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STRICT CONVEXITY AND BEST APPROXIMATION SIMULTANEOUS
AND VECTORIAL IN LINEAR SPACES
BY
VASILE POSTOLICA

In the paper [2] we have established some characterizations of the
clements of best vectorial approximation in a lincar space with respect
to a {family of real functions defined on the space. a result on the existence
of minimal clements for convex vectorial programs and we have introduced
two concepts of strict convexity in lincar spaces for the study of the unique-
ness of the clements of best approximation simultancous or vectorial by
convex nhon-void subsets.

The present paper is devoted to the study of the connections between
best simultaneous approximation, best vectorial approximation, the simulta-
neous strict convexity and the vectorial strict convexity.
first, we recall some definitions which we use in our considerations
characterizations of the simultancous and vectorial proximinal
ces. :
a‘_l?léiﬂ or complex linear space. F={f.;: 24} a family of
ined on X, G a non-void subset of X, x, =X and the function
v [pr(2)] (@) =fu(#), =X, a€ 4. Let Y and D denote,
'dl:s_et and a convex cone in K. The following definition

i i |
. A point ¥° €Y is a D-extreme point of Y if there exists no

that y*=y'+D.
denote the set of all D-extreme points of ¥ by Ext {Y/[D]
AR ) g = R4 'then

cans fla}<g(a) for every a4 ;
means f<g and there exists a =4 such that f(x) <g(a) ;
e >0}
y g =G we consider the set S(g)= {g' €G! pr(v,—g)=pr(xo—
[2] we have the following definitions.
2, An element g, =G is said to be a best simultancous approxi-
he elements of G withrespectto F (abbreviated gyisa F—bsa. of
< pr(x0—g) for all g=G.
> by 84(F ; x,) the set of all the elements of best simultaneous
L of %, by G with respect to F.
n 3. An element g, =G 1s said lo be a best vectorial approxima-
t¢ elements of G with respect fo F (abbreviated go s a F—b.v.a.
1es one of the following cquivalent conditions .
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(a) There cxists no g =G such that pr(vo— ) Zpr(vo—go)

(b) For every g=G™ S(go), there exsts f.€F such that f(x.—g>
> fa(¥o—Eo)

(e) n {g =G™\S(go) : fulxo- < fo(xo—go)}=P with @ thc empty set ;

xEd

(d) pr(vo—go & Extlor(xe— G} R .

The set of all the elements of best vectorial approximation of x, by the
clements of G with respeet to Fois denoted by @ (F ; x).

Remark 1. 1t is clear that cvery F-b.s.a. of x, by a non-void set GeX
is a F—b.v.a. of x, by the clements of G, while it is possible that the set
of the elements of best simultaneous approximation of ¥, to be empty and
the set of the elements of best vectorial approximation of ¥y to be infinite
(sec (2], Example 2.2 in which every clement of the segment [(0, 1}, {1, 0)]
is a best vectorial approximation of (0, 0)). It is also casy to see that if the
set of all best simultancous approximotion of an ciement x,& X by a non-empty
set G X is non-void, then all the clements of best vectorial approximation

of xo by G coincide with the elements of best simultaneous approximation of &

vo by G, ie. Se(F; xo)=U(F; x0).

Indeed, if §o(F : va) is non-void, then $¢(F; x)e@g(F ; xo) implies |

that @g(F ; w,) is nen-empty. Let g.=@o(F : x,) and assume that goE
qErS(;(F 7 Xol-
Then there exists f, =F and ¢* =G such that fa{xo—g } < falXo—80)-

Let  €84(F; vo). We have fulve—g) < fal¥o—gs), because, in the

contrary case by or(x,—&) < pr{xo—g) for allg =G we obtain f,(v,—g)< fi(xe— |
—go), hence  fu(xo—2)=/:(¥o— &) which implies f,(vo—go)<fulxo—g) for

every g =G, in particular, fa(xo 25) < (v g*), contradiction.

