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fveR 0gy < 1} endowed with the relative topology induced by the family
{Riaen; Ra={v=Rlu- vl p: N—1 denotes the first projection.

i) Every map f: =/ can be scen as fop, [ being a map of C{I). In
fact, we shall sec that fis constant on each fiber {{x, )0t <I}

Fixed €=0, f{{v [v—flxn 0) <€f) contains an open set I 5% Z;

where 1, represents the open interval in [ with center w, an radio 3. Let{
us suppose f(ve 8y f{xa £, 1 =8 and consider two disjoint open scts 4 and Bl.
containing respectivelv f{xq, {) and flxg £).f1{4) and f }(B) must contain a’
neighborhood of {xn ¢) and {xa, ) is also a ncighborhood of (x,, {). { |
i) We claim that every saturated completely regular filter on X is fixed.
In a saturated filter on [ %2, all the fiber belongs to an element F
of the filter if onc of its points belongs to I b |
The problem is reduced to the study of the finite intersection property;
for arbitrary filters on /. Obviously every filter on I has intersection nonj
void because [ is compact.
On the other hand X verifics the Stone-Weierstrass property because]
every net in ('*(X) can be considered in C(/, R). 4
The space Xy 1s just the product of I by Z : taking Z as a trivial space |
So, we conclude that X is compact. iR
Remark. All the questions discussed in this paragraph are summariz§
zed in the following table: :

Counterexample 1 Counterexample 11 Counterexample 111
C-H-Space 0 1 0
Dint ! 1 1
Stone-Welerstrass 1 1 1
Tychonoff 0 0 0
Compact 1 0 0
C-H Complete 0] 1 0
Every completely regu-
lar filter is fixed 1 1 0
X, Compact 1 1 i
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ON NONOSCILLATORY BIHAVICUR OF SOLUTIONS
OF SECOND ORDJER DIFFERENTIAL EQUATIONS
BY
N. PARHI

1. in this paper, we are concernel with nonoscillatory tehaviour of
solutions of

(1) (r(B)y") — )y Y —p(0) | v]Y sgn y=f(f)
and more general equation
(2) (r(D ") gt} ()= plrdg(x) =f1t).

where p, g, 7, anl f€C([0, ®), K) suth that #(f) >0, p(1)>0, f(£)=0, and g(¢)
does not change sign for large ¢, g=C{R, R) such that yg(y)>0 for y#0
and g(0)=0 and «>0 is a_quotient of odd integers and y>0. It is well-
known that all solutions of {2} with f(f)=0 are nonoscillatory. If v is a ra-
i? of odd integers then (1) is reduced to

(r()y"Y — gt =Py =S{).

1] sufficient conditions were given for nonoscillation of all solutions
vith g(f)==0. In this paper sufficient conditions are obtained for nonos-
on of all solutions of (2). It is interesting to note that the conditions
d here are milder than those in [
We are concerned with those solutions of {2) which exist on the hall-
[T, ®], 7>0, and arc non-trivial in any ncighbourhood of infinity.
ay recall that a solution v(¢) of (2} is said to be nonoscillatory if there
L 4,=T such that v(f)#0 for £=¢,: it is said to be oscillatory if for
._there exist £, and ¢,(/, =¢, =t,) such that y{/;} >0 and y(¢y) <0 and
aid to be of Z-type if it has arbitrarily large zeros but is ultimately
ve or non-positive. Further. Eq. (2) is said to be nonoscillatory if
tions are nonoscillatory. )
2 begin with the following remark.
tk 1. No solution of (2) is oscillatory or of non-negative Z-type-
2. If f(1) =0, then (2) is wonoscillatory.
- In view of Remark 1 it is enough to show that no solution of
1-positive Z-type. If possible, let y(f) be a non-positive Z-type
with a double zero at ‘a’. So y{a)=0=y'(a) and y(f) <0 and
(a, a+-8), 3=0. Since (7{1)1'(1))" 1=e=f(a) =0, from the con-
(1))’ it follows that #{¢)y'(¢) is increasing on (a4, a+ €),0< € <

—
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<3, This in turn implies that v'(f) =0 for £=(a, a+ €), a contradiction.
Hence the theorem,

Remark 3. In what follows an attempt has heen made to relax posi-
tivity condition on f.

