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AL ()P 2 by )= K =aTt  {aya,). The  inequality KPS K, |
isevident if ¢, 2 1. But 4, 1 is absurde since then a3#2 = :;5,"”‘3:?-(u'la,,)”'*":‘ 21
Z ((geay ()22 ad "o, i
Bl (aga,)r P{da ) = K= (0, .a,)[alt?. Next, suppose, lo prove |
it is false, that K" > K. Then, o 2m 72 > (4, a,_) % We must have o<1 [
since  otherwise  (da..d, )* <oy =al ™72 % (a,) "2 < (ds.t, )% which is,i i
absurde. But, even m the case g, <1, the inequality K >/ is not verified. !
Indeed, assume first that p>2. Then, n’,"ﬂu',’*-"f‘* = (g dy PR AT =
R - N B K = = ="'n 18
=>a’}*‘->a;‘" D =2 (5 1) (ped-g) 0= po g 22 (n—1), contradicting the.
hypothesis p'=2(n -1} Inthe case pE2, o7l V172 o g2 iy g —2ln=) o, 8-y
=p-l-qg—2(n— 1) <2Z—p=p4-p"-22n, coniradicting p-i- p'Z2n.
I K =(uy..a,)ful=(a.0,)7sS (1,0,
1. g0,z 1=>a,2 1.
‘ Al (e )P g, )i N ={a..a,)[a?P The inequality K'= 1\';14
is evident if a,£1. But, ¢,~1 is absurde since o gaﬁ"“”"—’<(a:an)”+"_‘2.<_§
Z{as..a, S air g gl )
B. (a0, " > (a0, )= Ki=a}™{(u,...a,). Next, suppose, to prove-
if is false, that A7 =K Then, 4™ a2 22 (¢,..a,_,)% We must have a,2 1, '
since  otherwise  (du..d, )P Zalt 2l 2 (a,0,)" 7> (a4, 0,)% which is |
absurde. Now, assume first that p =2, Thea, af**2a22 < (a,...0, )2 s af* 95 |
Saf o gt lgh 2 o hdog— 2 (n— 1) <20, contradicting p' = 2(:z—f). In
the case p£2, ufHM 20l 2 <aP " Ve g 172070 Lgi P pd-g—2(n— 1) <2-—p=2 p+
+ " <2x, contradicting p-+p" = 2xn. ‘
2. ayaa<l=a, <1, (@) (a2 =Ni=(a,..a)a? " =K' £ K;, asf
desired. ' -
Then, arguing as in the last part of tlicorem 9, we obtain the inclusion |
ol the class ol the (K. p')-qc in the class of the (K, p)-qc, where pgp’,
PP oz, pru2n—1). ]
Now, let us show that if the hypetheses of the preceding theorem are
not fulfilled, then, there are not inclusion relations between the different
classes of (N, p)-qc (in Gehring sense). ' : ; i in X
Theorem 12. For a fixed N, there are not inclusion relations between! 1 X), separales points il for every pair &, y of _dlffcrcnt points 1n X
the classes of (K. p)-gc and (K, p')-ge (in Gehring's sense) with p<p’ 22(n—1) | is a function / in <f with f(x)#f(¥). A topological spacc X is said to
or p+p' <2, the Stome— 1Veicrstrass property if every subalgebra of CX), which
For the simplicity sake, we shall consider again the counter-example ins the constants and scparates points is dense in C*(X). -
(19) of theorem 10. Let us denote, as aliove, p'==p-+¢ and suppose that filter z on X is called completely regular if (F has a base p consis-
l<p<ptge2. 1 ay<l, then (@) 'S (ma) @ < | =K' = a’l’f(alag).: open sets such that for cach - €8 there cxist Beg gmd f‘EC(‘Xi
Ki=at*"/(aajand K' =K If a.<] and a,> 1, then, again K/ =a}/(a,a.),- erifying f(B)=0, JI(N—=A)=1. A completely regular filter 7 on X
Ki=at*/(aya), but, this time, K’ <K|. E : e sturated if for cach BeB and yv= B the set {veX|f(x)=f(), vfe
Now, assume | <p<2Zp-g. If aa,<l, then (as above), R'= is contained in B.
— a8 (a,1,), but (a,a,)m72 < L, sc‘? lh{ll‘ K= (a4 /a5 and ll(leu, for an)3" a, >, :*(X) separates points, then X is said com pletely-Hausdorff, (C-H-
al a8t <1 Vg >0 with p-+g22=K' <K, If a,=u,=a-<|, then, aPtPHei this case, X will be called a C-H-closed space [3] if every image
1= K'> K] for any p. p’ with p--p'—4 <0=p-p’ <4, as desired. an embedding in any C-H-space, is closed. Morcover, X will be
i complete space [3] if there does not exist any dense embedding
pace,
rh. A topological space X is C-H-closed if and only ifitis C-H-
I
e of the proof of the diagram. A previous result is the following
ved to Banachewski [1]:

THE DINL PROPERTY : EQUIVALENCES, PRODUCTS
AND COUNTEREXAMPLES
BY
J. L. LOPEZ ROSENDO

1. Introduction. Ra }1 a and S_r v a § t ava [5] provcd\tlmt 't{lc
Dini | roperty and compacity are equivalent in l"yc‘h(‘)m‘)ff spncics. Iorw}ur
thev charactenize the spaces with such p.ropcr_t':\ ].n’:-,t {‘.:-i,.t"!f?SL _;%1)Bmg
that every saturated completely rc-gu-lar filter 1s 1.’1.\<:d‘ .TL\i!()lll:f}, f&—
nachewski (1] har h‘h(')\\'!.*l the cquivalence hetween this LO}I}.{I.U(:‘HG (H
filters and the StoneWelers trasspropertyin completely- ks o1
spaces, (where the Lsaturated’ _cluu‘acigr 15 supcrflu.ous). -lb t; p‘h c\{: 5 0 _11
[3] estal lished in these spaces the cquivalence between 1\1(, s f.().lC- clers-
trass condition and the complctcly—.ll;Lusdorff comp}ctc (,]mm(,tcr'.,. -

To complete these results, we first establish a diagram of.er.p_n\ fthiimc;
by means of sufficient conditions, then we study the l)plna\ 1’011.1 0 lti.l.l
propertics with respect to the product topology, .zmd fmnll_\__ we pr'qprim_'
three counterexamples in f\}:h‘lcht scv(-rl;!]t.non equivalences are shown by

i . of the sufficient conditions. .

.remmfll.ngNost(:tl;;nbaml definitions. The collection of alt bm'lmlc'tl continuous
iunctions on the topological space X is denoted by € HA) e ~~1':111(ls‘1f)1'
set X, cndowed with the weak topology induced by C*(.X). A topological
ce X is said to satisly the Dini property if every decrecent pointwise
ergent net in C*(X) is uniformly convergent. A family oA, contained



:I\' - o . J. L, LOPEZ ROSENDOQ - N a o _-5, 3 TIE DINI PR_OI"F.R'I'Y : EQUIVALENCES. -I;'RODUCTS -AND COUNTEREXAMPLES 49
Lemma. -1 noncmpiv product space is completelv-Hausdorff iff each

factor 1s d C-H-space.
Theorem. On completely-Hausdor[[ spaces a nonempty product space

3. Diagram of equivalences.

| l

| The Dini property The Stone-Weiersirass ‘

1 A\ property A 1as the Dini property if and only if each factor has this properly.
: A T | : Proof: (Na)w represents the space Xg, endowed with the weak topology
\\\ I i j' ! - induced by C¥*(X4). The topological spaces (=X, and =(X,)y agree be-
| \\\ ! [ cause the product space has the initial topology induced by the projections.
' \ Completely Hausdorff- I,-" § The compacity © (X.)w is followed, by the th(.‘()l't:]l'l of Banachewski, if
\\\ complete f, | | the spaces X, have de Dini property. Then (zX,)w is also compact and so
\\\ i | § X, has the Dini property. _ )
i \\ \\ l ."I f! Reciprocally, an an:.l}o?flous rc:;so:;mg showi’ thlat eta;ch factor X, p;‘e-
he Dini property if the product space =, has the same property.
Evggng?é?;l?rted \\ \\ L ji II Servesct)r((:)llary. ]Tfrg C-H-r!r.ls:'.-fl r.!mmrtcr% is compatible with producis.
regular filter Ay Completely Hausdor{f- [ Proof. The last lemma shows that the completely-Hausdorff character
is fixed \\ closed | is compatible with products. In these spaces the Dini property is equivalent
f ‘ \\\ ’ 1 I I! ;I to the condition of being C-H-closcd. So, the result is concluded from the
| 1 \\\ , | last theorem. ‘ o 7 _
\\ ; [ Remark, On C,.-H—spacgs_a similar result can be obtained for each
Every completely k L 1 property cxprcsscd in the diagram. ) o )
regular filter — 5" Counterexamples. Counterexample I. Let X be the Sierpinski space.
is fixed — S L W Its topology consists of the open sets X, {a}, @. X is ncither a C-H-space
b hor C-H-closed because it is not Hausdorff ; but it is compact and verifies

