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to see that (0,0} has at most a F-L.v.a. in cvery non-void convex subset
(hence, every clement has at most a F-bL.v.a. in every non-empty convex set).

Remark 6. As in the classical casc of normed linear spaccs, the concepts
of strict convexity introduced by Definition 4 and Definition 5
gical notions. For example, I* is vectorially strict convex (therefore, by
Remark 4, R?® is simultancously strict convex) with respect to the usual
norm, while K® is not simultancously strict convex (conscquently, again
by Remark 4, K* is not vectorially strict convex) with respect to the equi
lent norm | . I, defined by [[(x, #) li= | ¥ | -k | » | because 10, Dili=[I{1,0)[l,
=1 and | (0,1)+(1,0)]/2],=1.
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NEW CLASSES OF QUASICONFORMAL MAPPINGS IN R (ID)*
BY
PETRU-CARAMAN

K, p)- quasiconformal mappings with p#n, 0. In this paragraph,
we shall study the problem of the inclusion relations between different classes
of (K, p}-qc for K ={1. oo} fixed. In order to do this, let us remind first a few
preliminary results and concepls.
Let us consider, according to F.
classes of qc (quasiconformal mappings) 1
A homeomorphism [ DZD* is said lo be (I, p)-qein

f 7

] § 2.0
1
Gehring {91, the following sub-
obtained by means of the p-capacity.
the sense of Gehring

l

Y s cap,d|K < cap,1* £ Kcap oA for all spherical rings A D (ie with
: icD), where A*=f{4) and .
(13) cap,d=inf || Vu | Pdm,
oA

admisstble functions.
bi-Lipschitz with Lipschitz
D suchthat | x—v | [K &

being tuken over lhe class of
f:DZ=D* is locally
hbourhood U, C

the infimum
A homeomorphism
constant K 1fx €D, there is a neig
() —f(3) | SK |x—y Vsl
A homeomor phism f: DZD* beloy
—flxo) | [ | x—x0 ] <N, Vi, =D
It is easy to sce that if f: f= e Lip(K),
ith Lipschitz constant K+« Ve>0,
Proposition 2. [ff: DZD*is (K, P-ge, then [ is Kyge (according to
disdla’s geometric definition from the [irst part of the paper), where K=
K, (K,n, ) (F. Gehring [9], thcorem 1.

Proposition 3. If [: DZD* is (K, pYy-ge, then f. f 1eLip Ko, where
=K (K,n,p) (F. Gechring 9], theorem 2y
Corollary. [n the hypothesis of the preceding
bschitz with Lipschitz constant K |- Ve > 0, where

ng proposition.
position 4. If the homecomorphism f -
hschitz constant K >1, then

J‘IPFII{”’"“"};”" ”g .‘\[,—,F*< e Snl i 1-‘1‘[‘”]‘

1gs to the class Lip (K) if lim | f(x)—

X ¥

then / is locally bi-Lipschitz

proposition, f is locally
K, is the constant of the

DED* s locally bi-Lipschitz

Il arc families T contained in D (our paper 2], lemma 9, for the
e B. Fuglede [7], theorem 4).

Liblitgraphy corresponding to this

irst part of this paper (containing alse the
), 4552,
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Remark. In our paper | 2] and in Fuglede's one 7], instead of A/
there is K7*" since M, is considered in the sense of Viisald.

Proposition 5. If C,, C,© R" are 2 disjonit closed sets. where Cois dssined
to contain the closure of the com plement of a ball and U(R", Co, Cy) is the famil v

of the arcs that infersect both Co and Cy then cap, (B Co, C)
MLIRCCH (pz ) (W, Ziemer [12], theorem 3.8).
Corollary 1.7/ . is a ring, then cap, .| AL

Corollary 2. If the homeomorphisin f.DTD* is focally bi-Lipschitz |

with Lipschutz constant N >=1, then

capped R Dg cap, A*S R P D cap A4 (p1),

for cvery ring A= D, where

(14) cap,A=inf ({ | Va | Pdm)V'7,
H A

the infimum being faken ceer the class of wimissible functions.

This is a dircct consequence of the preceding corollary and proposition .

Corollary 3. [nthe hypothesis of the preceding corollary, capodd[K<
Scap.d*sKeap.d, VidecsD.