Theorem 4. 11 f(t) = p(t) such that f(t) 2 p(i) over any subinterval of [0, <),
then (2) 1s nonosciliatory. |

Proof. Tet ¢(t) 20 for £ 21, To complete the proof of the theorem it is |
enough to show that no solution of (2) is of nonpositive Z-type. If possible,
let y(f) be a nom-positive Z-tvpe solution of (2} with consecutive double
zeros at a and b (¢, <a <b). From the continuity of g(v))) it follows that
there exists a 8 >0 such that g(v(f)) =-—-1 for{=[a, a+8). Also there exists |
a ¢;=(a, b) such that v'(z) <0 for 7= (a, ;). Sctting ¢=min ¢,, a+38] and @
integrating (2) from a to ¢, we obtain !

057} () = 1/t ] PN + [ o) (A= [ (0 —p@)1dt>0,

a contradiction. _

Suppose that ¢(f) >0 for £>£, Itis possible to find a c=(a, b) such §
that g(v(t))>—1 and 1'{(/) >0 for £=[c, b). Now integrating (2) from ¢ to]
b vields |

0>y ()= 1/t - ] pO(yO)de+

T {0 ()2t § O —p01e>0,

o

o

a contradiction again.
This completes the proof of the theorem. _
Theorem 5. I f(/)-+p(()#0 for t=[0, ), then (2) s nonoscillatory.
Proof. Tet ¢(f) 20 for £=1, If possible, let y({) be a non-positive Z-j
type solution of (2) with consccutive double zeros at a and b(t,<<a<®).j
There exists a ¢ = (a, ) such that 3'(/) >0 and g{y(1)) >—1 for 2= (¢, b). Nows
integrating (2) from ¢ to b, {=[c, b), vields :
h b ] b
—#()3()= [ J{sMs - § pls)e(3(s)ds- [ o(s)(x(s))rds > — [ p(s)ds.
So '
&
lim [ p{s)ds/r(H)y"(£)=1.

{h 3

But )
lim [ p(s)dspr(0 ()= lim —pOIrOY (1) =—pB)ISB) >0,

foab- ¢ 1-b—
a contradiction. |
Similar argument holds when g{t} <0 for {21, In this case we take
limit as {—a--to get a contradiction. Hence the theorem. '
In the following we give two examples to illustrate Theorems 4 and 3.3
Example 1. Consider E:

(4) . . A= (L sin ) y(1--y5)=2(1+sint), 120, '=:

3 SOLUTIONS OF SECOND ORDER DIFFERENTIAL EQUATIONS . 03

Since all the conditions of Theorem 4 are satisfied, (4) is non-oscillatory.
In particular, y{f)=—1 s a nonoscillatory solution of {(4). We may note
that Theorem 5 cannot be applied to (4),

Evample 2. From Theorem 3 it folows that all solutions of

v 2{1-sin f)

i nonoscitlatory. In particular, y(/)=—(2-}-sin#) 15 a non-oscillatory so-
Jution. 1t may be noted that Theorem 4 cannot be applicd to this example.

Theorem 6. 7f #(t) is differentiable, then (2) is nonoscillatory,

Proof. In view of Remark 1 it is enough to show that (2) does not
admit a non-positive Z-type solution. If possibls, let v(f) be a non-positive
Z-ty pe solufion of (2) with consecutive double zeros at o, b and a'{(@ <b<a’).
So there exist c=(a, b) and d (b, a') such that y"{#) <0 for { = (c,}. Since
#(2) is diffcrentiable, (2) can be written as

r(t)y” () Oy O =F0)pitye(x)) -+ ().

So #(b) y4{by=/f(b) >0, a contradiction. This completes the proof of the theo-
rem.
3. In this scction, we allow p(f) and f(/} to change sign. We consider

{5) (r(6) ") i— g (x4 — P} ] sgn y=f{{).

where p, ¢, 7 and f=C({0, ), R} such that () >0, and x>0 is a guotient
of odd integers and v =0.

