;osit/i)on 45, a) Let Sand T be stm_edqr(? H-cones ;.B and B* pseudo-
balayages on S and T 9 S=>1 a semi-finile mor'_j)izrsm. If: 3(,]33) =
=Bio(s)), Ys=D(9), then, by : oy (s—Bs);j?(s)n-—B%q(s)), ¥s e D(s) one
defines a morphism of H-cones . oy o 2 Sp—T g

b) If, morcover, S and T are standurd H-cones of funclions on the sez’s'
Xand¥Y ;5 Y-oXNisa Hanap and Su[isfux C (BB b(BY), then - 9lany

d(BY—d(B) is a H-map from S, to Ty
The proof is immediate. ; . y
Proposition 4.6. Lef S and I be standard H-cones of functions on ihe
nearly satl;tmtcd spaces X and Y. Let B and B* be balavages on Sand T. Let

@: YoX bea Bl-mapping. If: (i) cm’ru,g.;.,._,)l=(li tn Ty (1) for any fi,
nely open covering (A)) for d(B3%) such that fol A.cd(BY and for any finite,
nearly continuous t< 1, we have:

Bit=

|:I-.u L

hen, if o~ MB(B)=b(BY) and 1 ¢l d(BY: d(BY—d(B) isan H-map from Sg

Ty, then : (Bs)op< Bi(soyp).
- The proof is analogous to that of prop. 3.1

We end with some results concerning the connection between the
tation of » with balavages and the preservation of the carrier by 9.
represent a correction of [10, prop. 6.5.].

roposition 4.7. Let S and T be standard Hecones of functions on the
aturated spaces X and Y. Let = and <% be topologies on X and i', f z'ncr
watural topology and courser than the fiie topology. Let 2 (Y, 2)—
) be a continuons Bl-imapping. If S satisfies the axioms of convergence
early continuity, then the following properties are equivalent
Ity v (Sop) S o {carr iy, 1s), Vs&S.
Y\v-‘;u}(soq,) > (B¥\Us)on, Vse8§,

X, for

B« . B ™Mut

i
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Proof. 1=2. Since (::u'r(\,T-Jf}"'\"sg.\'\U. by 1) we have: carry, o
[(B¥Us)ooles Yo (7). If s =5, thea: (B¥Ns)on =Dy(Y, <. which show
that BY2e MO (BN ) op]ee (B 5) 03,

2=1. Let véo Yearry, 48), hence there exists a =-open  neighbour-
hood TH of 2(yv). sueh that HWNFg s By 2): son— (BN o= ¥\e i
{(sop} which shows that yfcurry, .y (sow).

When = and <" are the fine, resp. natural topologics. stronger results
are available

Proposition 4.8. .o/ N and T be stundurd [-cones of functicns on the
nearl v saturited spaces Noand Yo Lt 90 Y XN be a Bloanapping. 1f S salis-
Jies the avion of nearly centinuit v, then the following properties are cquivalent

) carr{sog)s o Yearrs), Vs=S (fine carrier).,

2) (Y Us)ou= BY ¥ W{sez), Vs&S§ end any regudur fine open U.

fProof 1=»2. Since the carrier is taken with respect to the fine topology:
carr BY s 2 X U7 The converse ineguality follows from the fact that O
is regular.

2=1. Follows as in the prooi of {ue p eeccding proposition, since o
s linely continnons,

Remark. o) The Livpotheses that S satisfies the axiom of nearly con-
tinuity can be veplaced hy o 07 satisfies condition (1Y) fram prop. 4.2.“
by 1) is also cquivalent with @ 27) Hson = [B% 1M (s0), VseS, [or oany
balayvave £,

Proposition 4.9, Iof S and T be steadard H-cones of functions on the
searl v scluraled spaces X oand Y 100 V= X naturally continnons Bl-ma p-
piig. Ifo BURTs) = b, Vsa S0 VE natnrelly dosed, YU 2 F naturally
open s NUSY naturally upen, for any naturally open covering (V,) of V', such
that fed VeV, for any finite, neariy continuons (€7

B= BN iy

(xgre,)

thew the folloiwing projurlics are equivalent

1) carv(sop) o Weary §). Vs €8 (nalural carrier).

2) BT sop) 2 (BY P s)on, VsES0 YU naturally open.

Proof. I=2. Since apv naturally closed set is a Go-set, the [irst hypot-
hesis shoas that carr BMN s XN U0 B 1) carr[BAN g )orl= Y o7 ((U).
We conclude the existence of a nalurally open covering (17,) for = 1{17),
such that fcl I,z (7)) and: BV s[(BYNYs)oo = (1Y §Jon. Hence :

n \;_':"(so:;;.)._ A Byl

[E T
1

vl
L Y ason)
)
n

2 A e B (BN gen]= (BN s)or.

4 T
-11. - .1"

2.=1. Since 7 is naturally continuous, the same proof as for prap.
4.7. holds.
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