Theorem 5. If [: DT2D* is (po)-ge— i.c. (K, po)-yec with anon-specified
K—fer pon, then fis (p)-gc for any p (including p—n anid p=oco).

Indeed, if fis (K, po)-qc for a cerlain pe#n, then, on account of pro-
rosition 2, f is qc according to Viisili's geometric definition (hyv means of
the module M, i.c. for p==n) and, on account of proposition 3, f. f *=Lip K,
hence, by corollaries 2 and 3 of the preceding 2 propositions, we are allowed to
conclude the (p)-qc of [ for any p, including p—=oo.

And now, in order to be able to say something with respect to the

inclusion relations belween the different classes of (K, p)-qe for a fixed K |

and different p, let us remind some preliminary concepfs and results.
Following N. V. Lam [10], Iet us give the following 2 definitions of
the (K, p)-qe.
I. A homcomorphism f: DZD* is said to be (I, p)-gc according to the
seamelric de finitien 1f
(i5) MUK, *=KALT,

VI of D, where Té= f(T) and M, is given by (1).

IL. A homeamorphism f: DZD* is (N, p)-gc according to the analyvtic
definiticn if fis ACL in D, il is differentiable a.c. in D and. af each point of
dif ferentialality, il satisfics the double inequalily

max | f{x) |PIKPE | J(x) | 2K tmin | fA(x) |7,
where
max | f*(x) | = max | f4(x)Ax |, min |ff(x) | = min | f(£)Ax ]

Agifel | Av] -1

We remind that a mapping [ is said to be ACL in a domain D if it is
continuous in D and for every closed interval [={v;a'sy'2d'}cD, fis
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absolutely continuous on almost every line segment in f, paralicl to the

coordinale axus. . ' |
1. A homeomorphism f:DZD* is (K, p)-gc if

cap s, Ey. E ) KScapy(A%, Eq EDEK capy(d, Eo E4),

e Ac e D s an arbitrar v sphorical riny with the boundary S/Jf!_trrus Eo,
[E‘l: :Jtl i;z r!l’:’)i"/}‘tr."_\'.:".'ffi(j with Hz/):: bases Eo, Ey ant where A= f(4), I=f{E)
(i=0,1) and cap, ts givon by (14). o

Remark. The class of (K, p)-qc in the sensc of Gehring is larger than
that corresponding  to the preceding definition. '

Proposition 6. Definitions I and 11 of the (K, p)-qc arc cquivalent
(wwith the same p and KY(N. V. Lam |10], theorem 1.4). |

Now, Lol us vemind that a topological cylinder (wiﬂf respect Lo the encli-
dean mctric) is a configuration (Z,Eo E\), where ZER" is a domain, Ea, E;<

iz and 07 the bowndary of Z,

if there exists a homeomorphisimn 2 1 Z};O_‘Z
1 7 that ol EN=E{i=0,1), Zo=—1{x: (- ()], Ot <y, BS=
! s___m{fi .iz_{f.,)f_(k.fla(x»-(l):g 1’, \'”:(.)[} (i=12} Eq L, are called the bases of the
fo pological cylinder. . |

Proposition 7. IfZ=({Z,Eo, Ey) 15 a topological cvlinder and the restric-
tion o 5 of the homcimor phism ¢ involved in its definition is qc, then

(16) M, Z=cap, £,

where M,Z=M,L , {our paper 6], thecorem 8). .
Corollary. If Z is a topological evlinder and 9.5 15 (p)-qc (according to

any of the definitions from abore), then (16) holds. .

. If ¢z is (p)-gc according to definition 1 or IL then, 9z 18 (P)-qc
according to definition III too and then, a fortiori, 9,z 15 (p)-qc also m
Gehring’s sense, so that, on account of proposition 2, 18yt and the preceding
- proposition implics (16).
~ Proposition 8. A (p)-gc 18 dif ferentiable a.c. in D{N. V. Lam [10]).
“Proposition 9. A JLomcomorphism [ DZD* such that _M,,QéKJI,,Q*
=D, werifics, af any point of dif ferentiability x.=D, the

max | f(xa) |SK27 | J{ve) |
B am [10], lemma LI).
heorem 6. The preceding 3 definitions of (K, pl-qe are equivalent