the Stone-\Weicrstrass property, because C *(X) is reduce to the constant
funictions, Morcover, completely regular filters do not exist on X._ ‘
If {F,} is a decrecent pointwise convergent net in C*(X), itis obvi-
ously convergent. Then X has also the Dini propierty. '
 Counterexample 11. T A is the open upper-half plane with the usual
pology =, we generate a topology on I'=Auy {ix, 0}/x =R} by adding to =
sets of the form {(x, 0}}Ju (An U), where U is an Euclidean neighborhoo
5, 0) in the plane, P represents the same space I with the Euclidean
. The x-axis and the unit square [0, 17 {0, 1], endowed with the
gy induced by T. will be denoted respectively by L and .
f) First we claim (*(I")=C*(/). In fact, C*(#) is obviously contained
(IY).-On the other hand. let us consider x =L, feC*(T), a < f(x) <b and
ed interval [a', b), veryfing a —at<f{x) <dt<b. Then, there exists ¥,
s neighborhood of x, which can be supposed non euclidean), such that
ontained in the cuclidean closed interval between a* and b% Let V
8s cuclidean neighborhood containing 1. There is no point m<1L 14
my&ifa’, b'], because fH{{y| v f(m)|<e}) must cut W. So, x
borhood ¥ in the space 17, such that f(17) is contained in [a”, b']
orc in the open interval between a and b
s no compact because {(x, 0}/0< v 1} is a discret space. The
gy of P, is both the topology induced by C*(T'), and the weak
by C*(P), acording to ,7)" ; that is: P=Ty. My is obviously
his last fact and the theorem of Banachewski show that the
which is a C-H-space, has the Dini property but it is no compact.
example I17. Let X be the product space % Z, where [ re-
interval [0, 1] with the usual topology, and let Z be the space

Remurk. The conthinons lines in the diagram suppose im plications without any adilitional}
cemdition : the implications indicated by dots are true in C— H-spaces, whereas the  disconti-)|
nncus lines suppose that the condition of Tychionoff is ~erificd. )

Theorem |1]. On a completely-Hausdorf[ space X, cvery completel y|
regilar filter is fixed if and only if X is compact. |
Proposition 2. 7he compacity, the Dini properiv and the Slone IV eler-
strass property are cquivalent on uniform-T, spaces. i
Proof. A compact-T, space has the Dini property.
An uniform space is completely regular. If moreover it is a 7';-space;
and verifies the Dini property then it is compact by using [53]. f
On the other hand, a uniform-7', space is a C-H-space. So the Dinil|
and Stone-Weierstrass properties are cquivalent [3]. |
e
The rest of the implications can be casily deduced using the thgorem i
of Banachewski and the results mentioned in §1 and in propositions 1, 2.8
From the previous diagram we conclude that afl the properties cx pres-§
sed there are equivalent on uniform-1, spaces. Morcover, by means of thel
Tyvehonoff theorem we can assert that a swonvoerd product space has «any of§
those propertics if and ondy if each faclor has the sume properly, prowided thatg
the spaces are wni form-T . i
Proposition 3. The compacity 1s an sirictly stronger condition than the
Dini property on C-H-spaces. i
Proof. 1t is sufficient to find a non compact C-H-space X, such that§
Xy be compact. A precise example of this situation is the counterexample I1. '
4. Products. The result obtained in the previous section for uniform- 1,
spaces is extended to the completely-Hausdorff spaces. To prove this, we
previously need the following lemma, whose proof is straightforward. :
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with the relative topology induced by the family
vl p: N—I denotes the first projection.
fop, f being a map of C(I). In
fiber {{xo, §) 0Kt <t} |
contains an open set Ir %X Z;