Theorem 7. If q(l}) does wot change sigi for large 8, [(t} =0 and

- lim f{t)]1p(t) =0, then all bownded solutions of (3) arc wonoscillulor v.
= »

Proof. Let q({) 20 for £ 24, Let v(f) be a bounded solution of (5) such
hat {y(f)| <M. From the given condition it follows that there cxists a 5214,
h that f(¢) > M7 | p(8)| for £>4,. If possible, let y(¢) be oscillatory or Z-type.
there exist £, and 7,(f, <, </;) such that y*{f.)=0=14t;) and ¥ >0

i €(t:, £;). Now integrating (3) from {, to {; we obtain
t, !y ts

0= f()dt+ [ p(O) |3 {()[¥ sgn y(f)dt= § [f{t)— A" [p()}dt =0,
4 t A

itradiction. So y({f) is nonoscillatory.

f gt)<0 for £=4,, then we can choose f, and {7, <t <<f3) such ithat
0=1'(1,) and yX{1)<0 for L (/. t5) to get a contradiction.

is completes the proof of the theorem.

eorem 8. Let ¢(t)=0. If

lim § 1) § [p(0)|40)ds < oo

feae 0

lim inf

t—=w

_E; Lr(s)( r F(O)d0)ds= oo,

nded solutions of (5) arc nonoscillutory,
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Proof. 1f possible, let v(¢) be a bounded oscillatory or Z-type solution
of (5). Let ()< M. Choose ¢, >0 such that v(f)==0 and 3'{#,)<0. Integra-
ting (5) from ¢, to ¢ twice vields
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oN SOME FUNDAMENTAL MATRIX INTEGRAL INEQUALITIES
AND THEIR APPLICATIONS
BY
OLUSOLA AKINYELE

So lim inf y(t)=—o, a contradiction. Hvace the theorem,

{f—+m
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§1. Introduction. In the study of differential, partial and integral
equations, B ¢ 11m an-G ronwall's inequality and its various linear and
non-lincar generalizations have plaved significant roles in proving uniqucness,

| : . :

Reeeived 10. 1. 1984 Department of Mathematics | | boundedness. comparison, continuous dependence, perturbation, and sta-
Rarhampur University | T bility results 1,2, 4,60,7,8, 10 One version of .thc celebrated Bellman-

B Gronwall’s Lemma is that in which the exact solution of an operator equa-

Barhampur 760007
Orissa, India tion of the form w=a- Tw {for a monotone operator 1 provides an upper
bound on all solutions of the inequality «<a+Tu. In this context we men-
tion the surveyv paper of Chan dra and Flecishman [5] and the re-
ferences given there, in addition to Beckenbachand Bellman [1},
Bellman [}, Beesack [2], Losonczi 9] and Walter [11].
Qur objective in this paper is to establish a number of new matrix integral
inequalities which are ready tools in obtaining pointwise estimates on so-
lutions of certain matrix differential inequalities.
§2. Main Results. Let of denote the linear space of real # X 1 symmetric
matrices and X be a cone of nonnegative definite matrices in of. By means
of X, we introduce a partial ordering in o as follows: For

N,Yect, XY if and only if Y—XeX.

function f . cf—cot 15 saidd o be monotonic nondecreasing on i X, Ye
A=f(X)<f(Y). So [ is monotone nondecreasing if and only if f(Y) - f(X)
a non-negative definite matrix.

Let R+==[0, o) and assume that the following conditions hold :
) G: Rt Rt xal—ol is continuous and has the following properties :
(i) G{t, 5, ) is non-negative definite and uniformly contintous on
i< T <o, and for cach s, it is nondecreasing in 4,

(i) G{t, ., %) is nondecreasing in ¢ for cach ([0, I

(i) W: Rt x cl—ct is uniformly Lipschitz continuous, non-negative de-

e, and monotonic nondecreasing in the variables scparately.

{(ii) There cxists a rcal constant nyn symmetric matrix Y =0 such
T

tH@) ect, [G(T,s Hs)+W(s Y))ds<Y.

useful gencralization of a matrix inequality duc to Chandra
eishman (5] is embodied in the following result.