“equivalence of definitions I and II of the (K, p)-qe is a direct
¢ of proposition 6. Next, if fis (K, p)-qc¢ according to definition
, on account of corollary | of proposition 5 and of the preceding
is (K, p)-qc also according to definition IiI (with the same K).
et us prove the converse. Suppose fis (&, p)-qc according
111 ; then, on account of propositions 3 and 4, fis {p)-qc accor-
ition I and also [ (which is cquivalent to 1) ; in other words,
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therc is a K,=1such that fis (N, p)-q¢ according to these definitions.
Next, by proposition 7. M,Q %= MW Q¥ ;. E[)=cap,(Q*. I, Ej), where)
Q*=flQ), Q*=f(0). Fi=f(E£;)} (1=0.1)and Q==D is a cube. so that, taking
accotnt of propositions 8,9 for fand £, we obtain (17) for fand /7!, hence,
arguing as in proposition 6, it follows that the double inequality (15) holds,
Le. fis (K, p)-q¢ according to definition T and then also to definition IT,
as desired. _

Now, assume v, is a point of differentiability. Then, the lincar transfor-§
maticn y=/'(x,)Ax maps the unit ball B(xy, 1) onto an cllipsoid with the
semi-axes (X)) 2 ... Z2d,{vo) =0, where

ay(xo)=max | f'{xe)  , ap{vo)=min["(xo) |, {Jxo) |==a,(xa)...ay(xo).

Proposition 10. If a homcomorplism [ : DZ=D* is differentiable al a
point xo=D and satisfies the double titequality MoZIK £ M,Z¥s KM,Z forl@
all topological cylinders Z= <D, where Z° = f(Z), then

Theorem 8. 1 he cluss of (p)ge s comtained in the class of qe and the
rclusion 18 stricte. . o o . »
el Proposition 2 nssures the inclusion, which is stricte since the inversion
VE=yf | P s conforme (i.c.l-qe) and then has rc,(.\'):...:rr,,(i\‘)f-i{ [ x 1%
rF= i X N AW T (V). it ()] = | ¥ [ ", so that there I5

ee (P () (V)] (f,,{l)?/L{rl(I_) TREY : . ere
h:,)n;‘\_t (;é(]\'). boa for which the incqualitics (18) hold in a domain containing
?)[if 1 7; i ke second incquality (18) can noi be verified, while if p>r,

. first oncl. ) ) ) '
e fl’i"ileorcm 9, Forafixed K (12K <o), the clascof (I, />_)-qcras contarned
oy the class of (K. p)-qr with 1= psp'z2and ifnz3. also wilh pt>2. o
: Let us denote p'=p--y and (‘(mhl(l(‘l'. first the Case p+_q§2. I v, 18
a oi11£ of differentiability of an s-dimensional mapping f with [/ {xe) | >0
then, denoting afrg)=a; with a{ve) (== 1,...,1) {rem above, we have to

» A ey g
consider the {ollowing possibilities : ;

1. (au,)® "{de dy )2z b Then, on account of {18), wc have K=

' - — p-1 | Npw
max  [ag{aa. @)t (e ta )7 [cz,,]—(czl...Lr,‘_l)_ @, Next, let us
observe that ay..a, 12 | since otherwise, @a..duy= 1/, hence

t(xo). Wla) as(va). anlxs) K

(our paper [2], lemma 10).
Arguning as in the preceding proposition, we obtain

1= (arr‘u',,)"""(u'g...(i.',,__l)2 <atrfat= 18] <ay?

(= means Jimplying”) which is absurde.

. .- . . . hpda-1i ) vipte—1)
Lemma 4. If a homeomorphism f: D2D* is differcntiable at a point] 1 K. —max 4 ’ (1.0 )WPHTV] (@4 8a) KzK,
xo=Dand satisfies M, Z[KSMZ*SKM_ Z. for Il 1 pelegical cylinders | alak (m”_an)urfu.-a—n T, | iy
Zca D, then (2 .
) o) P :< 1, whence, arguing as
(18) o a,{xq)? - < KP, ﬂ'-n_(xo)p > | ' ’ PR == ((; - )U(p‘l_q_”—:v(('r,.in) ((Ta...(Ty 1) = whence, guing
Ta(¥a) - (o) ay(%o) .. aulte) - K77 above for the i-neqtzality Uy yy Z 1, we deduce that a....ds <= K =

W=, 2 ayf(ay. a0 D = K, since this incquality comes to

Corollary. If f1s (K, p)-qc (according to definitions I, 11 or 111) then,]
at a point of differentiability (i.e. a.e. in D), (18) holds.