Therefore fo(tu—8) < fx(¥o—go) and fa{xs A< u{xo—go) forall e AN

N {ed, that is pe(va— &) < pr(xy—go) in contradiction with 2oV AF ; x0).
Assume now that  is a linear subspace in X and denote by G, the

set of all the clements of X for which the origin is a F—b.s.a. by G and by

G, the set of all the clements of X for which the origin is a F—bwv.a.

by the clements of G, Gy= [xeX : pp(¥)< pe(x—g) for every g=G} and
G,={yeX :there exists no ¢<=G such that gr(x—g)<es(r)}. In general, §

G;, and G, are nol lincar subspaces of X and if G, and G, are non-void sets,
then taking into account the Theorem 1.1. from [2] we have

Theorem 1. (it;) For cach x € X there exists at least a best simulianeons !

approrimation 1n G with respect to Fifand only if G+G,=X ;

(@) For cach x =N there exists only a best simullaneous approximation |
in G with respecl lo F i f and onlv ifG @G, =X, ic, ifand onlyif X s the direct |

sum of G and G, ;

{as} For cach x=X there exists at least a best vectorial approvimation |

in G wilh respect to B if and only if G+G =X}

(a)) For each x=X there exists only a best vectorial approximation in
G with respect to F if and only i fG®G,=X . i.e,ifand onlyif G and G, decom-

pose in the direct sum the space X

The proof follows the same line as the proof of the Theorem 1.1 from |

[2] and we omit it.

et it
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Definition 4. 4 non-empty set M< X s called stmultaneously strict convex
with respect to a family F={fy acAtef real functions defined on M if x,
yel, y#y and pp{x)=op(v) mplics

a or((1/2) (x42)) <er(x).

By virtue of the Theorem 2.1 from [2] we conclude that every Hausdorff
H-locally convex space (this concept of lincar topological space was intro-
duced in [3]) is simultancously strict convex with respect to the family of
seminorms which induces the original topology of the space.

The following theorem shows the connection between the simultaneous
strict convexity of a linear space with respect to a family of subadditive and
homogencous functionals dcfined on the space and the uniqueness of the
elements of best simultaneous approximation.

Theorem 2. A linear space X is simultancously strict convex with respect
to a family F of subadditive and homogencous functionals defined on X if
and only 1f every element x €.X has al most a F—b.s.a. in every closed segment.

Proof.Let X bealinear space simultaneously strict convex with respect
to a family F of subadditive and homogencous functionals defined on X
and assume that there exists ¥,= X which has at least two clements of F—Db.s.a
g1, & 2% £: in a closed segment [a, b].

We have

(2) pr(2Xo—£1)< pr{¥o—g2) < er{xo—gi)s i.ey er(x0—8&1)= pr{¥o—82)-

pr(xo—{81+£2)/2) <pr(xe—81)

g5) € [4, b), in contradiction with the assumption that g is
, by the clements of [a. 3.

that for this part of ithe proof the hypotheses that every
ive and homogeneous are not necessary, that is, in every
ultaneously strict convex with respect to a family € of real
lefined on the space every element has at most a @-b.s.a.in every
mvex subset,

rsely, assume that every clement v <.\ has at most a F—b.s.a.
osed segment and that .\ is not simultancously strict convex.
lerecxist x, y € X, x5y with pr{x)=¢gr{ v} and gp([{x +1}{2]}=
s, pr(x-+y)=pr () + ().
svery functionals of F is subadditive and homogencous, from the
he beginning of the proof of Theorem 3 ([1]. p. 320) it follows

+ (=) ) =2pr(x)+ {1 —1)pr({¥)=pr(v) for cvery A& (0,1]

adicts the assumption that the origin has at most a F—b.s.a.
nt [x, y] and the theorem is proved.

y. A locally convex space (X, P={p,: aeA}) is simultaneously
with respect to the family D of seminorms which induces the original
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topology if and only if every element X =X has af most a P—b.s.a. in every
closcd segment.

Remark 2. By virlue of this strong conncction hetween the uniquencss
of the clements of best simultancous approximation and the simultaneous
strict convexity we consider that every lincar space X is simultancously
strict convex with respect to every family F of functionals defined on X
even if there exist no v, ve X, v#y with ge(v)=se(y) because, in this casc,

every clement x &N Dbas at most a F--h.s.a. in every non-cmpty subset. |

-

Indeed, if there exists 2, X and a non-y oid set G= X in which x has at
least two clements of F-busa. i, 2. with 2,# g, then pe(xo—g1)= pe(Xe—g2)s
in contradiction with the structure of .