freRO0gy <1} endowed
fRotaeni Ma={v=Ru-
1} Every map f: X—/ can be seen as
fact, we shall see that fis constant on each
Fixed €=0, f7{{v |v—flv. 0) <e})
where I, represents the open interval in [ with center w, an radio 8. Let
us supposc f (o, L f(xo. #'), 1 -#*, and consider two disjoint open scts A and BI |
containing respectivelv f{x,, {) and Sf{xe ).f1A) and f '(5) must contain a'ff
neighborhood of (¥, {) and (v, ¢ is also a ncighborhood of (xo, 1). l |
i7) We claim that every saturated completely regular filter on X is fixed.

In a saturated filter on [ i

-7, all the fiber belongs to an element F
of the filter if one of its points belongs to F. _
The problem is reduced to the study of the finite interscction property;
for arbitrary filters on /. Obviously every filter on I has intersection nonj
void because [ is compact.
On the other hand X verifics the Stone-Weierstrass property because]
every net in C*(X) can be considered in C(I, R).
The space Xy 1s Just the product of / by Z ; taking Z as a trivial space,
So, we conclude that X is compact,
Remark. All the questions discussed
zed in the following table:

|

in this paragraph are summari-§

j.
]
.
|
|
|

Counterexample [ Counterexampte 11 Counterexample 111
C-H-Space 1] 1 0
“Dini i 1 1
Stone-Welersirass 1 1 i
Tychonoff 0 0 0
Compact 1 0 i 0
C-H Complete 0 1 | 0
Every completely regu-
lar filter is fixed 1 1 0
X,y Compact 1 1 b
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ON NONOSCILLATORY BEHAVICUR OF SOLUTIONS
OF SECOND ORDER DIFFERENTIAL EQUATIONS
BY
N. PARHI

1. In this paper, we are concernel with nonoscillatory tehavicur of
solutions of

(1) (r(6)y') —qt)y')* —p(O) v sgn y=[(0)
and more zeneral equation
) (r(2") —q&) ()= — pltlg(¥) =f10).

where p,q,7, anl f€C([0, ), K) su-h that #(8) >0, p($)=0, f(1)=0, and g(¢)
docs not change sign for large £, ¢ =C(R, R) such that yg(y)>0 for y#0
and g(0)=0 and x>0 is a quotient of odd integers and y>0. It is well-
known that all solutions of {2) with f(#)=0 are nonoscillatory. If v is a ra-

i tgp of odd integers then (1} is reduced to

R (r(0)")' =gV —pUDT=111)-

[1] sufficient conditions were given for nonoscillation of all solutions
vith g(#)=0. In: this paper sufficient conditions are obtained for nonos-
on of all solutions of (2}. It is interesting to note that the conditions
sed here are milder than those in [1].
We are concerned with those solutions of (2) which exist on the half-
T, ], >0, and arc non-trivial in any ncighbourhood of infinity.
y recall that a solution v{#) of (2) is said to be nonoscillatory if there
L 4, =T such that y{/)#0 for {34, it is said to be oscillatory if for
 there exist ¢, and £,(f, </, <<fy) such that v{#:) >0 and y{ty) <0 and
d to be of Z-type if it has arbitrarily large zeros but is ultimately
tive or non-positive. Further, Eq. (2) is said to be nonoscillatory if
tions are nonoscillatory. )
2 begin with the following remark.
k 7. No solution of (2) is oscillatory or of non-negative Z-type.
2. If f(t)>0, thon (2) is noroscillatory.
In view of Remark 1 it is cnough to show that no solution of
1-positive Z-type. If possible, let y(f) be a nor-positive Z-type
with a double zero at “a’. So y(a)=0=y"(a) and y{} <0 and
,(“’ le—l-S), 8 >0, Since {(r{H)y'(6)) linn=f{a) =0, from the con-
y(2)) it follows that #(¢)3’(¢) 1s increasing on (a4, a+ €}, 0< e <