With the above notations, we shall introduce the following newj
definition. :

IV. A homeomorphism f: DD+ is called (K, p)-qc according to thel

) i i K, i increasin
@y8,)% P(@s...a,0)* 2 1 1IN the particular case g=0 and K, is non-lncreasing

th respect to g. . -
: II.p(a.a,.)”"’(a-z---u,._l)'l<1- Then, on account of (18), K ==ayf(dy...aa)""™"-

xt, arguing as above, it follows that a...a,2 1.

metric definitionif f is ACL in D, d:fferentiable a.e.in D and, at each pointy . a, R 2 K. (@@ JHPFTD
of differentiability, x,=D, Y4 1_([““.“'),.,,.1.,, % Sl s a,

=P (g, ..a, ) 2 1=, 2 and, arguing as above dy...dp1 2 1. But then,
ince this incquality comes to (@,t,)* (2. aa)*E 1 for g=0 and K,
acreasing with respect to g. ‘
et us consider also the case p4-¢=2. We shall discuss again
the different possibilitics, where K and K, have the samemeanmng
first part of the proof.

1ip-1) 3 .
(al au—l) =>(H1{i',,)"' JJ(CI-_\"..[{” 1):2 1, J\1~gl1511g as above (m the

A (a) o n(ve) Au(Xo)?

Theorem 7. 2 finitions 1, 11, 111, IV arc equivalent with the same pi
and K.

Tedeed, if £ is (K, p)-qc according to T, 1T or III, it is (K, p)-q¢
according to IT. inplving the (K, p)-q¢ according to IV since the preceding
incquality holds il we iake into account the definition of ay{ve) (1= 1,...,n).
But, also conversely, if fis (K, p)-qc according to IV, then fis ACL in D
and differentiable a.e. in I and, on account of the definition of a{xa){i=1,...,8
n), the preceding inequality implies the corresponding double inequality
involved in the definition of IT. The (K, p)-qc according to the other 2
definitions follows from the preceding theorem. ]

max[ v a‘(x")_'M].ng—l_

y
o case), we deduce thata..a,- 2 |

a ___a”_.‘)l(D+q 1)

P a”

=Kz K,.
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2. K,=

e = (et 00, ) T2 (e L
(ﬂ':...(f.u)l'.llu-q_l; ( 1 M) ( : " ]) 1
- |
A. a,..a,<1. Let us show that KNz A, But this inequality comes to]
S ity ity )P Vag i, for p4g—2, hence of Meaw, )21 In order

a) Aoty 1S 1and b) a0, =1, But, in the case a), we have ai (e g )P 2
Z (iya,) P{dge.ay 2 1, which 1s true  because we are i the case I
while in the case b), a, < a,(add,) 2 (aya, )7 Va0, = dady <

< (@y..ctty )P Vas....a,. Thus, Kz K, is true in the particular case p-Fg=-2§
and taking into account that, K, is non-increasing with respect to g, it follows i

that K =z K,Vg =0 such that p+¢z2. i

B. @....tp=1. Then, d...a, ;>1 too. Letting g—oo in the incquality @

Kz K, we get aa, S{ay..a, )7 = (a0, " Say g = al P SaiT e d, o, )
which is evident if #,2 1, while if a, > 1, then, inthe case w23, a7 a,20a, 1+ = 1
< a¥ Pa,..a, ;. And now, because K, is non-decrcasing with respect to g, it :
follows that since K 2 K, for g—oo, it is a fortiori true for anv ¢ such that §

ptgz2.

part of the proof (in the case I1), we deduce that a,..a,21.