Remark 3. 11 is casy to see that il X is a linear space and F is a family
of real functionals defined on X, then every clement x €X has at most a
F—L.s.a. in every non-void subset if and only if the origin has at most a
F—b.s.a. in cvery mnon-empty subset. In general, if every element xeX
has at most a F—b.s.a. in cvery non-void convex subset, it is not true that
the space is simultancously strict convex. The foilowing example scrves
to illusirate this fact.

Example 1. Let X Reand F={fi, [u, [] with fi{v, ¥)=nx, fo(x, y)=¢2%
[+, y)y=vt for ally, y& R . X is hot simultancously strict convex since if (x4,
A b (R ) and ga (X )= gE(va ) we have x,
(5) s (1/2)(v

and (0,0) has at must a F

\'lll i ( Vo M -)} 4 felVys 0 (""l! ]:0)'}: ("".1‘ ¢ }"1‘,’ j'%)=PF(.'(|, yl)

b.s.a. in every non-void convex subset. Indced,

let us suppose that there exists a non-empty convex sct G X in which (0,0) |

has at least two clements of F—b.sa. (v, vy) and (v, 1) with (x, Y1) #

?é(-\'-z, _"I'.Z)-
We have

(0) prl— — vi)=pr(— s, —¥a), Lo, Xy=2, and v =—y.#0.
Therefore

(7) or(—[7.¥:14 (1—=2} 1), — [ (1=7) (—y0]) 2 ee(— 1 =)
for every a=[0,1]

which is equivalent with

(8) (—xaye (2= D) s (— a7, 33) for every 2= (0,1]

which implics

e
(22 ¥ %

(9)  [(2x—1)yi]* <af [2a—1)y )51 for all 2e{0,11 a contradiction. |

The following concept of strict convexity defined in [2] serves to?

study the uniqueness of the elements of best veetorial approximation. 5
Definition 5. .1 non-void set MSX is called wectorially strict convey:

withrespect to a familvF—={f, o0& AYofreal functions defined on Mif x, y € M, :

vy, ge{ vk pr(3)x ge(y) Tmplics
(10) or(1/2) (x4-3)) < Je(x} or pe(1/2{x+ 1)) <pr(¥).

veand 3,=—13,#0, hence @

Evample 2. Let XN=R, o, be R} and the family F={/,. f.} of real
functions defined on X by fi{w}=-a | ¥ (b and fo(x)=b!x|4+a, x=X.

I pr(¥)% pe( V¥ or(r) it follows that | v | = | 3 |. Since vz 1y we have y=-—v#
£0, consequently
(i eo(1]2) (e = (b, @) <(a } v 146, b | v Jay=ge(x).

Therefore R? is veclorially strict convex with respeet to F.

Renark 4.1t is clear that every real o complex lincar space .\ vectorially
strict convex with respect to a familv F of rcal functions defined on X is
simultancously strict convex with respeet to F and that there exist simulta-
neously sirict convex lincar spaces which arc not vectorialiy strict convex.
In order to show this, we consider the following example.

Example 3. Let X be the lincar space of all reall functions delined on
the real ficld and F={/.; 2= R} defined by fo{f)=1f{2) |, feN. ae R X s

i fl.-fﬁe‘\:.' fnéf: and

simultancously sirict convex with respect Lo F et
| = | /(=) | for

FlJ1 =P!"( 2/

’ (f)'l'hcuf}z(f]):f,(fg) for every z=R, that is, |/fi(#)

we ¢ . fi#/s so there exists § &R such that (B)=—/.(2)#0. Hence |[{fi+
B = 0< /(B 1= 1/:0) | and ee{1/2(/i/2) sl f). But X is
not vectorially strict convex. Indeed, let foge N defined by f(x)=g(x) for
every xe RN\ [{l.2} F(1)y=g(2)=1 and f(2)=g{1)=(1/2). We havc ae( fl¥
£ op(g)k px( [ Jand if we supposc that X is vectorially strict convex it follows
that pe(1/2) (f+g) <se(f) or op(1/2) (f+g)) <pelg) which are impossible
because [(f+¢)/2] ()=[1/+2)2] (2)=3[4x }2=[12)=¢(i).