1. Ky=ua,/(ay...a,) 1" V=K 2 K,

2. K\=(ay..ap_ Y0 o= {a,a,)" 2L {daa, )% .

A. dy...a,_ .2 1. Let usshow that K 2 K. But, this incquality comes to
iy Z (g a )PV . a,y for p4-g=2, hence, as P ay.a, )< 1. In order
to verify this last inequality, we observe that if «....q, ;2 1, then, since 4, 2 1,
we have @ P(da...idy 1)< (a,a,) P (ds...a,.0)28 1, while il «,..a,_,<1, then, j
> Ap{dsty 1)? Z (@ @) P Vst = a0y 2 (G, )P Vay ;. Thus, |
Kz I, is truc for p4-g=2 and since K, is non-increasing with respect to g,
it follows that K2 K,¥g>0 such that ptgz=2.

B. a,...a, <1. Then. a,...a,_,<1. too. Letting g—o0 in the incquality
K=K, we obtain a,a,Z (de..a,)V" V=(0,a,)' 71 2 do.dye> a2 a3yt |

which is evident if a, = 1, while, if a,= 1, then, in the case n2 3, af'2a,2 |
= a,2 al Pas...a, 1. And now, because K, is non-decreasing with respect to
g, it follows that, since K 2 K, is truc for g—oo, it is a fortiori truc for any
g such that p-4-¢z2.

Finally, using the notations
K (xe)=max[ayf(ts-a,) V@0, (@ ) Y00 a,],

K (xo)= max [ayf(ds..an)re 0, (ay.a, )"V a,],

where v,eD is an arbitrarv point of differentiability with |/(x.}|>0 of a |
homeomorphism /: DZ2D* and K=sup K(x,), K,=sup K,(x,), where the |
supremum is taken over all such vy, it follows that K=K, and then, on account
of theorem 7, if [is ACL in D and a.c. in D it is differentiable satis{ying (18},
we deduce that fis (K, p-rg)-qe in D.and if K>K,, it is not (K,, f)-qc ’
in D. However, fis (K, p)-qc and also (K, p-F¢)-qc. But, since this happens §
for any homeomorphism f ACL in Dand a.c. in D differentiable and satisfying
(18), we arc allowed to conclude that the class of (K, p)-qc is contained

( ] ! i . ease =2, (S0 L
to verify this last incquality, let us consider the following 2 possibilities : §

I K=a/(da apP V= (d,a,)? ?(da..ir, ,)°S . Arguing as in the first |
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i the class of (K, pl-g)-qc for 1 <psp+qs2 and, if #Z3, also for p+¢>2

as desired.

Theorem 10. For afived K (1s K <o), there are not inclusion relations

betweeit the classes of (K, py-gc and (K, p-q)-ge for pz2, 40 and, in the
leo { f 3j2 - pS2, Vg=0 with p+q>2. 1

We shall prove this theorem by means of some counter examples.

For simpliﬁih- gake, we shall take them in the case n=2. Let us consider,

the afiine transformation f given by

(19)

i following tases: . '
T 22z a1 [ s (K, plae, then (18) yields Koaifalt™y
Cl 1\; K==_—,(!,f[r'j,-lpu| 1)! llc'n(;c f 1s (I\:“ -f)—| q)_qc and, since K<I&1V(] =0, it
f lelafw's!thzllt f is not (K, p+¢)-9¢ whence, we deduce that the class of
ollo ained in the class of (K, p+g)-qe and this Yg¢=0.

K, #)-qc is not cont ‘ 1 . i
; p)llq. p2 2 21" 2l Again [is (K, p-qc and (K, p+¢)-ac

- ik — : s thic vy o] ws
with K= m/ft-‘;‘"ﬁ_“, Ny=a,ful™! 1, But, since in this case K>K,, it follo

is (K e but is not (K, p)-qc, allowing us to deduce that the
:]}:)i:;{)]fs((J{},I}J{){:Iq;{)qc! is not contained in the class of (K, p)-qc and this ¥
g=0. .

y. Jtlﬁl-'nst:lp}}?sf—:zo[a,‘f”” -1 hence K> K, since a,a2<a}“”“’/a{."”’i‘°‘”, which
K_al- / PN . toine litv 2 PHP=1) g (PRI DY) (fOI‘ | <
is equwale(;\t _t;) ;hzc) evident inequality ay .
<pg2 and p+g=2)- .
-‘ftglv. Now, assume that 3 2 ps2, p q‘:;?., a,:—--agf:a?l. Th{c;t_x;”:f;g_,?‘nlz
K=ui>- g, K,=afa™Y and the inequality K <K, vields a T
= gtpta-2EH-y | which s equivalent to (Z—j))[(p—l)<(p+q—2)/({)—|—(10~ l
mplying 2(p—1)(2—4) <g(2p—3), whence q>2(j;—1)(2—f>)[(2j)——.)> . as
E(Iif in the definition IIT of (K, p)-qc (from above), we change K b}:
= we obtain a class of (K, p)-q¢ corresponding fo that considered b3
ehring [9], where the p-capacity is given by (13). On account_(?f th(‘o;'em
class of (K, p)-qc is cquivalent to the other 3 c]a_sses corresponding
definitions 1, 11 and IV if we change in them K#=1 by K. For thesc
teo, we have analogous results with respect to the inclusion problem
by the preceding 2 theorems).
orem 11. For a fixed K and pEP, j)—'|~j)';2n, prz2(n—1), the
$, p')-gc is contained n the cluss of (I, p)-gc (where the classes
sense considered by Gehring in [9]). L
s consider aguin (as in theorem 9} the different possibilities it
point of differentiability of /: DZZD* with | Jixey|=0. Let us
b+g, K'=max [aif{a,...a). {av.afadl, Kj=max [a¥"/{as...da),
and assume ¢ >0.

@%f(a,...a,). In this casc. clearly, (ula,,)";(tr]...qy)f.

> |. Then, {(a,a,)"+" = (a,a,) Z (ay...1,)% hence, K= 8 {dq.. <tp)-
t follows that K'= K.

ne a,a,<1 and obscrve that a,<C1.

g¥l= g v, AFE=a,nt

wthat 1=p=<2, p+q2Z2, 0,21 and a,= 1z, Then
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A, (aa )P 2 2 (doeay W)= K =al*"(a,..0,). The inequality A’k
isevident if ¢, 2 1. But ¢y s absurde since then a3 2= a2 =72 = (g,a,)Pte 2
Z oy )FZad"

B (a7 {aa oy Gy =2 N = (0 a,lal™ Next, suppose, Lo prove:
it is false, that K’ =N Then, af 245t =~ (u,. .a, ;)% We must have «,-<1,
since  otherwise  {wa.a, Ve 2l TS (a0 o aseay, Y, which s (B
absurde. But, cven i the case ay - 1L the inequality X' =K is not verified.
Indeed, assume first that p=2 Then. o} 2272 = (a,..a, )22 ad 2= |
=al a0 T w2 1) (peig) =0=p-g2(n— 1), contradicting the
hypothesis p'2 2(n ). Inthecase pE2, uf 2ttt 2 oy m Sopydbe i 0 o 8oy
=plg-20n 1)=2 p=p+p' - 2n, coniradivting p L p' 2 2n.

I K =(uy..a) o= (a0, )'S (4, )"

1. mya, 2 l=a,2 1.

A, (au,)"H 2 {ay . a, )= RN = {a . a,)[al™. The incquality K'g K,
is evident if a,21. But, ¢, -1 is absurde since of * 2 La?+ 2 < (aya,) 172
Elas .y, )igudr g gl i

B. (a0, " = (as.0, ()= N =ab " (1..4,). Next, suppose, to prove
it is false, that X' =K, Then. a?7 %222 {¢,..a, )% We must have a,2 1,
since otherwise  (dp..d, ) Zait2al 2 (0,0, )" %= (4,0, )% which is
absurde. Now, assumne first that p 2. Then, af™ 2% * = {a, .o, )25 a3"9g
Sait st aiigh ts = pg—2(n— 1) 20, contradicting p'22(k—1). In]
the case p=2, ft"2ah 2 < af " Vas g 20 1 g P po| g —2(n— 1) <2-—p=2 p+
+p" <20, contradicting p+p" = 2n. i
20 maa= =, 0, (g )< (a0 = N =) a2 T =2 KOS K as
desired.

Then, arguing as in the last part of thiearem 9, we obtain the inclusion
ol the class of the (K. p)-qc in the dass of the (K, p)-qc, where pp’, .
ptp Z e, prEAn ). |

Now, let us show that if the hy petheses of the preceding theorem are.
not fulfilled, then, there are not inclusion relations between the different
classes of (N, p)-qc {in Gehiing sense). .