Remark 5. The theorems 2.2 and 2.3 of [2] tegether the Remark 1 of the
present paper establish the immediate relationsizips between the clements
of best simultaneous approximation and the ciements of hest wvectorial
approsimation. Concerning the connections belween the vectorial strict
convexity of a lincar space .X' with respect to a tamily F of rcal functions
defined on X and the uniqueness of the clements of F—Db.v.a. we hove shown
ee [2], Theorem 2.5) that in every vectorially strict convex lincar space
ery element has at most a best vectorial approximation in every nen-cmpty
avex subset. Taking into account the fact that cvery clement of a lincar
e has at most a best vectorial approximation in every non-void subsei
only if the origin has at most a best vectorial approximation in cvery
smpty subset, we can prove by an example that, in general, the converse
heorem 2.5 from [2] is not valid.
ample 4. Let X—{0, ) : y = R} endowed with the usual struciure of
pace over R and

min {| t—y |, [ 143 )il v#2,3, 52,0
pr(0, ¥)=¢ 2 i ve 2.3, 52}
t ify=0
ave (0,2)#(0,3). pr(0,2)=3r(0,3) and  gp(1/2 (0.2)4-{0,3}]) = =
2=0:(0,2) = p(0,3). ' .
e X isnot simultancously strict convet (consequentiv, taking
he (Remark 4, X is not vectorially strict convex)and it is easy
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to see that (0,0) has at most a F-b.v.a. in cvery non-void convex subsct
(hence, cvery clement has at most a F-b.v.a. in every non-cmpty convex set).

Remark 6. As in the classical case of norimed lincar spaces, the concepts
of strict convexity introduced by Definition 4 and Definition 5 are not topolo- |
gical notions. For cxample, K* is vectorially strict convex (thercfore, by
Remark 4, R is simultancously strict convex) with respect to the usual
norm, while R? is not simultancously strict convex (consequently, again §
by Remark 4, K* is not vectorially strict convex) with respect to the equiva-
lent norm [ . I, defined by [(x, ¥} h= | v | -+ | v | because [(0, D) ,=]{}0) |
=1 and | _(0,1})4(1,0)]/2],=1.
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1. CUZA* DIN TASI

NEW CLASSES OF QUASICONFORMAL MAPPINGS IN R (IT)*
BY
PETRU CARAMAN

§ 2. (K, p)- quasiconformal mappings withp##, co. In this paragraph,
we shall study the problem of the inclusion relations befween di.ffcrc‘nt classes
of (K, p)-qc for K =11, o) fixed. In order to do this, Iet us remind first a few
preliminary resulis and concepts. _ .

Let us consider, according to F. Gehring (9], the following sub-
classes of qc (quasiconformal m appings) obtained by means of the p-capacity.

A homeomorphisu f: DZD* is said lo be (K, p)-qc 1n the sonse of Gehring
if cappd(K = cap,A* £ Kcap ,4 for all spherical rings A<= D (ie with
A=D), where A *=f(A) and
(13) cap,=inf _1’| Vi | Pdm,

the infimum being taken over the class of admissible functions.

A homeomorphism [ DZ=D* is locally bi-Lipschitz with Lipschitz
constant K ifVxeD, thereis a netghbourhood U,C D suchthat | x—y | [K 2
|fA—f() | SK |a—v vyl |
4 homeomorphism f: DZ=D* belongs fo the class Lip (K) ¢f lim | f(x)—

() 1] | 5o | SK, Vo =D.
It is easy to sce that if /: f~ €Lip(K}, then f is locally bi-Lipschitz
Lipschitz constant K +-¢ Ve>0.
Proposition 2. I/ f: DT2D*is (K, p)-ge, then [ 18 Kogo (according to
ala’s geometric definition from the first part of the paper), where Ko=
o (K,n, p)(F. Gehring (9], theorem I}
Proposition 3. [/ f: DD* is (K, p)-qc, then f, f=Lip Ky, where
oK, 1, p) (F. Gehring (9], theorem 2).
orollary. In the hypothesis of the preceding proposition, [ s locally
chitz with Lipschitz constant K 4z Ve>0, where Ky is the constant of the
r proposition.
position 4. If the homcomorphism f: DTD* is locally bi-Lipschitz
itz constant K =1, then

AT K@= A, D* g K ee=0A L1

[ arc families T contained in D (our paper [2], lemma 9, for the
Fuglede 7], theorem 4).

- part of this paper (containing also the bibliography corresponding to this
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