Theorem 12. For a fived N, there are nol inclusion relutions hetween
the classes of (K, p)-yc and (K, p'-qr (in Gehring's sense) with p = p" £2(n—1) §
or p+p =2

For the simplicity <ake, we shall consider again the counter-example §
(19) of theorem 10. Let ws denote, as above, p'==p-4g and suppose that
l<p<ptge2. It a, <], then (@75 (0a) WM £ 1=K == aff(a,a,),
Ki=at*/{aajand K' =K If aw,<] and a,>1, then, again K =a}/(a,a.), =
Ky=-at*t{(a,u,), but, this time, K" <K i

Now, assume | <p<2Zp-q. If a0, <1, then {as above), KN'= |
=g f(a,1,), but (a,a,)™* < L, so that Kj=(aa,)/a8* and then, for any a, =1, ¢
al72alt it < 1 Vg >0 with pd-g2 2= K <K If a,=u.=a <1, then, 4P =
> l=K'>K; for any p. " with p+p'—4 <0=p4-p'< 4. as de:ired.

THE DINL PROPERTY ¢ EQUIVALENCES, PRODUCTS
AND COUNTEREXAMPLES
BY
]. L. LOPEZ ROSENDO

ticn. Raha and Srivastava [5] proved that the
Dini 1.' I?cﬁi?\fl;liﬁt(;(‘t:ompncily are equivalent in Tychgnoff SpiCes. I\Io.rajo'\'.cr.
- 1{101" cterize the spaces with such property jusi as those veryling
ey (:v:}hyq'ttu:ml'cd completely regular filter is fixed. I.’rcvzmlsll_\_', Ba-
e (\Er)' q-]"i [‘1] has shown the equivalence hetween this condition fop
pra C : Ll\(\l .t]]\(i Sione-Weicrstrasspropertyn comp}ctcl_\_'-Hzmsdor[t
fiteers vhere ht-lw caturated” character 1s superfluous). Step henson
SPaCCSt, 'E\lic;hcd ili tlmu spaces the cquivalence between the Stone-\Weicrs-
gigszsczlul-ﬂiion and the completcly—.l'lausdorff. comp_lctc- tzharfzu‘:tcr'. .
To complete these rc:;nl.ts:, we first establish a diagram O'.U'll_”‘ ?. th;:;;
by means of sufficient conditions, then we study the l).C]lﬂ\lvoll'l‘() s,
?‘o ertics with respect to the product topology, ';md fmall_\_ B pr'qp(i:,‘_‘
It)hrg‘:)e counterexamples in which scvm'{}l.non cquivalences are shown by
i s of the icient conditions.
'remo‘;n%ost(:g;nmmf(ilLdusi'lillflfili‘i‘;)hl:lst. T (])10 collection of all !mnmlc_:l conlinuops;
'unctio.ns on the topological space X is denoted by € "“(;\)._ ‘;\ tsi'anlds .l‘ml
set X, endowed with the weak topology induced 1)}' (& (\) opo otgu;q
ace X is said to satis{y the Dyini property if every d(.‘(%l(}'CCllt Pm?, W s:i
ergent net in C*(X) is uniformly convergent. A family A, .LO;l ,}m(,\_
(X), separates points il for cvery pair v, ¥ of _dlffcrcn‘t‘ 13(01_:1 5 1.3 t
s a function /[ in of with f{)#f{¥)}. A topological space A is sm.] . ij
v the Stone— W eierstrass properivif every subalgebra Of* C*{X), which
ins the constants and separates points is densc in CHY). e
filter (7 on X is called com pletely regular if (F has a base B cogsn}:,-
f open sets such that for cach 1 &€B therc exist B=f and [ (‘A:
pverifying f(B)=0, f(X—A)=1. A completely I'Cgl‘llf.l' [1.ltcr (F on
saturated if for cach BB and ye B the set {v e X|f(x)=f(3), ¥/
is contained in B.
) (X;) separates points, then X is said com plotely-Hansdorf f, (C-H-
‘this case, X will be called a C-H-closed space [3] if cvery image
an embedding in any C-H-space, is closed. Morcover, X Wlll.b?
~complete space [3] if there does not exist any dense ecmbedding
k. A topological space X 1s C-H-closed if and only if it 1s C-H-
i
e of the proof of the diagram. A previous result is the following
ed to Banachewski [I]:



